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Abstract

Firstly, according to set theory, the validity of the generalized syllogism AAM-1 is proved in

accordance with the truth-value definitions of quantified statements. Then, on the basis of

generalized quantifier theory, this paper derives the other 14 valid generalized syllogisms

from the validity of generalized syllogism AAM-1 by taking full advantage of the inner and

outer negation of a generalized quantifier, the symmetry of the two Aristotelian quantifiers

‘some’ and ‘no’, the subsequent weakening rule, the anti-syllogism inference rules, and other

reduction operations. This research method conforms to the demand of formal transformation

for natural language information in the era of mega data.
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1. Introduction

Many natural languages use quantification expressions to describe the quantity of things

(Barwise and Cooper, 1981). These expressions contain not only two standard quantifiers
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(that is, universal quantifier and existential quantifier) in first-order predicate logic, but also

many quantifiers that cannot be expressed by these two standard quantifiers, which are called

generalized quantifiers (Peters and Westerståhl, 2006). Generalized quantifier theory is a

highly versatile syntactic and semantic tool that effectively reveals the semantic and

inferential properties of quantified statements in natural language (Xiaojun, 2018).

Generalized quantifier theory is based on first-order logic (Hamilton, 1978), so the inference

rules and axioms in the latter are still applicable in the former. It has been proved that many

achievements of the generalized quantifier theory can not only formalize the logical semantics

of quantified statements, but also judge and prove the validity of inference modes involving

generalized quantifiers (Endrullis and Moss, 2015).

This paper mainly deals with the generalized quantifiers ‘all’ and ‘most’, discusses the

deductibility between the generalized syllogism AAM-1 and other generalized syllogisms, and

deduces the validity of other 14 generalized syllogisms according to that of AAM-1.

2. Preliminaries

In the following, let n, t and y be lexical variables, and D be their domain. The sets composed

of n, t and y are respectively N, T, and Y. Let b, q, r, and w be well-formed formulas

(shortened as wff). Let Q be a quantifier,  Q and Q  be its outer and inner negation,

respectively. ‘N∩T’ represents the cardinality of the intersection of the set N and T (Halmos,

1974). ‘⊢b’ shows that the wff b is provable, and ‘b=def q’ that b can be defined by q. The

others are similar.

The generalized syllogisms studied in this paper involve the following 8 propositions: all(t,

n), not all(t, n), no(t, n), some(t, n), most(t, n), at most half of the(t, n), at least half of the(t, n),

fewer than half of the(t, n), which are respectively referred to as: Proposition A, O, E, I, M, H,

S, and F. A non-trivial generalized syllogism includes at least one and at most three in the last

four propositions (Feifei and Xiaojun, 2024). An instance of the generalized syllogism AAM-1

in natural language is as follows:

Major premise: All cats like to eat fish.

Minor premise: All the pets in my house are cats.

Conclusion: Most of the pets in my house like to eat fish.
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Let y be a cat in the domain, n be an animal that likes to eat fish, and t be a pet in my house.

Then the syllogism is symbolized as ‘all(y, n)all(t, y)most(t, n)’, which can be abbreviated

as AAM-1. The Others are similar.

The deductive rules, definitions and facts involved in this research are shown below.

Rule 1 (Deductive Rules):

R1 (subsequent weakening): From ⊢(bqr) and ⊢(rw) infer ⊢(bqw).

R2 (anti-syllogism 1): From ⊢(bqr) infer ⊢(rbq).

R3 (anti-syllogism 2): From ⊢(bqr)infer ⊢(rqb).

Definition 1 (Relevant Definitions)：

D1 (outer negation): (Q)(t, n)=def It is not that Q(t, n);

D2 (inner negation): (Q)(t, n)=defQ(t, Dn);

D3 (truth value): all(t, n)=defTN;

D4 (truth value): most(t, n) is true if and only if T∩N0.5T is true.

