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Abstract

In this paper, the minimal norm least squares solution of matrix equations
(4XC,BXD, AXD,BXC) =(E,F,G,H) 1s discussed, by using the projection theorem, the generalized
singular value decomposition and the canonical correlation decomposition, the expression of

the solution of this problem is obtained.
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1. The introduction

Linear matrix equation problems have important applications in biology, electricity, photon
spectroscopy, vibration theory, finite element, structural design, parameter identification,
automatic control theory, linear optimal control and many other fields. The solution of linear
matrix equations has become one of the hot research topics in the field of computational
mathematics. The literature [1] gives the least squares solution of the matrix equations, but
because the form of the solution does not satisfy the orthogonal invariance of the norm, it
can't directly solve the minimal norm solution. This paper successfully solves the problem
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through the projection theorem.

Throughout the paper, we denote the set of all real »x» matrices by &, the set of all real
orthogonal matrices by or™ , the identity matrix of order n by s, , the ith column of the
identity matrix of order » by , the identity matrix of order » by s, , here s, =¢e,.e, ,,---.¢;} , the

transpose  of the matrix by 4", the Frobenius norm of a matrix by

Generalized Singular Value Decomposition( csvp™) Let 4 cr™"* | 4, cR™ , B eR™" | B, e R
1 b 2 b 1 b 2 b

Then, the GSVD of matrix pair (4 4,), [?i] respectively are

A1=MZA,UT2A2=MZA2VT; BIT=PZB‘N’ BZT=QZBIN7 (l)

where, mecr™ , Ner"* both are invertible matrices, UeOR" % , ¥ cOR™ , PeOR"MC™ |

oeor“*are all orthogonal square matrices, and

I, 0 0, 0, 0 0), I, 0 0 0, 0 0 0
s |0 8 s s |0 Sa Ofs ¥,=0 s, 0 0 ¥,=| 0 S, 0 0
o0 o,k r = T o 01, ko s 0o 0 0, 0] 0 0 I, 0
0 0 0 m _k 0 0 0 m _k /" s‘ klfl‘yfsl p*/«" r‘ sl krfr‘fsy p*kl
where 1,,1, ,1,,1, are the identity matrices of appropriate order, o, ,., ,o, ,o, are the zero

matrices of appropriate order (may not be square matrix). where

S, =diag(ay,ay,a) 5, 1>020,>-2a,>0; S, =diag(B,B,B), 0<B <P << <1,
S, =diag(ay,a,,-a)) , 1> 2a,2->a.>0; S, =diag(B,fpB.), 0<f <P <-<B.<1;
Sy, 485 =1 Sy +S5, =1, k=rank[A4, 4], r=k—rank(4,), s=rank(4)+rank(4,)—k,

k' =rank[B,, B,|, r =k —rank(B]), s =rank(B)+rank(B,)—k .

Canonical Correlation Decomposition ( ccoP¥) Let 4 e R0 | 4, e R™ , B e R”" B e r* .and
1 b 2 b 1 b 2 b

rank(A,) = rank(4,) ,
rank(B,) > rank(8,) , Then, the CCD of matrix pair (4,4,),(B,8,) respectively are
A4 =RE,.0E,, 4=RX,.0E,; B=0s0E,, B =0(s.0F, (2)

Where R < OR™" , Q] cOR”"” , EA, c Rk , EA: < RF* , EB, c Rk , Eli‘: < RF* ,
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~
(=]

\ 0 I 0 0 I, 0 0 I 0 0
o ¢, o 01, 0 0 Cy 0 0 I 0

5, - 0 0 0 ’ 5, - 0 0 I, 5, - 0 0 0 5, - 0 0 I,
0 0 0 0 0 0 0 0 0 0 0 0
0 D, O 0 0 0 0 D, 0 0 0 0
0 0 I 0 0 0 0o 0 I, 0 0 0

C, =diag(A, 2, 4)>0, 1>4 224,222 >0

, =diag(p, thy 1 )>0,  O<py<p, <--<p <1, AP+l =1,i=1,2,5
Cy =diag(A, 20, 2)>0 y 1> 24222 >0

D, :diag(,u,',,u;,wy,u;z)>0 L0<u <u < ---S,u;: <1, 2.;2 +,u}z =1,j=12,s,,
g, =rank(4) =1 +s, + f, 55, = rank(4,, 4,) + rank(A,A") — rank(A,) — rank(4,),

h =rank(A,) , 1, =rank(4)+rank(A,)—rank(4,,4,),

g, =rank(B) =1, + 5, + f, 5 5, = rank(B,, B,) + rank(B, B,) — rank(B,) — rank(B,),

h, =rank(B,) , r, = rank(B,) + rank(B,) — rank(B,,B,) .

