SCIREA Journal of Mathematics
http://www.scirea.org/journal/Mathematics
December 4, 2022

Volume 7, Issue 6, December 2022

R F A https://doi.org/10.54647/mathematics11183

")

Stirling’s Formula: Generalization and Improvement

Hong-Quan LIU
Department of Mathematics, Harbin Institute of Technology, Harbin, 150006, China

Email: teutop@163.com

Abstract. The famous Stirling’s formula is generalized and improved, by using the

arguments of analytic number theory and mathematical analysis.

Keywords: Stirling’s Formula, Mathematical Analysis, Analytic Number Theory

2010 MSC: 26A12, 26D15

1. Introduction

The well-known Stirling’s formula, as can be found in almost every standard textbook of

mathematical analysis, states that(see [F]), , for each positive integer n,

T

n
gl = 1% 2% 3 00 n=\r“21m(g) N =0 <1
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There are two objectives in this short paper, the first is to generalize Stirling’s formula
to an arithmetic progression, and the second is to get an improved version of Stirling’s
formula. For these we use techniques of analytic number theory. We state the

generalization as follows.

Theorem 1. For any positive numbers n; and d, and integer n > 1,

ny(ny +d) - (ny+ (n—1)d) =

f(ny, d)yn, + (n— Dd((ny + (n = 1Dd)/e)* " *"/exp(p(n, ny, d)),

where @(n,ny,d) = 6(n,ny,d)/(12(n —1 + ny/d)), 0 <B(n,ny,d) <1, f(ng,d)
is a positive number which only depends on n; and d.

It is thus important to determine the value of f(ny, d) in terms of n; and d.

Theorem 2. For any positive numbers n; and d, we have

f(ny,d) = m(l' (%))“1 q05-n1/d

Theorem 2 infers easily the following corollaries, the proofs of which are left to readers

as exercises.
Corollary 1. f(n4, d) has the following properties:

(A) f(Lny, Ld) = LY2=™/9f(n,, d)(for any L > 0);
=1

(B) f(m +d/2,d) = d~V2[(ny/d) (T(1/d +1/2)) f(ny,d):

(C) f(k,1) = V2r/(k —1)!(for any positive integer k);

here in (B) the I" function is defined by

[# a]

[(x) = j et e for x>0

0

120



Corollary 2. For a positive integer k (here (1+2m)!'=1-3 -5+ --- - (1 + 2m))

f VIEJ j.f k — lJ
ﬁ B
f(k,2) = Gi—pu’ ¢>1 kisodd,
Vim
sk 20" k>1, kiseven.

Theorem 3. For the original Stirling’s formula,

1 -2 / -3
ﬁn:‘:-l-in -En .

2. Lemmas

Lemma 1. (i) For 0 <x < 1 we have log(1 —x) < —x; (ii) For 0 <x <1/2 we have

log(1 —x) > —x—x%

Proof. Let f(x) =log(1—x)+x+x%, 0<x<1/2 Then

fl)=x(2-=)20=f)=f0)=0.

The first assertion can be deduced similarly.

Lemma 2.(Euler Summation Formula) If f has the continuous derivative on the
interval [y, x], then

Z f(n) =J-xf(5)dt+fxtp(t)f'(t)dr+
y

y<n=x ¥
=Y f(x) + YO f)
here [u] is the largest integer not exceeding u, and ' (u) =u— [u] — 1/2..

Proof. This follows from a variant of Theorem 3.1 of [A].

Lemma 3. Let
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o) = [ pode

Then a(x) is a periodic function of period 1, and |a(x)| < 1/8. Assume that k(x) has
continuous derivative function k'(x) on the interval [a, {3], here a and {3 are integers,

then

[ g
f Bkl de == f s (Ok'(x)dx.
e i 4
Proof. First we need to show a(x + 1) = a(x) for all x. For this we see that

xX+1 [x]+1 x+1
f W(O)dt = f pde+ [ p©ar

x [x]+1

1 {x} 1
= (t)dt + (H)dt = (t)dt
K L y Lw

= fl(t —-1/2)dt =0;

where we have used the fact [t+ n] = [t] + n for any integer n. Thus

001 = lo (@Dl = 5631~ ) < 3.

