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Abstract

The purpose of the present paper is to consider new classes of generalized compact spaces
called E.(resp. o-fc)-compact spaces via Ec.(resp. J-fic)-open sets respectively. Several
characterizations and fundamental properties concerning of these forms of spaces are obtained.
Moreover, some new types of separation axioms in topological spaces namely Ec.(resp. d-f5)-
separation axioms via E. (resp. d-fc)-open sets are introduced and studied. Several of their

fundamental properties and relationships with other well-known types of spaces are discussed.
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1. Introduction

The notion of compactness is very useful and fundamental notion of general topology also in
the other advanced branches of mathematics. Many researchers have investigated the basic
properties of compactness. In literature, different classes of generalized compactness such as
[1, 2] are studied. Benchalli and Patil [3] introduced and studied a new class of closed sets
called aw-closed sets and continuous maps in topological space. In [4] Hariwan Z. Ibrahim
presented a new class of space named B.-compact and gave some properties of B.-compact
space by using B.- open sets. As well, P. G. Patil, in [5] introduced the concept of wa-
compactness in topological spaces and gave some characterization of wa-compactness by
using wa-closed sets . On the other hand, recently, Sarika and Rayanagoudar [6] introduced a
new concept called og’s-compactness in topological spaces and obtained some of their
properties by using ag’s-closed sets. In recent literature, we find many topologists had
focused their research in the direction of investigating different types of separation axioms.
Some of these have been found to be useful in computer science and digital topology [see for
example [7, 8]. Dontcheve and Ganster [7] proved that the digital line is T34 space but not T;.
Also, Navalagi [9] introduce semi generalized- T; spaces, i= 0, 1, 2. In addition, in 2011, Ahu
Acikgdz [10] defined two new separation axioms called 8°Ti» and B Ti» spaces as
applications of 3*g—closed sets. Hariwan Z. Ibrahim in [11] presented and investigated some
weak separation axioms by using the notions of B.-open sets and the B.-closure operator. As
well, in the same year Hussein A. Khaleefah[12] studied new types of separation axioms
termed by, generalized b- R;, i= 0, 1 and generalized b-T;, i= 0, 1, 2 by using generalized b-
open sets, Relations among these types are investigated, and several properties and
characterizations are provided. A.I. EL-Maghrabi and M.A. AL-Juhani [13] introduced and
investigated a new class of separation axioms called M-Ti-spaces, i = 0, 1, 2. Also, the M-
regularity and the M-normality are examined in the context of these new concepts. This work
is devoted to introduce a new classes of generalized compact spaces called E.-(resp. d-f5.)-
compact spaces. Several characterizations and fundamental properties concerning of these
forms of spaces are obtained. As well as to introduce and study new notions of separation
axioms called E-(resp. o-fc)-separation axioms. Several fundamental properties and
preservation properties concerning of these kinds of weak separation axioms are provided.
Furthermore, the relationships among these types of separation axioms and other well-known

types of spaces are discussed.
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2. Preliminaries

Throughout this paper, (X, 7) and (Y, T") (or simply X and Y) mean topological spaces on
which no separation axioms are assumed unless explicitly stated. For any subset A of X, The

closure and interior of A are denoted by CI(4) and Int(A4), respectively.

We recall the following required results, which will be used often throughout this paper.
Definition 2.1: Let (X, T) be a topological space. A subset 4 of X is said to be:

a) Regular open (resp. regular closed) [14] if 4 = Int(CI(A4)) (resp. A = Cl(Int(4))).

b) o-open [15] if for each » € A there exists a regular open set V' such that x € V& 4. The
o-interior of A is the union of all regular open sets contained in 4 and is denoted by Ints(4).
The subset 4 is called d-open [15] if 4 = Ints(A4). A point 22 € X is called a J-cluster points of
A [15]if 4 1 Int(CI1(V)) # @, for each open set V' containing ». The set of all 3-cluster points
of A4 is called the J-closure of 4 and is denoted by Cis(A4). If 4 = Cls(4)), then A is said to be
o-closed [15]. The complement of J-closed set is said to be d-open set. A subset 4 of a
Topological space X is called 0-open [15] if for each x € A there exists an open set G such that,
x €EG S Int(Cl(G)) & A. The family of all 6-open sets in X is denoted by 62(X, 7).

