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Abstract

This paper first proves the validity of the generalized modal syllogism (1AM <>1-3 with the
non-trivial generalized quantifier ‘most’ and the two trivial generalized quantifiers ‘a/l’ and
‘some’. And then making best of relevant facts and deductive rules, this paper deduces 20
other valid generalized modal syllogisms from the syllogism [JAM <> 1-3. In other words,
there are reducible relationships between/among the 21 valid generalized modal syllogisms.
The reasons for this conclusion are as follows: (1) any quantifier in Square {some} can define
the other three quantifiers, and so can any quantifier in Square{most}. (2) necessary modality
() and possible modality (<) can be mutually defined. This results not only provide a
common mathematical paradigm for studying the validity and reducibility of different kinds
of syllogisms, but also a formal method for other types of knowledge reasoning in artificial

intelligence that can be used as a reference.
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1. Introduction

Syllogism is a common and important form of reasoning in natural language, and there are
many forms of syllogisms, such as Aristotelian syllogisms (Zhang, 2022; Hao, 2023; Li,
2023), generalized syllogisms (Endrullis and Moss, 2015; Hao, 2024), relational syllogisms
(Ivanov and Vakarelov, 2014), Aristotelian modal syllogisms (Wei and Zhang, 2022; Zhang,
2023; Qiu, 2024), and generalized modal syllogisms (Xu and Zhang, 2023), and so on.

A generalized modal syllogism contains at most three generalized quantifiers, and at least one
and at most three non-overlapping necessary modality ([J) or possible modality (<> ). Trivial
generalized quantifiers are Aristotelian ones (i.e. no, not all, some, all). A trivial generalized
modal syllogism is an Aristotelian modal syllogism. Due to the infinite number of non-trivial
generalized quantifiers in natural language, there are countless generalized modal syllogisms
composed of generalized quantifiers and modalities. As far as we know, there have been few
works on this type of syllogism so far. Therefore, this paper focuses on knowledge reasoning
for the generalized modal syllogism (1AM <> 1-3. Unless otherwise specified, the following

syllogisms are generalized modal syllogisms.

2. Knowledge Representation

In the following, let b, z and ¢ be lexical variables, D be the domain of lexical variable. The
sets composed of b, z and ¢ are respectively B, Z and T. <| BNT|” indicates the cardinality for
the intersection of B and 7. And Q represents a generalized quantifier, —Q stands for its outer
quantifier, and Q— for inner quantifier. Let o, v, € and & be well-formed formulas (abbreviated
as wff). ‘@=¢ry’ shows that @ can be defined by y. ‘- ®’ means that ® is provable. ‘[1” is

necessary modality, and ‘<>’ is possible one.

The generalized modal syllogisms discussed in this paper only involve the following eight
quantifiers: Aristotelian quantifiers (namely, not all, some, all, no, which make up
Square{some}) and the non-trivial generalized quantifiers (namely, most, fewer than half of
the, at least half of the, at most half of the, which make up Square{most}). A statement
containing any of the eight quantifiers mentioned above corresponds to one of the following
eight propositions: all(b, t), no(b, t), some(b, t), not all(b, t), most(b, t), fewer than half of
the(b, t), at least half of the(b, t), at most half of the(b, t), and denoted by the Proposition 4, E,
1,0, F, S, M, and H, respectively.
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The generalized modal syllogism as the basis for reasoning in this paper is the third figure
syllogism (all(z, {)Amost(z, b)—> <> some(b, f), which can be shortened as JAM < 1-3. An
example of the syllogism LJAM<1-3 in natural language is as follows:

Major premise: All the furniture in this room are necessarily made of wood.
Minor premise: Most the furniture in this room are stools.
Conclusion: Some stools are possibly made of wood.

Let # be something that made of wood, z be the furniture in this room, and b be stools. Then
the above example can be formalized as (lall(z, £)Amost(z, b)—><some(b, t), and abbreviated

as JAM<I-3. The others are similar.

3. Formal Generalized Modal Syllogism System

The generalized modal syllogism system consists of the following several parts: primitive

symbols, basic axioms, deductive rules, relevant definitions and facts.
3.1 Primitive Symbols

(1) lexical variables: b, z, t

(2) quantifiers: some, most

(3) modality: [

(4) operators: =, —>

(5) brackets: (, )

3.2 Formation Rules

(1) If Q 1s a quantifier, b and ¢ are lexical variables, then Q(b, t) is a wif.
(2) If  is a wff, then so are —® and [lo.

