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Abstract

This paper first formalizes the non-trivial generalized modal syllogism A [1 MM-1, then
proves its validity according to the truth definitions of the quantifier a// and most. Finally,
based on the relevant definitions and facts, the other 27 valid non-trivial generalized modal
syllogisms are derived from the syllogism ALIMM-1. This knowledge deduction process has
logical consistency. It hopes that this study will contribute to the further development of

natural language information processing.
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1. Introduction

First-order logic only studies the following four quantifiers, all, no, not all, and some, which

are known as classical quantifiers (Hao, 2024). In fact, there are an infinite number of
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generalized quantifiers in natural language (Peters and Westerstahl, 2006), such as most, many,
at least two-thirds, both, etc. A generalized modal syllogism consists of three categorical
propositions and non-overlapping modalities (Hao, 2024). A syllogism that includes at least
one generalized quantifier and one modality is called a non-trivial generalized modal
syllogism. Generalized modal syllogistic reasoning is one of the common forms of reasoning

in natural language (Hao and Cao, 2024).

Although scholars have conducted sporadic research on generalized modal syllogisms (Xu
and Zhang, 2023a-c; Xu and Wang, 2024), this research needs to be further explored due to
the infinite number of generalized quantifiers in natural language. This paper focuses on how
to derive other valid generalized modal syllogisms from the syllogism ALIMM-1 including

the common quantifier most in natural language.

2. Preliminaries

In this paper, let g, ¢, and u be lexical variables, and D be their domain. The set composed of g,
t, and u is respectively G, T, and U. Let ¢, 0, y, and B be well-formed formulas (abbreviated
as wff). ¢ |GNUl’, 0 and << represent respectively the cardinality of the intersection of the
set G and U, a necessary operator, and a possible operator. ‘+7y’ means that the wif y is
provable, ‘x=drP’ that y can be defined by 3. The others are similar. The operators (such as —,

—, A, <) are symbols in set theory (Halmos, 1974).

A quantifier and its three (inner, outer, dual) negative quantifiers form a modern square. For
example, Square{all}={all, no, not all, some}, and Square{most}={most, fewer than half of
the, at most half of the, at least half of the}. This paper only studies non-trivial generalized
modal syllogisms composed of quantifiers from Square{all} and Square{most}, and modal
operators (i.e. [ and/or <). Specifically, the syllogisms studied in this paper only involve the
following 8 propositions: all(g, u), no(g, u), not all(g, u), some(g, u), most(g, u), fewer than
half of the(g, u), at most half of the(g, u), at least half of the(g, u), and they are called
Proposition 4, E, O, I, M, F, H, and S, respectively. Therefore, the syllogism ALIMM-1 is the

abbreviation of the first figure syllogism all(t, u)AU—most(g, t)—>most(g, u).

Example 1:

Major premise: All persons are mammals.

Minor premise: Most animals that can obtain food through tools are necessarily persons.
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Conclusion: Most animals that can obtain food through tools are mammals.

Let ¢, u, and g be a person, a mammal, and an animal that can obtain food through tools,
respectively. Then this syllogism can be formalized as ‘all(t, u) AU most(g, t)—>most(g, u)’,

which is abbreviated as ALIMM-1.

3. A Generalized Modal Syllogism System

Like common logical systems, the generalized modal syllogism system is also composed of

primitive symbols, basic axioms, formation rules, deductive rules, and so on.
3.1 Primitive Symbols

(1) lexical variables: g, ¢, u;

(2) quantifiers: all, most;

(3) operators: —, —, L;

(4) brackets: (, ).

3.2 Formation Rules

(1) If O is a quantifier, g and u are lexical variables, then Q(g, u) is a wff;
(2) If 6 and ¢ are wffs, then so are =0, 6—¢ and [16;

(3) Only the formulas formed by the above rules are wifs.

3.3 Basic Axioms

Al: If 0 is a valid proposition, then +0;

A2: Fall(t, uA\Umost(g, t)>most(g, u) (that is, the syllogism ALIMM-1).
3.4 Deductive Rules

Rule 1: From H(¢—0) and H(OAy—P) infer H(dAx—P);

Rule 2: From H(OAy—B) and H(B—¢) infer H(OAY—);

Rule 3: From H(OAy—P) infer H(=BAO—>—y).

