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Abstract

This study was devoted to extend Cav(u) theorem for repeated games with one-sided
incomplete information. The model considered in this paper was based on the typical
Aumann-Maschler model. According to the properties of Wasserstein distance, the Cav(u)
theorem for repeated games with one-sided incomplete information was generalized from
convex and compact subset to the whole space. And an approximation method was provided

for dealing with the problem of probability measurement in the whole space.
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1. Introduction

The Aumann-Maschler model [1] is a typical repeated game model with one-sided incomplete
information, which assumes that one of the two sides of the game can obtain the exact value
of the state variable in advance while the other party only knows the probability distribution
of the state variable (One-sided incomplete information). The state set and strategy set of both
parties of the game are finite sets; the game is repeated and the strategies of both parties are
disclosed after each round. In each round, the two sides of the game choose the best strategy
according to the information they know. It is a zero-sum game. De Meyer B, Lehrer E,
Rosenberg D [2] studied zero-sum games with incomplete information and identified the
Blackwell monotonicity. Renault, Jérome [3] generalized the proof of Aumann and Maschler,
and, proved the existence of the uniform value from the definition and the study of
appropriate nonrevealing auxiliary games with infinitely many stages. Fabien Gensbittel,
Jérdme Renault [4] showed a more involved model that the model of two-player zero-sum
repeated game with lack of information on both sides and perfect observation, which revealed
that the infinitely repeated game may have no value. Under these assumptions, the Cav(u)
theorem was obtained in [1], that is, the average value of the one-sided incomplete
information game with the increase of rounds approaches the concave generalization of the
value of single-round complete information games, meanings that as game rounds increases,
the party who has internal information in advance will gradually lose the information
advantage. Neyman and Abraham [5] proved that for two persons repeated game, it can be
simplified as a typical repeated game with one-sided incomplete information under some
conditions, which can help us better understand the incomplete information game. By another
proof of Aumann and Maschler's theorem, Bernard De Meyer and Dinah Rosenberg [6]
characterized that the limit value of a finite repeated game without information is the concave

of the value of a game without information.

On the basis of [1], De Meyer [7] extended the repeated game model to the situation that both
the state set and strategy set are both infinite sets, proposed the concept of continuous
maximum variation martingale, and gave this kind of game model in finance in the

application. Gensbittel [8][9] extended the repeated game model in [7] from one-dimensional
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case to multi-dimensional case. In [8] and [9], we obtained the Cav(u) theorem when the state
variable is defined in a finite set and a convex compact subset defined in R, respectively.
Laraki R [10] used the recursive structure for the finitely repeated version of dual games, to
identify the limit value of a repeated game in discrete time. On the application of Wasserstein
distance, Pedro C. Alvarez-Esteban [11] applied the property of Wasserstein distance to the
trimming methodology, forming a robust method to evaluate the suitability of data samples,
which can be considered to be correct, giving us an idea to introduce Wasserstein distance

into the proof of the theorem.

In the latest game study, Juan F. Escobar and Gaston Llanes [12] also analyzed cooperation
dynamics in repeated games with Markovian private information, showing that the way in
which private information is transmitted may be aggressive, and partners will allow a certain
number of ways for transmitting information. We also proved that when the interest rate tends
to be zero, the welfare loss will gradually disappear as the type process continues to increase.
Ashkenazi-Golan, G; Rainer, C and Solan, E [13] explored the optimal use of information in
Markov games with one-sided incomplete information and two states. A finite stage algorithm
was proposed to calculate the limit value when the interval becomes zero, and the optimal
strategy in the continuous time limited game was given. Ueda, Masahiko [14] put forward the
modified zero decisive strategies, and the prisoner's dilemma of repeated game as one of the

strategies, to balance the probability distribution functions of payoffs.

This paper also considered a more general situation. Assuming that the state variables in the
repeated game were defined in the entire space R, at this time, the corresponding Cav(u)

theorem was proved with the properties of Wasserstein distance.

2. Repeated game model with one-sided incomplete information

Considering the two-man zero-sum repeated game model with one-sided incomplete

information;

The strategy sets of both participants are I and J (not necessarily a finite set), and the Borel-c

on them are I and 9 respectively. T is a bounded Borel mapping from I X J to R%. The state
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variable is a vector L = (Ll,A,Ld) € RY . Given the probability measure u € AP(Rd) on

R%where AP (Rd) represents the set of probability measures with finite moments of p on R<,

the repeated game in Round n — is conducted according to the following rules:

Round 0: Choose L with probability measure u beforehand. Participant 1 knows the exact
value of the random variable L, which Participant 2 only knows that the probability

distribution of L is .