(3) If ® and & are wffs, then so is ®—9.

(4) Only a formula in line with the above rules is a wff.

3.3 Basic Axioms

Al: If o is a valid formula in classical first-order logic, then - ®.

A2:+ Oall(z, t)rmost(z, b)—><>some(b, f) (namely, the syllogism CJAM<I-3).
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3.4 Rules of Deduction

Rule 1: From - (oAd—y) and = (y—@) infer = (0A3—).

Rule 2: From - (@Ad—y) infer = (—yAS—>—®).

Rule 3: From - (@Ad—y) infer = (—yA®—>—09).

Rule 4: (antecedent strengthening): From - (e—>w) and - (0Ad—Y) infer = (eAnd—>y).
Rule 5: (antecedent strengthening): From - (¢—d) and - (wAd—>Y) infer - (wAe—0).
3.5 Relevant Definitions

D1: (®wAd) =get =(00—>—9d);

D2: (04>0) =ger (0—>d)A(0—>®);

D3: O—(b, t)=det O(b, D—1);

D4: —Q(b, t)=qctIt is not that Q(b, ¢);

D5: O QO(b, ty=aer —1-Q(b, 1),

D6: all(b, t) is true iff BT is true in any real world,

D7: some(b, t) is true iff BNT#Y is true in any real world;

D8: no(b, t) is true iff BNT=C is true in any real world;

D9: not all(b, t) is true iff BS T is true in any real world;

D10: most(b, t) is true iff |BNT|>0.5| Bl is true in any real world;

D11: U all(b, ¢) is true iff BT is true in any possible world;

D12: $some(b, §) is true iff BNT#D is true in at least one possible world.
3.6 Relevant Facts

Fact 1 (Inner Negation):

(1.1) = all(b, tye<>no—(b, 1),

(1.2) = no(b, H)<>all—(b, 1),

(1.3) = some(b, ty<>not all—(b, t);

(1.4) = not all(b, ty«<>some—(b, t);
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(1.5) = most(b, t)<>fewer than half of the—(b, t);

(1.6) = fewer than half of the(b, t)<>most—(b, t);

(1.7) & at least half of the(b, t)<>at most half of the (b, t),
(1.8) = at most half of the(b, t)<>at least half of the (b, 1).
Fact 2 (Outer Negation):

(2.1) = —all(b, t)e>not all(b, ?);

(2.2) = —not all(b, ty<>all(b, 1);

(2.3) = —no(b, ty<>some(b, t);

(2.4) = —some(b, ty<>no(b, t);

(2.5) = —most(b, t)<>at most half of the(b, t);

(2.6) = —at most half of the(b, t)<>most(b, t);

(2.7) = —fewer than half of the(b, t)<>at least half of the(b, t);
(2.8) = —at least half of the(b, t)<>fewer than half of the(b, t).
Fact 3 (Symmetry):

(3.1) = some(b, ty<>some(t, b);

(3.2) = no(b, ty<>no(t, b).

Fact 4 (Subordination):

(4.1) = no(b, t)—not all(b, t);

(4.2) = all(b, t)—>some(b, 1);

(4.3) = all(b, t)—>most(b, 1),

(4.4) = most(b, t)—>some(b, t);

(4.5) = all(b, t)—at least half of the(b, 1);

(4.6) = at least half of the(b, t)—>some(b, t);

(4.7) = fewer than half of the(b, t)—not all(b, 1);

(4.8) = most(b, t)—at least half of the(b, 1),
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(4.9)  at most half of the(b, t)—>fewer than half of the(b, 1);
(4.10) - TIQ(b, H—>Q(b, 1);

@.11) - O(b, H—><Q(b, D).

Fact 5 (Dual):

(5.1) F =0, H>O—0(b, b);

(5.2) F = O(b, H)<>O—0(b, 0).

4. The Reducibility of the Generalized Modal Syllogism (JAM<I-3

The following Theorem 1 shows the generalized modal syllogism [JAM <> 1-3 is valid.
‘OAM<OI1-3— MOA <I-3” in Theorem 2 illustrates that the validity of the syllogism
MOA < 1-3 can be deduced from that of the syllogism [JAM <> 1-3. That is to say that this
syllogism LJAM <1-3 has reducibility and there is a reducible relationship between these two

syllogisms. The others are similar.