3.5 Relevant Definitions

D1: (BAd)=der=(0——0);
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D2: (0>¢) =der (0>9)A(0—0);

D3: (0-)(g w=aer Q(g, D-uw);

D4: (=Q)(g, u)=arlt is not the case that O(g, u);

D5: $0O(g, u)=der—-0(g, u);

D6: all(g, u) is true iff G U is true in any real world,

D7: some(g, u) is true iff GNU=J is true in any real world;
D8: no(g, u) is true iff GNU=C is true in any real world;

D9: not all(g, u) is true iff GE U is true in any real world;

D10: most(g, u) is true iff |GNUI>0.5|G| is true in any real world;

D11: at most half of the(g, u) is true iff | GNU|<0.5| G| is true in any real world;
DI12: at least half of the(g, u) is true iff | GNU|>0.5| G| is true in any real world;
D13: fewer than half of the(g, u) is true iff | GNU|<0.5| G| is true in any real world;
D14: Omost(g, u) is true iff | GNU|>0.5| G| is true in any possible world;

3.6 Relevant Facts

Fact 1 (Inner Negation)

(1.1) all(g, u)y<>no—(g, u);

(1.2) no(g, uy<>all-(g, u);

(1.3) some(g, u)y<>not all-(g, u);

(1.4) not all(g, uy<>some—(g, u);

(1.5) most(g, u)y<>fewer than half of the—(g, u);

(1.6) fewer than half of the(g, u)<>most—(g, u);

(1.7) at least half of the(g, u)<>at most half of the—(g, u);

(1.8) at most half of the(g, u)<>at least half of the—(g, u).

Fact 2 (Outer Negation)

(2.1) —all(g, u)<>not all(g, u);
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(2.2) —not all(g, uy<>all(g, u);

(2.3) —no(g, uy<>some(g, u);

(2.4) —some(g, uy<>no(g, u);

(2.5) —most(g, u)<>at most half of the(g, u);

(2.6) —at most half of the(g, u)<>most(g, u).

(2.7) —fewer than half of the(g, u)<>at least half of the(g, u);
(2.8) —at least half of the(g, u)<>fewer than half of the(g, u).
Fact 3 (Symmetry):

(3.1) some(g, u)<>some(u, g);

(3.2) no(g, uye>no(u, g).

Fact 4 (Subordination):

(4.1) Fall(g, u)y—>some(g, u);

(4.2) Fno(g, u)—not all(g, u);

(4.3) Fall(g, u)—»>most(g, u);

(4.4) Fmost(g, u)—some(g, u);

(4.5) Fall(g, u)—at least half of the(g, u);

(4.6) Fat least half of the(g, u)—>some(g, u);

(4.7) at least half of the(g, u)—>most(g, u);

(4.8) Fat most half of the(g, u)—fewer than half of the(g, u);
(4.9) Hfewer than half of the(g, u)—not all(g, u);

(4.10) at most half of the(g, u)—not all(g, u);

(4.11) Fno(g, u)—fewer than half of the(g, u);

(4.12) Fno(g, u)—at most half of the(g, u);

(4.13) FLO(g, )—0(g, w);

(4.14) FOQO(2, > 0(g, w;
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4.15) FO(g, W)—><Q(g, u).

Fact 5 (Dual):

(5.1) =C=0(g, woU0(g w:;
(5.2) =0-0(g, w><C0(g, w);
(5.3) =00(g, u)y><C-0(g, u);
(5.4) =C0(g wU-0(g, u).

The above facts are basic knowledge in generalized quantifier theory (Westerstdhl, 2007) and
modal logic (Chagrov and Zakharyaschev, 1997), so their proofs are trivial.

4. The Reducibility of Valid Generalized Modal Syllogisms

If one valid syllogism can be deduced from another valid syllogism, it indicates that there is a
reducible relationship between these two syllogisms. The following Theorem 1 and Theorem
2 can be proven from the above definitions and facts. Theorem 2 indicates that there are
reducible relationships between the valid generalized modal syllogism ALIMM-1 and the 27

derived valid syllogisms.

Theorem 1 (ALIMM-1): The generalized modal syllogism all(t, u)AUmost(g, t)—>most(g, u)

1s valid.

Proof: Suppose that all(¢, u) and Umost(g, ¢) are true, it follows that 7c U is true in any real
world in line with Definition D6, and | GNT|>0.5] G| is true in any possible world by
Definition D14. Because any real world is a possible world, it follows that | GNU|>0.5| G| is
true in any real world. Thus, it can be concluded that mos#(g, u) is true in line with Definition

D10, just as desired.