To verify the remaining assertion, it suffices to show

(1) f q,’;(x)k(x)dx:—f a(x)k'(x)dx.

for any integer m € [a, {3]. For any sufficiently small E > 0, we use

Yx)=x—-m—1/2. for m<x<m+1-—g¢,
3
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ofx) = (Ll+ J;2+ T J: )tp(u)du = f:¢(u)du

= 1 1
(2) =J- P (u)du =E(x2 — 2mx + m?) —E(x—m).

Using (2) and the partial integration we get

fm+ ‘Ea(x)k'[x)dx =g(m+1—-8k(m+1—¢g)—og(m)k(m)

- fm+1h£1ﬁ(x]k(x)dx

o =S =) -fmmzp(x)k(x)dx.

m

Letting € = 0 we get (1).

Lemma 4. Fors >0 we have

5

: ; nl'n
I'(s) = lim (s(s THh n))’

and
: 1 “o(x)
log(I'(s)) = (5 - E) log(s + 1) — s —logs + f = dx
* a(x)
- 1 —(5 ey dx.

Proof. For 0 <t <n, by Lemma 1 (i) we know that

=n
e~tin > 1-£:~e“‘ 2(1-£) ’
n n

This obviously holds for t = n. By Lemma 1 (ii) we know that for 0 <t <n/2,
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& AL
et/m(1—t/m) > e @ = e‘(l -—) > et/
n
Thus

gt —(1—:—1) = e‘*(l —e‘(l -:—1) )E e~t(1—e /M),

If t <+n.by Lemma I (i) we have

e"tin > _2m,
And if n/2 =t = /n, this holds also. Thus

i n
e"‘*—(l——) < —et UEEEE.

Therefore for s > 0 we have

n n r n
< f P ST ol | f (1 - —) 5" 1dt
0 0 n

1" |
E—f t*tle~tdt < —rI(s + 2).
nlJ, n

Let n — co we get

n—oo

(3) [(s) = lim f n(l -]%)n £5-1dt.
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By integration by parts we get

J: (1 . %)n t5-1dt = nS (J:(l i w)“wf“ldw)
= nl“ (flwf(l - w)““ldw)

T, | :
=% %(L W$+1(1 s W]nﬁz dW)

_ n® - n!
T s+ (s+n)

Thus the first assertion of Lemma 4 follows from (3). Put
5 5
Pu(s)=(1+9)(1+ E) (14 E)'

Then

@) logB, (s) = log(1 + ) + Z log (1+ %)

By Lemma 2 we get

Z 10g(1+£}=£nlng (1+%)dx-£n;(j’:i))dx

1<k=n

1 1 5
—Elng(l +5) + Eh:ng (1 + H)

=(n+s+%)lng(s+n)—(5+%)1ﬂ3(5+1)
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(5) —(n+%) 1ngn-£n%dx.

By Lemma 3 we get

Lnﬂdx=£nap(x)(3— 1 )dx

s5(s+x) x x+s
_ (M) " a(x)
(6) —J; = dJC—J; mdx

Therefore from (4), (5) and (6) we get
1 - ARl |
o s+1/2 75
I'(s) = (s+1) lim {( ) ( )

n+1/2

n—om | \§ + 1 s5+n

“o(x) * o(x)
. dx — dx 1¥:
i U w2 T ) sy )}

and the second assertion of Lemma 4 follows.

3. Proof of Theorem 2

By Lemma 2 we have

Z logln, + (k- 1)d) =logn, + Z log(n, + (k —1)d)
1=k=n 1<k=n
mn

1
= logn, + f log (n; + (x —1)d)dx + Elng(nl + (n —1)d)

1

1 : d
-Elng(n1)+£ w(:)-n1+ G—Dat
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fnlng (n; + (x — 1)d)dx = nlog(n, + (n — 1)d) — log(n,)

o xd J
-J; Tt E—Dd

m ny
=1—-n+ (n -1+ E)log(nl +(n—1)d) —Elﬂgnl,

n

J;mp(t).nlﬂf_l)ddz:fi cr(r)(r-1+%) it

where we have used Lemma 3. Thus

7 Z log(n, + (k —1)d) = (n = %+ ’;—‘) log(n, + (n — 1)d)
1<k

1M
1

n

n

1. R Ny 2
+(E-—)lngn1+1-n+£r::r(.':)(!:—1+?) dt.

By Theorem 1 we get

Z log(n, + (k —1)d) = logf(n,,d) + (n - %+ 1;—1) log(n, + (n—1)d)