Definition 2.2: Let (X, T) be a Topological space. Then:

a) A subset 4 of a space X is called E-open [16] if 4 & Cl(d-Int(4)) U Int(d-C1(4)). The
complement of an E-open set is called E-closed. The intersection of all E-closed sets
containing 4 is called the E-closure of 4 [16] and is denoted by E-CI(4). The union of all E-
open sets of X contained in 4 is called the E-interior [16] of 4 and is denoted by E-Int(4).

b) A subset 4 of a space X is called J-3-open [17] or €"-open [18], if 4 = Cl(Int(5-C1(4))),
the complement of a J-f-open set is called J-f-closed. The intersection of all J-/3-closed sets
containing A4 is called the J-f-closure of 4 [17] and is denoted by 6-f-Cl(4). The union of all
0-f3-open sets of X contained in A4 is called the J-f-interior [17] of 4 and is denoted by J-f3-
Int(4).

Remark 2.3: The family of all E-open (resp. E-closed, J-f-open, J-f-closed) subsets of X
containing a point x € X is denoted by EX(X, ») (resp. EC(X, ), 0-2(X, »), 0-SC(X, »)). The
family of all E-open (resp. E-closed, J-f-open, d-f3-closed) sets in X are denoted by EX(X, T)
(resp. EC(X, T), 6-BE(X, T), 0-8C(X, T)).
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Definition 2.4: Let (X, T) be a Topological space. A subset 4 of X is said to be:

1) Ec--open set if for each 2 € 4 € EX(X, T), there exists a closed set F such that, x € FF <
A. The family of all Ec-open subsets of (X, 7) is denoted by ECX(X, T) OR ECX(X).

i1) 0-f3c-open set if for each » € 4 € 0-52(X, T), there exists a closed set F such that, » € F
€ A. The family of all J-f3c -open subsets of (X, 7) is denoted by J-fC2(X, T) OR o-5C2(X).

A subset F of a space (X, T) is said to be E. (resp. 6-f3.)-closed set when, X\ F € ECX(X, T)
(resp. 0-CX(X, T)).

Remark 2.5: The family of all E. (resp. 0-f3c)-closed subsets of (X, 7) is denoted by ECC(X,
T) OR ECC(X) (resp. 0-BCC(X, T) OR 0-3CC(X)).

Theorem 2.6: Every regular closed sub-set in a space (X, T) is d-f5.-open set. [19].

Theorem 2.7: Let X be a Topological space, if X is Regular space. Then every open set is a E.
(resp. 0-f3c)-open set. [19].

Remark 2.8: We have the following figure in which the converses of implications need not

be true, see the examples in [20], [16] and [18].

—»| Open set »| a-open »| Pre-open »| b-open
v ¢
Regul
estiar > 6-Pre-open 8-open
open
6-open »| 6-semi-open E-open —»| &-6-open

Figure (1): The relationships among some well-known generalized open sets in Topological Spaces

3. Characterizations of (E.) and (0-f)-Compact spaces

In this section, several characterizations concerning of new classes of spaces named E.(resp.

0-f3c)-compact spaces are introduced and investigated utilizing new generalized open sets.
Definition 3.1: A topological space X is called:

a) E. (resp. 5-f3c)- Compact if for every E. (resp. 6-f3.)-open cover {V;: 4 € V of X} there

exists

A finite sub-set V, & V (s.t) X = U{V;: 1 eV _}.
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b) Nearly compact [21] if for each open cover U of X, there exists a finite sub collection

B €U (s.t) U{Int(Cl1(V))|V € B} = X.
C) Almost regular [22] If for each 7- regularly closed subset A of X and ¥ point » & A 3

disjoint T,- open sets U and V (s.t) AS U and = € V.

d) E- (resp. 0-f3)-Compact [23] if every E-(resp. 0-f3)-open cover of X has a finite sub-

COVCr.

Remark 3.2: The family of all regular open sets constitutes a base for a Topology T.on X .

This topology T, is known as the semi-regularization of 7. We note that T, & T. [22]

Definition 3.3: A filter base F in a space X is E. (resp. J-5c)- Convergence to a point
# €EX if V E.(resp. 6-f3.)-opensetV (s.t) x EVIFE F(s.t) FEV.

Definition 3.4: A filter base F in a space X is E. (resp. d-f5c)- Accumulation of a point # € X
ifFNV @V F—opensetV (s.t) xEV&VFEF.

Theorem 3.5: Let F be filter base of a space X. If F is. J-f.- Convergence to a point # € X,

then F is r¢ — Convergence to .