Problem I Given 4er™, BeR"™, CeR™, DeR™, EecR™ ,FeR™,GeR™ ,HeR™ et

S, = {X\X € R"",|(4XC,BXD, AXD,BXC) - (E,F,G,H) |=min} ,

find %es,, such that |%]-min|x].

2. The Solution of Optimal Approximation Problem
Lemma 1" Letacr™, BeR™, CeR"™, DeR™, EcR™ ,FeR™,GeR™, Her™,the GSVD of
matrix pair (Zj ,(c, p) are the corresponding form of equation (1). Let

UTEP =(E))ys >V FQ =(F))ss »U'GQ = (G, )y s VT HP = (H,), 1 3)

then, the least squares solution of |(4xC,BXD,AXD, BXC)-(E,F,G,H)|=min 1S

En EuSc + G12SD G13 X14
X=N" S:Eu [])(22] SBF23 JrSAGzz X24 M , (4)
X31 F32S[; +szs(7 F}J X34
X, Xy X43 Xy
1

Where [X,,]=R* (SAEZZS(,' + SpFnS, + SAG22S1)+SEH22S(,') s R= (7;/) 3 Vi =

=1 [ <
2.2 232 232 2 g2 ’
aia; + ,Bj +ai/)’j +a; yox
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Lemma 2 (Projection Theorem) Let x is the finite dimensional inner product space, » 1is

the subspace of the inner product x , for a given xex , if exists mem ,such that
|« = m,| < min[x = m| , vme M ,then m, is unique, and m, is the unique minimum vector of » if anf

only if x—my LM .

Lemma3 Letacr™,BeR™, CeR™, DeR™, EcR™ ,FeR™,GeR™ ,HeR™, X, 1S The least

0

squares solution of matrix equations
(AXC,BXD, AXD, BXC) =(E,F,G,H) , (%)
let
AX,C=E, ,BX,D=F, , AX,D=G, , BX,C = H, (6)
then the least squares solution set of compatible matrix equations
(AXC, BXD, AXD, BXC) =(E,, F,,G,, H,) , (7)
Is the same as matrix equations (5).

Lemma 49 Let J,J,.J,,J, eR™ ,S, =diag(a,,a,,-a,)>0 ; S, = diag(b,,b,,-.b,)> 0 ;

S, =diag(c,,c,,+,¢, )20 ; S, =diag(e,,e,,++,e,)20, S, =diag(f,,f,,,f,)=0,

S, =diag(g,,8,,:+,8,)20 5 S, =diag(h,h,,---,h,) =20 .

n

So there is a unique ser™ that makes

®=s,58, ~J [ +[5.55, - I, [ + [5.55, [ + 5,55, = 7, [ = min .

And it has an expression

1
2

S=P#(S,JS, + 5,8, + SIS, +5.J.8,) » P=(p,)eR™™ , p, = 1
(SSiSy + 8. T,Sy + SIS, +8,1,8,) » (py) s Py afb/z+clzdj?+eff;2+g,

e ,I<i<m,1<j<n.
J

Note. Lemma 4 is a corollary of Lemma 2.1 in reference [2], in which s (i=a,b,c,d,e,s,n) Can

be zero diagonal matrix or identity matrix.

Theorem 1 Let 4cr™ ,BeR™ ,CcR™ ,DeR™ ,EcR™ ,FeR™ ,GeR™ ,Her™ , and the CCD of

matrix pair (4",8"), (c,p) are the corresponding form of equation (2). Let
EQEEC = (Eu )4><4 ’ EI:'FED = (E’/)4x4 ’ E,:‘GED = (61/')4x4 s E;‘HEC = (ﬁv‘)4x4 ’ PleQ = (Xi/)6><6 (8)

E,=(4 4, 4
i J h

S,
1

Ay)s Ex=(By B, By By Ec=(C, C, G5 Cp)s E=(Dy D, Dy Dy)
m-g, L8 Iy =t =s;n =y oS 1 I-g, R
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here E,=4"EC, , F;=B'FD, , G,=A'GD, , H;=B'HC, , i,j=12.3,4 ,then the sufficient and necessary
conditions for matrix equations (5) to have a compatible solution set are
Ew=0, Eu=0, Fu=0, Fu=0, Gu=0, Gu=0, Hu=0, Hu=0,i=1,234;