Theorem 1 (OAM<I-3): The generalized modal syllogism (lall(z, f)amost(z, b)—<>some(b,

?) is valid.

Proof: Suppose that [lall(z, ) and most(z, b) are true, then it is easy to deduce that ‘BT’ is
true in any possible world according to Definition D1, and * | BNT|>0.5| B|” is true in any real
world in line with Definition D10. From this, it can be concluded that ‘BNT#J’ is true in any
real world. It is obvious that a real world is a possible world. Thus, ‘BNT#J’ is true at least
one possible world. It can be seen that [lall(z, {) Amost(z, b)— <> some(b, t) is valid, just as

expected.

Theorem 2: There are at least the following 20 valid generalized modal syllogisms derived

from the syllogism CJAM<1-3.

2.1) FOAMOIL-3—> MOAOL-3

(2.2) FOAMO1-3>0EDAH-1

(2.3) FOAMO1-3>0EOAH-1>0ECAH-2
(2.4) FOAMOI-3>0E0AH-1—>0ECAF-1

(2.5) FOAMOI-3—OEOAH-1->0OEOAF-1->0EOAF-2
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2.6) FOAMOI-3—>OEM O 0-2

2.7) FOAMOI-3—»0EM G 0-20EM G O-1

(2.8) FOAMOI-30OEM < 0-3

(2.9) FOAMOI-3—»OEM O 0-3>0EM G 0-4

(2.10) FOAMOT-3—> MOAOT-3>FOA O 0-3

(2.11) FOAMOT-3—> MOAOT-35>FOA G 0-35>HOA O 0-3

(2.12) FOAMOI-3»>0OEOAH-1->0ACAS-1

(2.13) FOAMOI-3—»>0EOAH-1-»0EOAH-2—»OADEH-2

(2.14) FOAMOI-3»>0OEOAH-1->0EOAH-2—»OAOEH-2—»OALEF-2
(2.15) FOAMOI-3»>0OEOAH-1->0EOAH-2—»OAOEH-2—»OACEH-4
(2.16) FOAMOI-3»>0OEOAH-1»0EOAH-2—»OADEH-2—0AOEF-2—>OACJEF-4
(2.17) FOAMOI-3»>0OEOAH-1-0EOAF-1-50OES O 0-4

(2.18) FOAMOI-3»>0OEOAH-1»0EOAF-1-50ES <O 0-4—OES O O-1
(2.19) FOAMOI-3>0OEOAH-1->0EOAF-15SOAOL-3

(2.20) FOAMOI-3—-0OEOAH-1-0OEOAF-1-0ALAM-1

Proof:

[1] FOall(z, ) amost(z, b)—><>some(b, {) (i.e. JAM<I-3, basic axiom A2)
[2] vOall(z, )nmost(z, b)—<>some(t, b) (i.e. MOJAI-3, by [1] and Fact(3.1))
[3] F—some(t, b)AOall(z, H)—>—most(z, b) (by [1] and Rule 2)

[4] FU—some(t, b)AQall(z, H)—at most half of the(z, b) (by [3], Fact(5.2) and Fact(2.5))

[5] FOno(t, b)AQall(z, ty—at most half of the(z, b) (i.e..d ELJAH-1, by [4] and Fact(2.4))
[6] mUno(b, )AQlall(z, ty—at most half of the(z, b) (i.e. JELJAH-2, by [5] and Fact(3.2))

[7] Ono(t, b)aQlall(z, t)—fewer than half of the(z, b) (i.e. JELJAF-1, by [5] and Fact(4.9))
[8] =Ono(b, tH)AOall(z, t)—fewer than half of the(z, b) (i.e. JEOJAF-2, by [7] and Fact(3.2))
[9] F—some(t, b)Amost(z, b)—>—all(z, 1) (by [1] and Rule 3)
[10] FUO—=some(t, b)amost(z, b)—><>—all(z, t) (by [9], Fact(5.2) and Fact(5.1))

[11] FOno(t, byrmost(z, b)—><not all(z, 1)  (i.e. TEM<0-2, by [10], Fact(2.4) and Fact(2.1))
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[12] FOno(b, Hynmost(z, b)—>not all(z, 1)  (i.e. HEM<O-1, by [11], Fact(2.4) and Fact(2.1))