Proof: Assume that F J-f-Converges to » € X. Let V be any regular closed set (s. t),
#EV=VE o-fCX(X). Since F is oJ-f-Convergence to »#E€X, thus I an
F € F (s.t) F © V. This explains that F is r¢ — Convergence to .

Remark 3.6: The converse of Theorem-(3. 5) is not necessarily true, as shown in the

following example:
Example 3.7: Consider (R, T;,) the space of usual Topology and let

F={R[0—£0+cz]:2>0€R}. So F is rc — Convergence to 0, but F doesn’t J-f-
Convergenceto 0, because the set of {0 — &0+ =) is J-f.-open set containing 0, but

AFEF suchthat, FE(0—£,0+¢).

Corollary 3.8: Let F be filter base of a space X. If F J-f.-Accumulation of a point a point

# E X, then F is re — Accumulation to .
Proof: Similar to that of Theorem-(3.5).

Theorem 3.9: Let F be filter base of a space X and H be any closed set containing # . If
dF €F (s.t) F S H.Then F is E.(resp. 6-f3:)- Convergence to a point » € X.
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Proof: suppose that V' be any E. (resp. d-f5c)-open set containing *, so ¥ » €V 3 a closed set
H (s.t)x €EH S V. via hypothesis, IF EF (s.t) FEH SV = F €7V. Thus, F is E,
(resp. 0-fc)- Converges to » € X.

Theorem 3.10: Let F be filter base of a space X and H be any closed set containing
(s.t) FNH # @ ¥ F € F.Then F is E.(resp. 6-f3.)- Accumulation of a point » € X.

Proof: Similar to that of Theorem-(3.9).

Theorem 3.11: Let (X, T) be a Topological space. If every closed cover of X has a finite sub-
cover, then X is E. (resp. 0-f3.)- Compact space.

Proof: Let {Vi:A€V] be any E. (resp. J-Bc)-open cover of X, and x €X,
so W € V,(x); A €V, there exists a closed set Hj(#)(s.t) % € H;(x) S V,(x). so the
collection {F; (3):32 € X} is a cover of X via closed set, then by hypothesis, this collection
has a finite sub-cover (s, t):

X={H(x):i=1,23 ..,n S {V(x,):i =1,23,..,n} : Thus
X = {V(x;):i = 1,23, ...,n}. therefore X is E. (resp. 6-f3.)-Compact space.

Theorem 3.12: 1f a Topological space (X,T) is E- (resp. -5)-Compact, then its E. (resp. o-
J3c)-Compact space.

Proof: Let {V;: 4 € V] be any E, (resp. 6-f3:)-open cover of X. So {V;: 4 € V} is E (resp. 5-3)-
open cover of X, since X is E- (resp. J-f)-Compact, so there exists a finite sub-set
V,E V(st)X=U{V:4 €V, }. Thus Xis E. (resp. J-3.)-Compact space.

Theorem 3.13: Every E.(resp. 0-f3c)-Compact Ty — space is E- (resp. 6-f)-Compact space.
Proof: Assume that X is E. (resp. 0-fc)-Compact and T; — space. Let {V;: A € V} be any E
(resp. 6-P)-open cover of X. so¥W x €X 3 A(x) € V (s.t) # €V, (). Since X is T; — space,
and X is E. (resp. o-f)-Compact, thus there exists a finite sub-set
Vo, EVinX(st) X =U{V;: 1 €V_}. Thus Xis E (resp. 6-8)-Compact space.

The following corollary is directly consequence of Theorem-(3.12 and 3.13).

Corollary 3.14: Let X be a Ty — space. Then X is E. (resp. 0-Bc)-Compact if fX is E- (resp. O-
S)-Compact space.

Theorem 3.15: Let (X, T) be a 0-f.-Compact space, then X is ¢ — Compact space,
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Proof: Suppose that {V;: A € V] is any regular closed cover of X, so via Theorem-(2.6),
{V;: 4 € V] constitutes a -Bc-open cover of X. Since X is J-f-Compact, hence there exists a
finite sub-set V, & Vin X(s.t) X = U{V;: 4 € V_}. Thus X is r¢ — Compact space.

Theorem 3.16: Let (X, T) be a regular space. If X is E. (resp. J-fc)-Compact, then X is

compact.