Round q (g = 1,A,n): Both Participant 1 and Participant 2 adopt their own strategies i, € I

and j, € J independently according to their own information and historical observation. And

then, they will disclose their strategy to each other after each round. Formally, the behavior
strategy of Participant 1 o is a list of transition probabilities depending on his internal

information (the exact value of L) and historical observations (o1,A,0,):

oaREX (Ix N7 > A(D), (1)

Among them, aq(L,il,jl,A,iq_l,jq_l) means that the qth round, when the value of the state
variable is L, and the historical strategy for the first ¢ —1 round of the game is
(il,jl,A,iq_l,jq_l), Participant 1 will adopt the probability distribution of strategy i,. The

symbol A(I) represents the totality of probability measures on /. Similarly, Participant 2’s
behavior strategy T is a list of transition probabilities depending on his historical observations

(TlﬁAJTn):
(I X )7 = A, 2)

Denote the behavioral strategy sets of Participant 1 and Participant 2 as X, and T,,
respectively. Comparing formula (1) and formula (2), we can find that the strategy of
Participant 1 depends on the state variable L and the strategy of Participant 2 is independent of
the state variable L, thus the game is a one-sided incomplete information game. According to

Tulcea theorem, the combination of ternary variables (u,0,7) can induce a unique probability
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measure T(u,0,T) € A(Rd X I % ]”). And in this paper, only the zero-sum game is considered,

and the payout function of Participant 1 is defined as:

90150 = Exguon | (L Z0_, T(i0d))] G)

Assuming that all participants seek to maximize their own income, the maximum payment of

Participant 1 and the minimum payment of participant 2 are respectively:

V.= sup ,lél%; Enuon [(L Y41 T(lq,Jq)ﬂ, (4)
Vall) = inf Sup Enguom [(L Sy T(i0/o)))- (5)
te T,oE L,

Once the above game rules are given, the final result of the game depends only on the
probability distribution pu of state variables L and game rounds n, therefore, this paper will

abbreviate this kind of game as T', ().

Theorem 1.1 Assuming p = 1, Functions v, and V, will satisfy the following properties:

(1) Concavity: Kn and V,, are concave functions on A” (Rd)
(i1) Lipschitz continuity:
V) =2V, )] < KW, (); Va0 =1V, 0)| < KW,(mv)  (6)
Where K is the upper bound of Borel mapping T.
(ii1)) Homogeneity:
VA> 0V (IAX]) = V. ([XD,VA(IAX]) = AV, ([X]) @)

In theorem 1.1, [X] represents the probability distribution of random variable X, W, (V)

represents the Wasserstein distance of order p, which is defined as:
1
W, (uv) = inf {EIX = YPP,1X] = 1] = v} ®)
Unless otherwise specified in this paper, all is assumed tobe p = 1

Proof: According to Formula (4) and (5), positive homogeneity is typical. Concavity and

37



Lipschitz continuity are proved as follows, taking V  as an example:

(i) Suppose uq,u; € AP(Rd) and u=2Au; + (1 — Ay, , where A € (0,1) . Consider that

Participant 1 takes the following strategy in I',(1): takes the € — optimal strategy in T',(11)

with the probability of A, takes the &- optimal strategy in T',,(#;) with the probability of 1 — A.

Under this hybrid strategy, the final return of Participant 1 is }\Kn(ul) + (1 - )\)Kn(ﬂz) — &,

since € can be arbitrarily small, then Kn(u) > in(ul) +(1- )\)Kn(/,tz), we can see that v

1s a concave function.
(ii) Suppose [L1] = u,[L,] = v, then:

n n

En(uon Ll'z T(igJq) )| = Entwon Lz'z T(iqJq)
q=1 q=1
< Bnguan [|(11 = Lo Z2, T(igi))|| < nEW1 (v ©)

So, we can get Ezn(,u) — %Kn(v)l < KW;(u,v) < KW,(u,v). The same can be proved for

V.

