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1 Introduction

In this work, we study the existence, multiplicity, and non-existence of positive solutions for

singular mixed boundary value problems

*) {(fpp(u'(t)))' + f(tu(®) =0, t € (0,1),
K u'(0) = 0,u(l) = g,
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where @,(s) = |s|P~2s,p > 1, i is a nonnegative real parameter, f € C((0,1) x (0,00),(0,0)).

Here, f(t,u) may be singular at t = 0 and/or 1.

The problem under consideration arises in the study of radially symmetric solutions to
quasi-linear partial differential equations defined on radially symmetric domains such as unit ball,
annular domain, exterior domain and whole space R". This kind of problem has been studied by
many authors with various methods and techniques. We refer for instance to the papers [1, 2, 3, 4,

5,6,7,8,9,10, 11, 12, 13] and the references therein.
For convenience, we give a list of hypotheses which are used in this paper.
(Fy) forall M > 0, there exists hy € A such that f(t,u) < hy(t), forallt € (0,1) andu €

[0,M], where

1 -

A={rell 0] f; ¢ (fy h@dr)ds < oo},

(F;) thereexistr > 0 and h, € A such that, forall t € (0,1) and u € [0,7],
ftw) <P 1h.(b)

and h, satisfies

1 _
fo <.0p1[f05 hr(r)dr]ds <1,
(F3) there exists an interval [a,f] < (0,1) such that

lim L2

~— = o uniformly on [a,f],
u—oo u

(Fy) f = f(tu) is a nondecreasing function with respect to u, i.e.
ftw) < f(tv) for all t € (0,1) and 0 <u <.
By a positive solution to problem (P,), we understand a function u € C[0,1] N C 110,1) with
@, € W} [0,1) which satisfies (P,) and u > 0 in [0,1).
The following is the main result in this work.

Theorem 1.1  Assume (F1),(F;),(F3) and (F4). Then there exists u* > 0 such that (P,) has at

least two positive solutions for u € (0,u™), at least one positive solution for u € {0,u*} and no

positive solution for u > u*.
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The rest of this work is organized as follows. In Section 2, we give preliminaries which are
essential for proving our results in this paper. In Section 3, we give the proof of Theorem 1.1 and

supply examples to illustrate our results.

2 Preliminaries
Let C[0,1] denote the real Banach space of continuous functions u with norm

Il ull= trer%%lu(tﬂ.

Put
K = {u€C[0,1] nC[0,1)|uis a non —negative concave function,u'(0) = 0}.
Then, K is a cone in C[0,1].

We usually use integration by parts twice for semi-linear problem to obtain the useful
information for solutions. However, it does not work for p-Laplacian problem. Thus, we use the

following generalized Picone identity to overcome this difficulty.

Theorem 2.1 ([14], Generalized Picone identity) Let us define
LIyl = (0p,(¥))" + b1 (D)@, (¥),
Lylz] = (¢p(2))" + b2 (D)9 (2).

If y and z are any functions such that y, z, b1 ¢, (y"), b,¢,(2") are differentiable on I and z(t) #

0 for t € I, the generalized Picone identity can be written as

i{lyl”q)p(Z') _

@l o VPPV )}

= (b = b)IyP
~[yr+@- D - e,y ()] @.1)
~yh] + 2 Ll

Remark 2.2 By Young's inequality, we get
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z'|P . !
P+ @ - D —pe,00v'e, (5) =0,
and the equality holds if and only if y' = yz'/z in (a,b).
Finally we give a fixed point index theorem.

Theorem 2.3 ([15]) Let X be a Banach space, K a cone in X and O bounded open in X. Let

0 € O and A:0 N K = K be completely continuous. Suppose that Ax # vx for allx € 00 N K
and all v = 1. Then i(A,0 N K,KX) = 1.

3 Main result
Throughout this section, we assume (F1). Let us define H:[0,00) X K — K by

Huw® =p+ [ o'[fi  fu@)di]ds 0<t<1.

Then H is well defined and (P,) has a positive solution u if and only if H(y, - ) has a fixed point
u in K'W{0}. Furthermore, it is easily verified that H is completely continuous by Ascoli-Arzela

theorem and Lebesgue dominated convergence theorem.

Lemma 3.1  Assume (F3). Then there exists po > 0 such that (P ) has a positive solution.

Proof. By (F,), there exists 7 > 0 such that f(t,u) < P 1h,.(t) for t € (0,1), u € [0,r], where

h, € K is the function satisfying

fol <P,§1[fos h,(v)dt]ds < 1.

Put uy = %(1 — fol ¢;1[f; hr(r)dT]ds) > 0. Then for u € 0B, N K,
1 _
I Huow) 1= H(uo)(0) = o + Jy 9, (Jfy  fzu(@)dr)ds
1 _ _
<u+Jy, @'y rh(D)dr)ds

1 _ S
=po+7rfy, 0, (f, h(Ddr)ds
<r=lull,

which implies i(H(ug, - ),B, N K,K) = 1 in view of Theorem 2.3. Thus the proof is complete.
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Using the generalized Picone identity (Theorem 2.1) and the properties of the p -sine function

([16], [17]), we obtain the following lemma.

Lemma 3.2 Assume (F3). Then there exists M > 0 such that if w is a positive solution of (P,),

then || u I< M.