Proof: Assume that {V;: A € V] is any open cover of X. Since X is regular, so via Theorem-
(2.7), {V;: 4 € V] constitutes a E. (resp. J-f3:)-open cover of X. and since X is E. (resp. 6-f)-
Compact, thus there exists a finite sub-set V, € Vin X (s.t) X = U{V;: A €V,}. Thus X is

Compact space.

Theorem 3.17: Let (X, T) be an almost regular space. If X is J-f.-Compact, then X is nearly

compact.

Proof: Suppose that {V;: A € V] is any regular open cover of X. Since X is almost regular, so
¥ % € X and regular open V;(x) 3 an open set M, (s.t) » € M, S CI(M,) < V().
but CI(M,,) is regular closed V' 3 € X, this implies that the collection {CI(M,): » € X} via

Theorem (2.6), is constitutes a J-fc-open cover of X. Since X is J--Compact, so there exists
a sub-collection {CI{M (3)):i=1,2,...,n},(s.£), X = U, CUM (3,)) S U, V, (3).

Thus X is nearly compact.

4. Fundamental properties of E. (resp. 0-f)-T; — Spaces (i= 0,1,2)

In this part, several characterizations and some basic properties concerning of new kinds of
separation axioms called E. (resp. 0-f3)- separation axioms such as E.-Ty-(resp. 6-fe-To-), Ec-
Ti-(resp. 0-fc-T1-) Ec~Tr-(resp. 0-fB-T>-) are given, as well the relationships among these

kinds of spaces and other well- known spaces are discussed.

Definition 4.1: A mapping f: (X,T) — (¥,T7)is said to be:

i) E-Irresolute, if /71(V) is Ec-open in X for every Ec-open sub-set V of ¥.

i) d-B-Irresolute, if £ (V) is J-B-open in X for every J-fc-open sub-set V of ¥.
iii)  Ec-open, if the image of each open set of (X, T) is Ec-open of (Y, T).

iv) d-f3-open, if the image of each open set of (X, T) is J-Bc-open of (Y, T").

V) Ec~continuous, if /(1) is Ec-~open in X for every open sub-set V' of ¥.
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vi)  d-fBe-continuous, if /7(V) is d-Bc-open in X for every open sub-set 1V of ¥.
Definition 4.2: A topological space (X, T is called:

a) E (resp.6 — B.)— T, — Space if for every distinct points x and y of X, there is

Ec(resp. 0-f3:)-open set containing one of them but not the other.

b) E_ (resp.6 — B.)— T, — Space if for each pair of distinct points 3, v (% = ¥v) € X,
there exist two Ec(resp. 6-f3c)-opensets U & V (s.t) » EU but yE U and yE Vbutx €V,

c) E (resp.§ — 8.)— T, — Space or E_(resp.§ — _) — Hausdor f f Space if for each
pair of distinct points #,¥ (x = ¥) € X, there exist two disjoint Ec(resp. 0J-fc)-open

setsU&YV (s.t) xE Uand yEV.

Remark 4.3: From the respective definitions, we have the following diagram. However none

of these implications is reversible as shown via examples of [19, 24, 25].

P.-open set »| Pre-open set
y
é-Pre-open
\ 4 y
E-open set > E-open set

v

b-open set

\ 4

B-open set

A\ 4

v

6-3-open set

bc-open set |« P.open set
v
B-open set
v v
6-B-open set |< E.-open set

Figure (2): The relationships among other well-known types of generalized open sets in Top-Sp

Theorem 4.4: The following properties are hold in a topological space(X, T'):

a) Every E_(resp.§ — B.) — T, — Spaceis E_(resp.§ — f,) — T, — Space
b) Every E_(resp.§ — B.) — T, — Space is E_(resp.6 — B.) — T, — Space
c) Every E_.T, — Space is § — §_.T, — Space.

d) Every E_.T, — Space is & — §.T; — Space.

e) Every E_Ty — Space is & — §.T, — Space.

Proof: The proof is obvious it is follows immediately from their respective definitions.
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Remark 4.5: From the respective definitions, the relationships among E. (resp. 0-fc)-

T, — spaces (i = 0,1,2) and some other well-known forms of spaces shown in the following

figure:
T>-Space > T:-Space > To-Space
A 4 A 4 A 4
E.- T,-Space > E.- T:-Space > E.- To-Space
A\ 4 v v
6-]35 'TZ'SPC'CE > 6'131: -T1-Space > 6-]3C -Ta-Space

Figure (3): Relationships among E. (resp. o-fic)-Ti —spaces (i=0.1.2) apnd some other

well-known forms of spaces
However none of these implications is reversible as shown in the following examples.

