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Abstract

This paper presents a Bayesian analysis of the parameters for the inverse Gaussian
distribution under the Jeffrey’s prior assuming a quadratic loss function. Analysis begins with
the parameterization to the parameters in the distribution, then construct the posterior
distribution based the likelihood function and prior, while the Bayes estimator is concluded

based the posterior mean.
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1. Introduction

The inverse Gaussian distribution is a distribution that has two parameters, this distribution is
an important distribution, because it is widely applied in lifetime data analysis in biology,
cardiology, hydrology, demography, and economics. The problem in the application of
distribution models in general is how to estimate the parameters in the model, in the classical
method, the estimation of parameters is only based on sample observations, while the
Bayesian method combines information from the sample and initial information is known as

priors. In general, priors are derived from past experience of population parameters and also
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can be obtained from other sources of statistical investigation, therefore the Bayesian

approach allows for better decisions.

2. Materials and method

The materials in this paper are several interrelated theories in statistics as inverse Gaussian
distribution, the likelihood function, Bayes theorem and Jeffrey’s prior.

The inverse Gaussian distribution is a two-parameter family of continuous probability
distribution. A continuous random variable, X, is said to have the inverse Gaussian

distribution if it has probability density function of the form

Foau) = () exp (~ 2452, x>0 n
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for x > 0, where ¢ > 0 and A > 0 are parameters.
The joint density function of n random variables Xi, Xo, ..., X» evaluated at x;, x2,... ,x» say f
(x1, X2, ..., Xn, 0), is referred to as a likelihood function. For fixed x;, x2, ..., x, the likelihood
function is a function of 8 and often denoted by L(6). If X;, X5, ..., X represents a random
sample from f{x;6), then the likelihood function is:

LOX) =TT, f(x: 1 6) 2)
Jeffrey’s prior is a prior which is constructed mathematically based on the likelihood-
function. Let L(@|X) « f (X]0) be the likelihood function for # based on observation X,
Jeffrey suggests a prior:

92
(6) o J — Expo (35 Log L (81X)) 3)
The method used is literature study by applying the Bayesian analysis with th Jeffrey’s prior.

The procedure is done by constructing the likelihood function, the posterior distri-bution and

determining the Bayes estimator based the posterior mean.

3. Construction of Estimator

The steps to determine the bayes estimator of parameters for the inverse Gaussian
distribution are through parameterization, the likelihood function, the Jeffrey's prior, the

posterior distribution, and the the posterior mean.
3.1. Parameterization
Assuming u = P! to equation (1), we get:

D) e (-1
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Feabn) = (
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3 \1/2 2
() "o (-5 (v-1)) @
3.2 Likelihood function
The likelihood function of the parameters (A ) is:

LAY = [T, £ | W)

B A n/2 _3n/2 A wn 2 2y 1
= (E) x n/ exp <_Ezi=1 X; (IIJ —x_1+x_12>> (5)
because
20 1 1
Tian (W =3 3) = WS n - S 20+ S
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X

2
= n?c(tbz —%) +nv, v==%, —i
then the equation (5) become:
A2 . 1\2 m
L) = () exp (-5 (w-3) -2 (6)

3.3. Bayes estimator of A if  know.
Based the equation (4), the likelihood function of A is:

L) = (2)" e e (- 22 (42 - 24 ) -2
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AN\YE o a2 —2nA+ nA/x +niv
L) (- )
(27‘[) exp 2

(L) X312 exp (_ MGy -2y + 1/x + v))
2w 2

= ()" 92 e (- M2

A2 A - .
= (;) x32 exp (— %), w=xy? -2y +x,
by using “proporsional”, obtained

LQ) « 2 2exp (—2%) 7

and the Jeffrey’s prior of A is:

7)o |‘E(:—;logL(x))|”2
o< | a}\Z(log)\n/zexp( 2W))|1/2
x | Ea; (;l }\_"%_W) |1/2
< ey (-
< e (-2
2| 1/2
7
(o8 7[1 (8)

Next, by using the bayes theorem to equation (7) and (8), be obtained the posterior
distribution
T(A|W,x1,%2,..,X,) X L(A) - (A)
o A2 exp( n}‘w) Al

o« )\(%_1) exp (— nTWA) )

Based the equation (9) can be concluded that the posterior distribution have the gamma

distribution with parameters > and - and the poasterior mean is

’\_ n/2 _ -1
A= nw/?2 =w (10)
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3.4. Bayes estimator of { if A know.
Based the equation (6), the likelihood function of { is:

L) < e (-2 (w-2))

and the Jeffrey’s prior of W is:

n(P) x —E(a—lIJZ logexp( "m(lb—
« - (-5 (-9))
o |- b (- mx (- 2)) "
o |E(n)x)|/?
« |constant|1/?
< 1

Next, by using the bayes theorem to equation (11) and

distribution

T X1 X,0y) o L) - (W)

ni\x

(- %)2>

x exp <—

(11)

S

1/2

(12)

(12), be obtained the posterior

o : 1 . e
 normal distributed with mean - and variance (nAx)~!, denote:

= (Lo )

(13)

To discuss the equation (13) further, we need the following definition and theorems

Theorem 1

1 [ee]
If X~N(u,th), then ®(ut2) = [, flourt) dx

Proof

1

Suppose = [, fxut™) dx= [ (i)z exp( 2
1
The transformation z = 72 (x — u) give

I :f—m;

1
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Definition 1

A random variable X~N(u,771); x>0, u € R, and 7 > 0, if it has the probability density

function
1
— 1 T\37 — T(X _ 'u)z
floue™) = «1Q5)aW<__7r——
 (ur?)
Theorem 2
_2
If X~N(ut), then E(X) = —— exp (=) +u
®(ut2) 2tn)2

Proof

1

* 2 —r(x—m)2
EQ) = Jy xf(ont Ddx= f X~ (271)2 exp( T(xz . )dx
(T 2)

1
with transformation of z = 72 (x — u), obtained

1 1
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i (i) 2

:foo 1 —<§>+H(i)% ex -z
1 T \2, p(z)dz

1
=/ (=) 1)e i
B _“T% d)(ur%ﬁ% (2") exp( ) dz* f—uﬂ (ut é) (2”) exp( 2 ) dz
1
[e) 5 _,2
e @) 2 G en(De
D (ur2) (Z‘L'T[)% —utZ ) q)(lﬂ'%) —UT2 (27T ( 2 )
1 <) —z2 —72 u 1
=TT 1 1 exp|l—)d(— )+ (4)) Ut
() (2em)2 f—mz p( 2 ) ( 2 ) RS (ut2)

1 w2t
= —— exp(~1) +um
D(ur2) (21m)2

Furthermore, based on theorem 5 and equation (13), the Bayes estimator for { is

PO + ()

b=EW) = T )3 - exp (-

11 1
2A2(x (2nAxm)2

n}\(x)
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4. Conclusion
The main purpose of this paper to finding the mathematical expression of the Bayes estimator
of parameters for the inverse Gaussian distribution under the Jeffrey’s prior assuming a

quadratic loss function so that the estimator is obtained based on the posterior mean. The

~

Bayes estimator of u is i = "1, where { in equation (14), while the Bayes estimator of A is
A=W, where W = x> — 2

- - - _ 1 n 1
l.lJ + X, and Xy = Zzi=1 x—l
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