Ell =Fll ZEII =[71| ,FIZ :612 ,Fl} =513 ,EZI :621 ,FZ] =EZI ,E}I :631 ,F31 :EBI 99 EIS =ﬁ]3 . (9)

And the general solution of X is

Ew Fn Fni X, Xis En
Fu Fn Fn X,, X» H,
Xep|Fo Fo Fo xu B il (10)
Xy Xo X Xu X X
X X2 Xsu X, Xss Xs
Enw Gu Gu X, Xe& En

S
kS

where Xis = (Eu - f]zCC)Dgl 5 Xos = (ﬁzz - FzzCC)D;] 5 Xss = (ﬁsz - fzzCC)D: 5 Xsi= D‘?(Eu -C, FZI) 5
Xs :D;l(azz—CAFzz) 5 Xs3 :D;l(azz—CAFzs) 5 Xss :Djl(Ezz —EzzCC—CAHZZ-%—C/‘FZZCC)D;l . Xss :D:(Ea—CAH%) .

Xe=(Ex-GnCopy H. x,,x, =126 Isany matrix with appropriate size.

Theorem 2 Let 4cr™, BeR™, CeR™, DeR™, EcR™ ,FeR™,Ger™, Her™,the GSVD of
b b b b b b b b

matrix pair [;] , (c, p) are the corresponding form of equation (1),block  matrices

F,, G, , H  (j=1234) are given by equation (8), the free block  matrices

X,, X, (i=12,3,4 in Equation (10) are all zero block matrices, denoted x as x,, Let x, be

a least squares solution of the matrix equations (5), let

E,=AX,C ,F,=BX,D,G,=4X,D , H,=BX,c ,then E, ,F,,G,,H, canbe expressed as

E, E,S;+G,S,S. 0 0 0 0
Eﬂ = U SiEzl + SASBHZI SA [XZZ }SC 0 P 4 9 E) = VT O Ss[Xzz ]SI) S;EZ + SBSAG23 Q b
0 0 0 0 F,Sp+Hy,S.S, Fy

0 E,S.S,+G,S} G, 0 0 0
G0=U 0 SA[XZZ]SI) SASBF‘ZS-*—SAZGZl QT, H0=V SBSAE21+S§H21 SB[X22}SC 0 PT'
0 0 0 H, F,S,S. +H,S: 0

Theorem 3 Let4cr™, BeR™, CeR™, DeR™, EcR"™ ,FeR™,GeR™ ,HeR™, E, ,F, ,G,,H,

are given by theorem 2, let

E/TEOEC = (E‘f)4x4 s EIZ:E)ED = (F"/’)szt s EjGoED = (69)4X4 ) (1 1)
Then, the matrix equations (5) have a unique minimal norm least square solution Xx as
* Corresponding author: 136

Email address: ccsusjr@163.com (Jinrong Shen )
Research Supported by the Scientific Research of Hunan Provincial Education Department ,(Grant No. 20C0178)



En Fuo Fis 0 X Es
Fu Fn Fz 0 X»s Hax
$op Fsu Fn Fxn 0 ?35 Hs QT, (12)
0 0 0 0 0 0
X5 X5 X5 0 Xss Xso
Ex Gyn Gn 0 Xg Eu

where Xis = D;l(ﬁzz - FzzCC)DEl , )/(; = (ﬁn - ﬁzzCC)Dgl , Xas =(ﬁ32 - ﬁ}zCC)DE] , Xoi= D;l(Ezl —CAﬁn)

Xs :D;l(ézz - CAFzz) , X = D;](ézs - CAﬁm) , Xss :D;l(Ezz - 622CC - C/iﬁzzCLV)D(_v] , Xs :D,_,](Ezs - CAﬁzs) ,

Xes = (Esz —észCC)DEI .

Proof. By theorem 1 ,let x, as any solution of the compatible matrix equations(7), then x,
can be expressed as (10) in the form of Theorem 1, so x,=0,x,=0 (=126 by |X[=min,
substitute the results into the formula x, respectively, and let x,be X, by Lemma 2, X is the
minimal norm least squares solution of the matrix equations (4xc,Bxp, 4XD, BXC) =(E,F,G,H) ,that

is, the solution x of problem I is Equation (12).
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