Example 4.6: Let X = {a, b, ¢, d} with a topology T = {®, {a}, {b}, {a, b}, {b,d}, {a, b, d},
X}. Then, ECX(X, T) = {¢, {a, c}, {b, ¢, d}, {a, ¢ d}, X}.

And, 6BCZX, T) = { @, {a ¢}, {c d, (b, ¢, d}, {a, ¢ d}, X}. Then X is
E T,(resp.6 — f.T,) — Space , but it is neither E_(resp.d— f,.)— T, — Space nor
E (resp.6 — B.)— T, — Space

Example 4.7: Consider X any infinite set with the co-finite topology T, (such that the closed
sets are X and the finite sub-sets). Since X \ {#} is E.(resp. J-f3.)-open, therefore X is,

E (resp.6 — .)— T, — Space . But there is no non empty E.resp. J-S.)-open sets are
disjoint, so X cannot be E,(resp.d — B,) — T, — Space.

Theorem 4.8: the following statements are equivalent for a space(X, T'):
a) Xisan E_(resp.6 — 3_.) — T, — Space

b) For every two distinct points , v (3 # v) € X,

Ec.Cl({ }) (resp. 0-CI({ #})) # E.CI({ ¥}) (resp. 0-5CI({¥})).

Proof: Necessity. Suppose that (X, T) isE (resp.d —f.) — T, — Space and for
each Hw,vi(x=vy)EX there exists an Ec(resp. 0-f3c)-open set
U(st) wEUVEU=VEX\ U, where X\ U is E.(resp. 6-B)-closed which does not
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contain # but contains ¥. Since E..CI({ ¥}) (resp. 0-f.-Cl({¥})) is the smallest E(resp. 0-fc)-
closed set containing ¥, so E..CI({ ¥}) (resp. 0-B-CI({¥})) = X \ U and hence x &€ E.CI({ ¥})
(resp. 0-f3.CI({¥})). Consequently, E.CI({ }) (resp. 0-5.CI({ #¢})) # E.CI({ ¥v}) (resp. 6-f3c
Cl({v})).

Sufficiency. Assume that 3, v (> = v) € X, and E..CI({ »}) (resp. 5-B..CIl({ %})) # E..Cl({ ¥})
(resp. 6-Be-CI({¥})). Let 5 € X (s.t) 5 € E.Cl({ 2}) (resp. 6-B-CI({ %})) but 5 & E.CI({ v})
(resp. 0-3..Cl({ ¥})). We prove that # & E..CI({ ¥}) (resp. 6-pc.CI({ ¥})). Suppose that » € E..
CI({ ¥}) (resp. 0-3.CI({ ¥})), so {#} S E.CI({ v}) (resp. 5-B.CI({ ¥})),which implies that,
E.CI({ #}) (resp. 0-B..CI({ »})) € E.CI({ ¥v}) (resp. 6-3.Cl({¥})) and thus 7 € E.CI({ v})
(resp. 0-5..CIl({¥v})) which is a contradiction with the fact of # & E.CI({ ¥}) (resp. o-fc-
CIl({v})), hence x & E..CI({ ¥}) (resp. 6-3.-Cl({¥})) which implies that, » € X \ E..CI/({ v})
(resp. 0-5c-CI({¥})).

Consequently X\ E..CI({ ¥}) (resp. 0-B.-CI({¥})) is an Ec(resp. 6-f3.)-open set containing 3
but not v. Therefore, X is E,(resp.§ — .) — T, — Space.

Theorem 4.9: Let (X.T) be a topological space. Then the following statements are equivalent:
a) Xisan E_(resp.8 — f.)— T, — Space.

b) For each point » € X the singleton set {7} is E«(resp. d-fc)-closed set,

C) For each point # € X, E..D({#}) (resp. 0-3.D({#})) = @.

Proof: (a)= (b) Suppose that X is E,(resp.§— f.)— T, — Space For
each 3, v (% y)EX, there exists Edresp. J-Bc)-open set U (s.t) y € U but x & .
Consequently, v € U © X \ {s}. Thus X\ {3} = U{U: v € X\ {3}} which is the union of an
E(resp. 0-f3c)-open sets. Then X\ {>} is an Ec(resp. d-3.)-open sets. Thus {#} Eresp. 0-c)-

closed sets.