[13] FOno—(z, H)rmost(z, by—><not all—(b, 1) (by [1] and Fact(1.1) and Fact(1.3))
[14] +Ono(z, D-t)Amost(z, b)—><>not all(b, D-t) (i.e. JEM<0-3, by [13] and D3)
[15] FOno(D-t, z)Amost(z, b)—><>not all(b, D-t) (i.e. OEM<0-4, by [14] and Fact(3.2))

[16] FOall(z, H)rfewer than half of the—(z, b)—><>not all-(t, b)

(by [2] and Fact(1.5) and Fact(1.3))

[17] FOall(z, H)rfewer than half of the(z, D-b)—><>not all(t, D-b)

(i.e. FOA<0-3, by [11] and D3)

[18] +Oall(z, H)rat most half of the(z, D-b)—<>not all(t, D-b)

(i.e. HOOA<O-3, by [13] and Rule 5)

[19] FOali—(¢t, b)AQall(z, Hy—at least half of the—(z, b) (by [5], Fact(1.1) and Fact(1.8))
[20 ] Oali(t, D-b)AQlall(z, t)—at least half of the(z, D-b) (i.e. JAOIAS-1, by [19] and D3)
[21] FOall—(b, ) AQno—(z, ty—at most half of the(z, b) (by [6], Fact(1.2) and Fact(1.1))
[22] FOall(b, D-t)AUno(z, D-t)—at most half of the(z, b) (i.e. JAUIEH-2, by [21] and D3)
[23] FOall(b, D-t)AOno(z, D-t)—fewer than half of the(z, b)

(i.e. JALIEF-2, by [22] and Fact(4.9))

[24] wOall(b, D-t)AOno(D-t, z)—at most half of the(z, b) (i.e. JALJEH-4, by [22] and Fact(3.2))
[25] FOall(b, D-t)AUno(D-t, z)—fewer than half of the(z, b)

(i.e. JALJEF-4, by [23] and Fact(3.2))

[26] F—fewer than half of the(z, b)AUOno(t, by—>—Uall(z, f) (by [7] and Rule 2)
[27] vat least half of the(z, b)ALno(t, b)—><>—all(z, t) (by [26], Fact(2.7) and Fact(5.1))
[28] rat least half of the(z, b)ATno(t, b)—<not all(z, ) (i.e. JES<0-4,by [27], Fact(2.1))
[29] Fat least half of the(z, b)AUno(b, £)—><>not all(z, ) (i.e. JES<O-1,by [28], Fact(3.2))
[30] F—fewer than half of the(z, b)AQall(z, {)—>—Uno(t, b) (by [7] and Rule 3)
[31] vat least half of the(z, b)AOall(z, H)—><>—no(t, b) (by [30], Fact(2.7) and Fact(5.1))
[32] vat least half of the(z, b)AOall(z, H)—><>some(t, b) (1.e.SCOA<I-3, by [31] and Fact(2.3))
[33] FOall—(t, b)AOall(z, {)—>most—(z, b) (by [7], Fact(1.2) and Fact(1.8))
[34] -Uall(t, D-b)AUall(z, Hy—>most(z, D-b) (i.e. JALJAM-1,by [33] and D3)
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Theorem 2 infers the above 20 valid generalized modal syllogisms from the syllogism
0 AM < I-3 through 34 reasoning steps. This process indicates that there are reducible
relationships between/among these 21 syllogisms. In fact, more valid generalized modal

syllogisms can be obtained by repeatedly utilizing these reduction operations.

5. Conclusion and Future Work

This paper firstly proves the validity of generalized modal syllogism JAM<>1-3 by means of
set theory and modal logic, and then making best of relevant facts and deductive rules,
deduces 20 other valid generalized modal syllogisms from the syllogism [CJAM<I-3. In other
words, there are reducible relationships between/among the 21 valid generalized modal
syllogisms. The reasons for this conclusion are as follows: (1) Any quantifier in Square {some}
can define the other three quantifiers, and so can any quantifier in Square{most}. (2)
Necessary modality ([J) and possible modality (<>) can be mutually defined. This results not
only provide an important mathematical paradigm for the validity and reducibility of different
kinds of syllogisms, but also play an important role in knowledge reasoning in the field of
artificial intelligence. Can we establish a minimalist formal axiom system for the modal

syllogism fragments studied in this paper? This question deserves further exploration.
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