Fact 1 (Inner Negation):

(1.1) ⊢all(t, n)no(t, n);

(1.2) ⊢no(t, n)all(t, n);

(1.3) ⊢some(t, n)not all(t, n);

(1.4) ⊢not all(t, n)some(t, n);

(1.5) ⊢most(t, n)fewer than half of the(t, n);

(1.6) ⊢fewer than half of the(t, n)most(t, n);

(1.7) ⊢at least half of the(t, n)at most half of the(t, n);

(1.8) ⊢at most half of the(t, n)at least half of the(t, n).

Fact 2 (Outer Negation):

(2.1) ⊢all(t, n)not all(t, n);

(2.2) ⊢not all(t, n)all(t, n);

(2.3) ⊢no(t, n)some(t, n);
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(2.4) ⊢some(t, n)no(t, n);

(2.5) ⊢most(t, n)at most half of the(t, n);

(2.6) ⊢at most half of the(t, n)most(t, n);

(2.7) ⊢fewer than half of the(t, n)at least half of the(t, n);

(2.8) ⊢at least half of the(t, n)fewer than half of the(t, n).

Fact 3 (Symmetry):

(3.1) ⊢some(t, n)some(n, t);

(3.2) ⊢no(t, n)no(n, t).

Fact 4 (Subordination) :

(4.1) ⊢all(t, n)some(t, n);

(4.2) ⊢no(t, n)not all(t, n);

(4.3) ⊢all(t, n)most(t, n);

(4.4) ⊢most(t, n)some(t, n);

(4.5) ⊢at least half of the(t, n)some(t, n);

(4.6) ⊢all(t, n)at least half of the(t, n);

(4.7) ⊢at most half of the(t, n)not all(t, n);

(4.8) ⊢fewer than half of the(t, n)not all(t, n).

Fact 1-4 are basic knowledge in first-order logic (Hamilton, 1978) and generalized quantifier

theory (Peters and Westerståhl, 2006).

3. The Deductive Reasoning of the Generalized Syllogism AAM-1

The following Theorem 1 proves the validity of the generalized syllogism AAM-1. Theorem 2

shows that other valid generalized syllogisms can be deduced from the syllogism AAM-1. In

other words, there are reducible relationships between/among valid generalized syllogisms.

Theorem 1(AAM-1): The generalized syllogism all(y, n)all(t, y)most(t, n) is valid.

Proof: Suppose that all(y, n) and all(t, y) are true, then YN and TY are true according to
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Definition D1. It is easily obtained that TN. Hence it can be concluded that all(t, n) is true

according to Definition D1. Therefore, ‘all(y, n) all(t, y) all(t, n)’ is valid. Then ‘all(t,

n)most(t, n)’ in line with Fact (4.3). Thus, ‘all(y, n)all(t, y)most(t, n)’ is valid in the light

of Rule R1, just as desired.

Theorem 2: There are at least the following 14 valid generalized syllogisms deduced from

AAM-1:

(2.1) ⊢AAM-1AHO-2

(2.2) ⊢AAM-1HAO-3

(2.3) ⊢AAM-1EAF-1

(2.4) ⊢AAM-1AHO-2ESO-2

(2.5) ⊢AAM-1HAO-3SAI-3

(2.6) ⊢AAM-1HAO-3SAI-3ASI-3

(2.7) ⊢AAM-1EAF-1EAF-2

(2.8) ⊢AAM-1AHO-2ESO-2ESO-1

(2.9) ⊢AAM-1AHO-2ESO-2ESO-1ASI-1

(2.10) ⊢AAM-1AHO-2ESO-2ESO-1ASI-1SAI-4

(2.11) ⊢AAM-1EAF-1EAF-2AEF-2

(2.12) ⊢AAM-1EAF-1EAF-2AEF-2AEF-4

(2.13) ⊢AAM-1EAF-1EAF-2AEF-2ESO-3

(2.14) ⊢AAM-1EAF-1EAF-2AEF-2ESO-3ESO-4

Proof:

[1] ⊢all(y, n)all(t, y)most(t, n) (i.e. AAM-1, Theorem 1)

[2] ⊢most(t, n)all(y, n)all(t, y) (by [1] and R2)

[3] ⊢at most half of the(t, n)all(y, n)not all(t, y)

(i.e. AHO-2, by [2], Fact (2.5) and Fact (2.1))

[4] ⊢most(t, n)all(t, y)all(y, n) (by [1] and R3)