(b) = (@) Assume that {P} is Edresp. 5-fc)-closed for each P € X. So via hypothesis for
each #, v (3 # v) € X, {},{v} are Edresp. J-S.)- closed sets. Hence X \ {s}, X \ {v} are
Ec(resp. 0-fc)- open sets (s. t) *xEX\{yvLvEX \{viandye X\ {x},5c € X\ {x}.
Therefore X is E,.(resp.6 — §,) — T, — Space.

(b) = (c) Assume that {x} is E.(resp. 5-8c)-closed set for each # € X. Thus,
{2} = E.Cl({=}) (resp. 5-B.Cl({%})) = {x} U E..D({*}) (resp. 6-3-D({#})). Therefore,

EeD({#}) (resp. 5-eD({%)) ) = @.
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(c) = (b) Let E.D({=}) (resp. 6-.D({*})) = @ for each x € X. Since

ECl({n}) (resp. 6-:.Cltx})) = 1} U E.D({}) (resp. d-5eD({})). Thus,

E.Cl({s}) (resp. 6-B-Cl({3})) = {3} if f {32} E(resp. 6-f3.)-closed set.

(a) = (€) Suppose that X is E (resp.§ — .) — T, — Space and assume that E.D({3 })
(resp. 0-f3ic.D({# })) # @ for some # EX,then Iy € E.D({#}) (resp. 0-.D({ # })) and
(s #vy). Since X is E.(resp.6—f.)—T,— Space,so 3  Eqresp. J-B.)-open set
U (5.t) y €U and » € U which implies, U N {>} = @, and thus ¥y & E.D({x}) (resp. 6-f.-
D({=})) which a contradiction with the hypothesis. Hence, ¥ x € X, E.D({#*}) (resp. 0-f3.
D({x})) = .

(c) = (a) Let E.D({*}) (resp. 6-B.D({*})) = @, ¥ 3 € X, so

E.Cl({x}) (resp. 6-B-Cl({#}) = {=} U E.D({#}) (resp. 5-Be.D({ % })) = {#} which
implies, {#} is Ed(resp. J-Bc)-closed set and thus via (part (a) & (b)) X is
E_ (resp.6 — B.)— T, — Space.

Theorem 4.10: If (X, T) is a topological space, then the following properties are equivalent:
a) Xisan E_(resp.8 — 8.)— T, — Space

b) If € X, then ¥V (3 #= v), 3 an E.(resp. 5-fc)-open set U containing » (5.t) v € E,.
Cl({ U}) (resp. 0-fc-CI({TL})).

Proof: (@) = (b) since X is E_(resp.6 — ,) — T, — Space so ¥ (» = y) 3 E(resp. 5-fc)-

open sets.

UKV (st)#» EUEYEVand UNV = . Thus,* EU S X\ V,put X\ V =F, then F is
E(resp. J-Bc)-closed set, WS Fandy & F =y & N {F:Fis Edresp. J-B:)-closed set &
U S F}=E.Cl({U}) (resp. 6-B-CI({TL})).

(b) = (a) Assume that 5, ¥ (> = ¥) € X, by hypothesis, there exists E.(resp. J-fc)-open set
U containing x (5.t) v € E..CI({ U}) (resp. 5-B.CI({U})). Hence ¥ € X \ (E..CI({ U}) (resp.
0-B-CIl({U}))) which is E.(resp. d-f3.)-open and ¢ & X\ (E..CI({ U}) (resp. 6-B-CI({U}))). As
well, UN(XN (ECl{ U }) (resp. o0-pCI{f U }) =eo. So, X is
E (resp.6 — f,.)— T, — Space.

Definition 4.11: Let (X, T) be a topological space and <4 = X. Then, the intersection of all
Ed(resp. 0-f3.)-open subsets of X containing <A is called the E.-kernal(resp. J-f-kernal) of

<A and its denoted via E.-ker (A) (resp. 0-fe-ker(A)) of <A (i. e):
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Ec-ker(A) (resp. o-fi-ker(A))= {U € ECX(X) (resp. 0-SCI(X)): A S U}.
Theorem 4.12: Let (X, T') be a topological space and # € X. then, v € E-ker({x]})(resp. 0--
ker({s})) if f » € E.Cl{{y})(resp. 6-B-CH{¥})).

Proof: Assume that y & E.-ker({x}) (resp. 6-f-ker({x})). So, there exists Eq(resp. d-f3)-
open set U containing x (s.t) v € U. Thus we get * & E. CI{{y}) (resp. 5-B- CL{{yv})).