1=k=n

TR L
wei-oofl

From this and (7) we get, by taking n— oo, the equality

® logf (ny, ) = =+ (5= =) log(n,) + j 0@ (t-1+2) " ar.
By Lemma 4 we have

9 1 r 4 - ny 1 1 N, 1 mnq 1 nq m(I(x)d

& L (d)_(d+2)ug(d+)_d_°gd+_£ ~7 ax
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8 ”(x)zdnf( o®

%1-+x-1)2

(—d-+x-1) (—d-+x-1)

< o (x) Tt el
j zdx-f il
JCTemy Y ve

dx

J‘l 0.5x% — 0.5x
]

(+x)

=1 (1+n1)1 (1+d)
e T e e ™

and thus from “(8)+(9)” (taking summation on both sides respectively) we get

n ®o(x 1 n
logf (n,, d) + }ngl'(El) =f JEZ) dc+1+ (E-El) logd.
1

Using f(1,1) =2m and I'(1) = 1 we get

J- J[? dx = logy2m — 1,
i X

and therefore
n4

1 LM
logf(n,,d) = logv2m+ (E_ E) logd — logl (E)

The proof is completed.
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4.Proof of Theorem 1

For0 < X < 1, we have

XZ 3 X'n
R N - . o S
bg(1+X) =X ——+ P ey
XZ X3 Xﬂ
lﬂg(l—X:I=—X—T—T_-.._?_...,
thus
(10) 2X <1 ¥ = 2X 1+X2 X il
“g(i_x)- BYET TEmEil
XZ
«:2}{(1+?(1+X2+x‘+---)).
Let
¥ = d
T d2n-1) +2n,
then
1+X d

1—X_1+d(n—1)+n1'

from (10) we get

ny 1 d
1{(E+n—5)}0g(1+d(n_—mnl)
Ty 1
12 (F+n)(F+n-1)
therefore
(11) 1<e™® (1 + L)n”(n% # = ed!(12(%&nJ(%pn-1))
dn—1)+n, :
Let

an = (g +d) - (ny+ (n— 1)d))denq+(n~na
X (ny + (n — 1)d)""a~@m-05)d

then (11) gives
n -d d n;-i—(n%)d

(12) 1<ﬂn+1 =e (1+m)

i ed,!(u(r;—im](’;—imﬂj) _ eqi,!(u(’:i—im)) ) ed,!(u(’;—lmq)),
therefore a, > a,+1. a, 1s monotonically decreasing and a, > 0, thus

lim%:AZU

n—o
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exists. Also, using (12) we have
mn
B & ﬂne-d;(12(—dl+n—-1:])
1s monotonically increasing and b,, < a, < a;. and moreover

limb, =lima,=4=b; >0,

Nn—=o0 n—oo

Thus we can write A = (f(ny,d))? here f(ny,d) is a positive number depending

onlyon n; and d. From
~:I,-f(12(’&—%n-1)) d
b, = aye < (f(ny,d))" < ay,

the stated formula follows.
5. Proof of Theorem 3

Let n; =d =1 in Theorem 1. Using (10) we get

sl 5. X Ny S
g ﬂg(1-x)‘

thus using the notation of Theorem 1, similarly to (12) we get

eOn/(121) =64y /(124 1) = I o ,1/(3@n+1)2)
An+1

] 7} 1
in 4n+1) (2n+1)?

Repeating this inequality. for any larger integer N, we get

(13) O o B __ s .
In AN T Z Gm —1) Z Gm =1z
n<ms=N

n<m=N
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Using Lemma 2 we get

Z (2m-1)2 f (2w-1)2 %((27111)2 ‘(2N1-1)2)

n<ms=nN

¥y
‘4L @u-17

and by Lemma 3 we get (using |ag(u)| < 0.5)

N ) o)
f Qu-1p ™ Ef G-

Yoy
|4f (Zu—l)Edu

f (2u —1)~*du < 0.5(2n)%,

and consequently, for a suitable positive constant C, we get

(14) d 2 1,3 CN™t
(2m-1)2—2(2n—1) “WIR-1F &&= 4

n<msN

provided N is sufficiently. Taking N — oo we obtain from (13) and (14)

6, i g 1
it ] —_— —_ —_—11
n=22n—-1) 2@2n—-1)72 16

=3

(15)

We have

1 5, 1 o 1 1 1
2n—1 2n( 2n+4n2+8n3)’

i A sownd) boi g2
@n-172 4n? +k}12’fn“ {4112( o nZ)‘

and thus (15) yields the required estimate.
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