[5] ⊢at most half of the(t, n)all(t, y)not all(y, n)

(i.e. HAO-3, by [2], Fact (2.5) and Fact (2.1))

[6] ⊢no(y, n)all(t, y)fewer than half of the(t, n) (by [1], Fact (1.1) and Fact (1.5))

[7] ⊢no(y, Dn)all(t, y)fewer than half of the(t, Dn) (i.e. EAF-1, by [6] and D2)

[8] ⊢at least half of the(t, n)no(y, n)not all(t, y) (by [3], Fact (1.8) and Fact (1.1))

[9] ⊢at least half of the(t, Dn)no(y, Dn)not all(t, y) (i.e. ESO-2, by [8] and D2)

[10] ⊢at least half of the(t, n)all(t, y)some(y, n) (by [5], Fact (1.8) and Fact (1.4))

[11] ⊢at least half of the(t, Dn)all(t, y)some(y, Dn) (i.e. SAI-3, by [10] and D2)
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[12] ⊢at least half of the(t, Dn)all(t, y)some(Dn, y) (i.e. ASI-3, by [11] and Fact (3.1))

[13] ⊢no(Dn, y)all(t, y)fewer than half of the(t, Dn) (i.e. EAF-2, by [7] and Fact (3.2))

[14] ⊢at least half of the(t, Dn)no(Dn, y)not all(t, y) (i.e. ESO-1, by [9] and Fact (3.2))

[15] ⊢at least half of the(t, Dn)all(Dn, y)some(t, y) (by [14], Fact (1.2) and Fact (1.4))

[16] ⊢at least half of the(t, Dn)all(Dn, Dy)some(t, Dy) (i.e. ASI-1, by [15] and D2)

[17] ⊢at least half of the(t, Dn)all(Dn, Dy)some(Dy, t)

(i.e. SAI-4, by [16] and Fact (3.1))

[18] ⊢all(Dn, y)no(t, y)fewer than half of the(t, Dn) (by [13], Fact (1.1) and Fact (1.2))

[19] ⊢all(Dn, Dy)no(t, Dy)fewer than half of the(t, Dn) (i.e. AEF-2, by [18] and D2)

[20] ⊢all(Dn, Dy)no(Dy, t)fewer than half of the(t, Dn)

(i.e. AEF-4, by [19] and Fact (3.2))

[21] ⊢fewer than half of the(t, Dn)no(t, Dy)all(Dn, Dy) (by [19] and R3)

[22] ⊢at least half of the(t, Dn)no(t, Dy)not all(Dn, Dy)

(i.e. ESO-3, by [21], Fact (2.7) and Fact (2.1))

[23] ⊢at least half of the(t, Dn)no(Dy, t)not all(Dn, Dy)

(i.e. ESO-4, by [22] and Fact (3.2))
So far, 14 other valid generalized syllogisms are derived from the validity of the generalized

syllogism AAM-1 through the use of the relevant definitions and facts of the generalized

quantifier theory. This process fully demonstrates the reducible relationships between/among

AAM-1 and these 14 generalized syllogisms.

5. Conclusion and FutureWork

Grounded in set theory, this paper proves the validity of the generalized syllogism AAM-1

according to the truth-value definitions of quantified statements. Specifically, some other

theories and rules are fully utilized on the basis of generalized quantifier theory throughout

the entire research process, which are the inner and outer negation of a generalized quantifier,

the symmetry of the two Aristotelian quantifiers ‘some’ and ‘no’, the subsequent weakening

rule, the anti-syllogism inference rules, and other reduction operations. The other 14 valid

generalized syllogisms have been deduced on the foundation of above research .

This innovative research not only provides a unified mathematical research paradigm for

reducible relationships between/among other kinds of syllogisms (such as Aristotelian

syllogisms (Łukasiewicz, 1957; Long, 2023), Aristotelian modal syllogisms (Thomason, 1997;

Johnson, 2004; Cheng, 2023), and generalized modal syllogisms (Xiaojun, 2020; Jing and
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Xiaojun, 2023)), but also provides theoretical support for knowledge representation and

knowledge reasoning in artificial intelligence.
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