Similarly we can prove the converse case.

Theorem 4.13: Let <A be a sub set of a topological space(X, T). Then,

E-ker(A)(resp. 6-fe-ker(A))={x € X: E.Cl({s})(resp. 6-B-CL{{x})) NA = @}

Proof: Suppose that € E-ker(A)(resp. 5-f-ker(A)) and

Ec. Cl{{]) (resp. 0-f-CH({#})) NeA =@, Thus, # € X\ (E.CI({ #}) (resp. 0-Cl({*})))
which is an Ec(resp. d-ff.)-open set containing «A. This case is not possible, since # € E,-
ker(A) (resp. 0-f3- ker(A)) . therefore E.. Cl({x}) (resp. 0-f- Cl{{x})) NA =@ . Now
suppose that # € X (s, t) E..Cl{{x})(resp. 6-B-Cl{{%})) NeA # @ and »x & E-ker(A)(resp.
O-f-ker(<A)). So, there exists an Ec(resp. 0-fc)-open set U containing <A and x & U. Let
v € E.Cl({x})(resp. 6-B-Cl({x})) N<A. Hence, U is an Eresp. J-f3.)-Neighbourhood of ¥

which does not contain . So via this contradiction we get # € E.- ker(A) (resp. 0-f-

ker(<A)) and this is the request.

Theorem 4.14: The following properties hold for the subsets <4 and B of a topological
space(X, T):

a) A C E.-ker(A)(resp. 0-fo-ker(A)).

b) A C B = E-ker(A)(resp. o-fi-ker(A)) € Ec-ker(B)(resp. o-f-ker(B)).

¢) If A is Eresp. 0-o)-open of (X, T), then A = E.-ker(A) (resp. d-Be-ker (A)).

d) E-ker(E, —ker(:A)) (resp. 0-fi-ker(8 — B —ker(cA))) = Ec-ker(A) (resp. o-fe-
ker(A)).

Proof: The proof of parts (a), (b) and (c) are directly consequences of definition (4.11). Now
we prove part (d), first via parts (a) and (b) we have:

E- ker(eA) (resp. 0-f- ker(A)) S E~ ker(E, —ker(A)) (resp.  O-f3c-
ker(8§ —f_—ker(A))). If = & Ec-ker(A) (resp. 0-f-ker(A)). So 3U € ECX(X) (resp. O-
BC(X) (5. 1)
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A S U and » & U.Thus, E-ker(A)(resp. 6-f-ker(A)) S 1, and so we get:
# € Ec-ker(E, — ker(A)) (resp. 0-f-ker(8 — B_ — ker(eA))). Therefore,

E.- ker(E, —ker(A)) (resp. 0-fc- ker(6 —f_—ker(cA))) = Ec- ker(A) (resp. 0-f-
ker(A)).

Theorem 4.15: for any two distinct points # and ¥ in a topological space (X,T), the

following properties hold:
a)  Ecker(Gd)(resp. o-feker((}) % Ec-ker((y))(resp. o-fe-ker ().

b)  ECl({x})(resp. 0-f-Cl({x})) # E-CL({y])(resp. 0-B-CL({¥}))-

Proof: (@) = (b) Assume that E.-ker({3}) (resp. d-f-ker({3}) % Er-ker({y}) (resp. o-
ker({y})). So there exists a point = € X (5.t) 7 € E-ker({x}) (resp. 6-fo-ker({x}) and = &

Ec-ker({¥Y) (resp. 0-B-ker({¥})). Since 5 € E-ker({x}) (resp. 6-B-ker({x}) Consequently
that {3} N E..CL({z})(resp. 0--CL({z})) # @ = x € E.Cl{{z})(resp. 0-B-CL({z})). utilize

7 & E.-ker({y}) (resp. 6-3-ker({v})) we get {v} N E.Cl{z})(resp. 6-B.- Cl({z})) = w.
Since # € Ee. CU({z)) (resp. 0-f- CU(Y), so, B CUE#Y) (resp. i CUED) € E.
Cl({z})(resp. 5-B-CL{{=})) and {v} N E.Cl({x})(resp. 5-B-Cl{{>})) = @. Thus, it follows
that E..Cl({sx})(resp. 0-B-CL({x})) #= E..CL{y}) (resp. 6-B-CUH{{¥})). So, E--ker({x}) (resp.
0-f3- ker({x}) # E.- ker({y}) (resp. 6-B.- ker({y})) implies that E. Cl({x}) (resp. -3
Cl({x})) # E.ClL{{y})(resp. 0-S-CL{{¥})).