Proof. Assume on the contrary that there exists a sequence {u,} of positive solutions of (P, )

such that ||u,|| = o0 as n — oo. It follows from the concavity of u,, that
un(t) =2 (1 = B)llunll, t € [aB], G.1)
where [,f] is the interval in the condition (F3). Put
C=2(m,/(B- ) >0.
By (F3), there exists K > 0 such that, foru > K and t € [a,f],
ftu) > Cop,(w).

Since || u,, |- o0 as n = o, we get ||uy|| > (1 — B)~'K for sufficiently large N. Therefore, by
(3.1), we have

ftun(®)) > Cop(un(t)), t € (a,)

and hence
(@p(un (£)))" + Cop(un(t)) <0, t € (af5). (3.2)
It is easy to check that w(t) = S,(m,(t — @)/(B — a)), where S, is the g-sine function and %+

1 ) )
p =1, is a solution of

(o' @D + (72) ppw()) = 0, t € (@), (3.3)

Taking y=w, z=uy, by = (nq/(ﬁ — a))p and b, = C in Theorem 2.1 and integrating (??)

from a to 8, by Remark 2.2 we have

I ((;Tqa)p ~C)wldt = 0
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since w € Cy[a,B] and uy € C'[a,B]. Thus

LAY
c< (7).
This contradicts the choice of C, and thus the proof is complete. O

The following lemma directly follows from Lemma 3.2.

Lemma 3.3  Assume (F3). Then there exists [L > 0 such that if (P,) has a positive solution,

then u < L.
Now we give the proof of Theorem 1.1.

Proof of Theorem 1.1. By Lemma 3.1, there exists gy >0 such that (P, ) has a positive
solution uy. We claim that (P,) has at least two positive solutions for y € (0,1¢) and at least one

positive solution for u = 0. For fixed u € [0,1y), let us consider the following modified problem;

M) {(fpp(u'(t)))' +fy(tu(t))) =0, t € (0,1),
w0 =0,u(l) =y
where y:(0,1) X R — R is defined by
up(t) if u>uy(t),
y(tu) =<{u if 0<u<uy(),
0 if u<Do.

Then, solutions of (M) are concave and nonnegative. Define T,:K - X by

Ta® =u+f, o fEy@u@))dids 0<t<1.

It is easy to check that T, is completely continuous on XK, and u is a solution of (M) if and only
if u =T, u. It follows from the definition of y that there exists Ry > 0 such that ||T,u|| < Ry

for all u € K. Applying Theorem 2.3 with O = Bp,, we get
i(TyBgr, N K,XK) = 1. (3.4)
Here Bp, is the open ball with radius R; and center 0 in C[0,1]. Put
Q={uecC[01]] —1<u(t) <uy(t),te][01]}.

Then Q is bounded and open in C[0,1]. Let u be a solution of (M,). By (F4), for t € (0,1)
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— (P W' (®)) = FLy(tu(®))) = f(tue()) == (@p(ug (1))

For t € (0,1), integrating this from 0 to t, we have u'(t) = uy(t). Again integrating it from t to
1, we have u(t) — ug(t) < u(1) —up(l) = p— py <0, and thus u(t) < uy(t), t € [0,1]. This
implies u € 1 N K. By (3.4) and excision property, we get

(T, NIK) = i(T,Bp, N KK) = 1. (3.5)

Since (P,) is equivalent to (M) on Q N XK, we conclude (P,) has a nonnegative solution in N

K. We may assume H(u, - ) has no fixed point in 91 N K, otherwise the claim is proved. Then
i(H(u, - ), N K,X) is well defined and by (3.5), we have

i(Hw - ) ANKK)=1. (3.6)
It follows from Lemma 3.3 that (P, ) has no solution in X for u; > u, and

for all bounded open set 0. By Lemma 3.2, there exists R, ( > R;) such that for all possible
solutions u of (P;) with A € [w,uq], we have

I ull<R,.
Define h:[0,1] X (Bg, N X) - X by
h(tu) = Htpu+ (1 — 1)u,u).

Then h is completely continuous on [0,1] X X and h(z,u) # u for all (z,u) € [0,1] X (0Bg, N

K). By (3.7) and homotopy invariance property, we obtain
i(H(u, - ),Bg, N K,X) = i(H(py, - ),Bg, N K, K) = 0.
Thus by additivity property and (3.6), we get
i(H(u, - ),(Br,WQ) N K,K) =— 1.
This implies (P,) has another solution in (B RZWﬁ) N K. Thus the claim is proved.

Put " = sup{u | (P,) has at least one positive solution}. Then by Lemma 3.3, u* € (0,%0), and
(P,) has at least two positive solutions for 4 € (0,u4") and at least one positive solution for u = 0.

Furthermore, by Lemma 3.2 and the complete continuity of H, we can show that (P,») has a
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positive solution, and thus the proof is complete. a

The following corollary directly follows from Theorem 1.1.

Corollary 3.4 Assume (F,),(F;),(F3) and (F,4). Assume, in addition,
(F5) f(t9,0) #0 for some t, € [0,1].

Then there exists u* > 0 such that (P,) has at least two positive solutions for u € [0,u”), at least

one positive solution for u = y* and no positive solution for u > p*.
Finally we give two examples to illustrate our results.

Example 3.5

(1) Set fi(tw) = (1 —t)™*u9, where k <p and g > p — 1. Note that (1 —t)' € A if I <p,
but (1 — t) P&A. Then it is easily verified that f; satisfies the assumptions of Theorem 1.1.

(2) Set f,(tu) = C(1 —t)*exp(t + u), where k < p. Then, for sufficiently small C >0, f,

satisfies the assumptions of Corollary 3.4.
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