After comparing Equation (4) and (5), it is easy to see that V (u) < V. (). Different from

the typical Aumann-Maschler model, because I and / are not necessarily finite sets, the
minimax theorem may not always be held. If they are equal, then the value of game T, (u)

exists, which is denoted as:
V() :=Kn (W = Vn ™) (10)

As a special case of repeated game with one-sided incomplete information, the single-round
complete information game is considered. In this case, participant 1 does not know the exact
state of L, so the L — independent policy set of participant 1 can be regarded as A(I) .
Similarly, the maximum payment of Participant 1 and the minimum payment of Participant 2

are respectively defined as:

= inf E LT(i,j. )l 11
u(uy=sup inf r(wor) (LT (igdq))] (11
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u =1 E L;T [ ;. 5 12
U= inf sup r(wor) (LT (igdq))] (12)

Particularly, it is easy to get the following results:

Theorem 1.2 For all u € AP(R?), there are:
u(w) =V, (E@D:; (13)

uw) = Vi([E@D- (14)
where, E(u) represents the expected value of probability measure .

Functions u and u are Lipschitz concave functions with respect to Wasserstein distance W,

of order p and satisfy positive homogeneity.

Proof: We only need to prove that expressions (13) and (14) hold, and the rest conclusions

can be obtained from theorem 1.1.

Since the strategies of both sides of the game are independent of L, so (11) can be equivalent

to:

= sup inf Enpon[(ELLT(irj))]. 15
u(w) sup inf won {EILLT (igjg))] (15)

In Formula (4), taking n =1, L = E[L] = E(u), we can see that Formula (13) holds, and

Formula (14) can be similarly verified.

3. Cav(u) theorem

In [9], the Cav(u) theorem for u € A(P) C Al(Rd) is proved, where P is the convex compact

subset of R? convex compact subset. The following theorem summarizes Theorem 1.1 and

Proposition 2.4 in [9].

Theorem 2.1 For all u € A(P), there is:

ﬁgryoizn(u) = Cav(u)(w) (16)
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1= _
igm”;Vn(u) = Cav(w) () (17)
Where Cav(-)is the concave operator on A(P), namely Cav(u) = inf { f € USCC:f = u}, and
USCC represents the set of upper semi-continuous concave functions.
In order to extend the Cav(u) theorem to AP(R%), a lemma is first given.

Lemma 2.2 For any u € A? (Rd), € > 0, there exists a convex compact subset P € R% and a

probability measure g on P, such that:
W, < ¢ (18)

Proof: For any € > 0, the existence of N > 1 makes:

gp

i1 >my |xl” du(x) < + (19)

Let P = {x € R%:|x| < N+ 1}, P = {x € R%|x| < N}. Obviously, P is convex compact sets.

Take 1 defined on P and satisfy 1 = pon P. Therefore:

gp

ACN < x| < N+ 1)) = u({lxl > V) < 55

(20)
According to the theorem 7.10 in Villani, we can get:

iy < |

lxPdlu— Rl (2
R

<2v7! f{IxI sy [xXIPdp (x) + f{zv< ) <n+1y 1 X1PAR ()

21)

e’ (N+1)PeP
4p 4P NP

<21 (S +
< 2r-1 (£+i) < &P,

4P " 2P

The Cav(u) theorem withy € AP (Rd) is given below.

d
Theorem 2.3 Forall Y4 € A(RD , there are:

lim v () = Cav(u) () (22)
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lim: 7, () = Cav(@) () (23)

Proof: Here, only the proof of Equation (22) is given. In fact, since %Kn(u) > u(w) and v,

are concave functions on AP (Rd), we can easily find that for every u € AP (Rd),

Cav(w) () <=V, () (24)

Because V and u are Lipschitz continuous, %Kn is weakly continuous on AP (Rd) and the
Cav(g) is weakly upper semicontinuous on Ap(Rd). For every € > 0, according to the
Lemma 2.2, we can take u € AP (Rd), where P is a convex compact set in R? such that:
LY, —;v, @] <evnen, 25)
C av(g)(ﬁ) <C av(g)(u) + & (26)
Thus, according to the Theorem 2.1, we can obtain that:
li;risogpizn(u) < liﬁs;tp%zn(ﬁ) + li;risogp Ezn(u) -V
< Cav(u)(@) + ¢ (27)

< Cav(u)(w) + 2¢

Equations (24) and (25) are synthesized, namely, the proof formula (22) is established.

Formula (23) can be proved by the same principle.

Corollary 2.4 Given u € AP (Rd), if u(w) = u(w) is satisfied, namely, the value of a single

round full information game exists, then:

lim v () = lim V(i) = Cav(m) () (28)
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4. Conclusion

In this paper, we considered the repeated game model I',() with one-sided incomplete

information when the state set and strategy set are infinite sets, and the Cav(u) theorem was
given when u € Ap(Rd) holds. The properties of Wasserstein distance used in the proof

provides an approximation method for dealing with the probabilistic measure problem of the

whole space.
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