(b) = (a) Suppose that E..CI({})(resp. 6--Cl({x})) # E..CL{{y}) (resp. -f3-CL{({¥}})) So
there exists a point 5 € X (s.t) 5 € E.Cl({x})(resp. -B-Cl({*})) and = & E.CL({¥}) (resp.
0-f~CL{({y})). Then, there exists an E.(resp. d-f3c)-open set containing Z and » but not ¥,
namely, ¥ & E-ker({x})(resp. 0-f-ker({sx})) and hence E-ker({x})(resp. 0-f-ker({x}) #
Ecker () (resp. 0-fe-ker (7).

Theorem 4.16: Suppose that f: (X,T) — (Y,T")is an injective EAresp. J-f3c)-continuous
mapping and Y is T; — space, then X is E. (resp. 5-f8.)-T; — space,where (i = 0,1,2)

Proof: We prove that the theorem for E, (resp.8 — B.)—T, — Space and the other are similar.

Assume that #, v (3 # v) € X, since f'is injective, then f(x) # f(v) in Y. But Y is T, then
there exist an open set U (s.t) f(x) EU, f(y) EUORF(¥v) EU f(x) €U, since f is
Ed(resp. J-Bc)-continuous, so f (U) is Edresp. J-Bc)-open set of X (s.

t):x € fHUW),y & F1(U) OR
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v € fHW,x € fH (W), Thus X is E, (resp.§ — B,) — T, — Space.

Theorem 4.17: Let f: (X,T) — (Y,.T")be an injective Ec(resp. J-fc)-irresolute mapping and
Y is an E. (resp. 0-f3.)-T; — space, then X is E. (resp. 0-f3.)-T; — space,where (i =0,1,2)

Proof: We prove that the theorem for E,(resp.§ — .)—T, — Space and the other are similar.

Suppose that 3, v (3 # ¥) € X, since fis injective, then f(x) = f(¥)in¥. But ¥ is an
E (resp.6 — B.)—T, —Space so there exist two disjoint Ed(resp. J-fc)-open sets
UandV (s.t) f(x) E UK f(y) €V. Utilizing Ec(resp. J5-fc)-irresolute of f we get,
FHU) & F7H(V) are E(resp. 0-f3:)-open set of X (5. ¢ ):

e fHW,ye V) and fTHW N FHY) = 0.
Hence X is E_(resp.§ — 5.) — T, — Space.

Theorem 4.18: Suppose that f: (X,T) — (¥,T7)is a bijective E«(resp. J-f3.)-open mapping
and X is T; — space, then Y is E. (resp. 0-f3.)-T; — space,where (i = 0,1,2)

Proof: We prove that the theorem for E,(resp.§ — .)—T, — Space and the other are similar.

Let ¥y, ¥, (¥, # ¥,) €Y. since f is bijective, so there exist #y, 3, (3, # ;) € X. such that
f(s,) =v, and f(3,) =y, . Since XisT, , then there exist two disjoint open sets
UandVof X (s.t) x, EU &3, €EV. Since f is Ecdresp. J-B)-open mapping, then
f(UW) & f(V) are E(resp. 6-3:)-open sets of ¥ with vy € f(U) & y, € f(V). therefore ¥ is
E (resp.8— f.)— T, — Space.
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Conclusion

Compactness is the generalization to topological spaces of the property of closed and
bounded subsets of the real line. The notions of compactness are useful and fundamental
notions not only of general topology but also of other advanced branches of mathematics.

Many researchers have investigated the basic properties of compactness”. The productivity of
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these notions of compactness motivated mathematicians to generalize these notions. In the
course of these attempts many stronger and weaker forms of compactness have been
introduced and investigated. The class of generalized closed sets has an important role in
general topology, especially its suggestion of new separation axioms which are useful in
digital topology. "The investigation on generalization of closed set has lead to significant
contribution to the theory of separation axioms. In this work we introduced and study new
types of spaces called E.(resp. J-fc)-compact spaces. Several characterizations and
fundamental properties concerning of these forms of spaces are obtained. Moreover, some
new types of separation axioms in topological spaces called E.(resp. J-f3.)- separation axioms

via E. (resp. J-f3c)-open sets are studied.
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