Theorem 2: There are 27 valid generalized modal syllogisms derived from the syllogism

ACMM-1:

(2.1) FAOMM-1—>AOSM-1
(2.2) FAOMM-1—>ACAM-1
(2.3) FAOMM-1—>AOMI-1

(2.4) FACOMM-1—>AOSM-1—>AOSI-1
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(2.5) FAOMM-1->0ACOMM-1

(2.6) FACOMM-1->AOMOM-1

(2.7) FAOMM-1—EOMF-1

(2.8) FALMM-1—-ELIMF-1->ELIMF-2

(2.9) FALOMM-1—ELMF-1—-ELMO-1

(2.10) FALIMM-1—>ELMEF-1—-ELIMF-2—»ELIAF-2

(2.11) FAOMM-1-HOMO-3

(2.12) FALIMM-1—->HLOIMO-3—HLISO-3

(2.13) FALOMM-1—-HCOIMO-3—HJAO-3

(2.14) FAOMM-1->AHOH-2

(2.15) FAOMM-1-AHOH-2—->AECOH-2

(2.16) FACOMM-1->AHOH-2—->AHO0-2

(2.17) FAOMM-1—->AOSM-1-5>AOSOM-1

(2.18) FAOMM-1->AOAM-1->A0AOM-1

(2.19) FACOMM-1->AOMI-1-AOMOI-1

(2.20) FAOMM-1—->AOSM-1->AOSI-1->AOSOI-1

(2.21) FACOMM-1—ECOMF-1-ECOMOF-1

(2.22) FAOMM-1—ECMF-1->EOMF-2—»EOMOF-2

(2.23) FACOMM-1—-EOMF-1—-EOMO-1-ELCM<$0O-1

(2.24) FACOMM-1—EOMF-1—>EOMF-2—EOAF-2—»ELOAOF-2

(2.25) FAOMM-1—HOMO-3—HOM<$0-3

(2.26) FACOMM-1—-HOMO-3—-HOSO-3—»>HOS<C0-3

(2.27) FACOMM-1-HOMO-3—-HOAO-3—-HOA<O-3

Proof:

[1] Fall(t, uyAOmost(g, t)—>most(g, u) (i.e. ALIMM-1, basic axiom A2)
[2] Fall(t, uyAQlat least half of the(g, {)—>most(g, u) (i.e. ALISM-1, by [1], Fact (4.7) and Rule 1)
[3] Fall(t, ) AQall(g, Hy—most(g, u) (i.e. ADAM-1, by [1], Fact (4.3) and Rule 1)
[4] Fall(t, yyAOmost(g, t)—>some(g, u) (i.e. ALIMI-1, by [1], Fact (4.4) and Rule 2)
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[5] Fall(t, uyAQlat least half of the(g, t)—>some(g, u) (i.e. ALISI-1, by [2], Fact (4.4) and Rule 2)

[6] FOall(t, u) AUmost(g, tH)—>most(g, u) (i.e. JACIMM-1, by [1], Fact (4.13) and Rule 1)
[7] Fali(t, yAOmosi(g, H)—><>most(g, u) (i.e. ALIMOM-1, by [1], Fact (4.15) and Rule 2)
[8] Fro—(t, uyAUmost(g, t)y—fewer than half of the—(g, u) (by [1], Fact(1.1) and (1.5))

[9] Fno(t, D-u)AOmost(g, t)—fewer than half of the(g, D—u)

(i.e. ELIMF-1, by [8] and Definition D3)

[10] Fro(D—u, )Aldmost(g, t)—>fewer than half of the(g, D—u)

(i.e. ELJMF-2, by [9] and Fact (3.2))

[11] Fro(t, D—u)AOmost(g, t)—not all(g, D—u) (i.e. ELIJMO-1, by [9], Fact (4.9) and Rule 2)
[12] Fro(D—u, H)aOlall(g, f)—fewer than half of the(g, D—u)

(i.e. ELJAF-2, by [10], Fact (4.3) and Rule 1)

[13] F—most(g, u)AUmost(g, t)—>—all(t, u) (by [1] and Rule 3)
[14] Fat most half of the(g, u)AUmost(g, 1)—not all(t, u)

(i.e. HLIMO-3, by [13], Fact (2.5) and (2.1))

[15] Fat most half of the(g, u)AQat least half of the(g, t)—not all(t, u)

(i.e. HLISO-3, by [14], Fact (4.7) and Rule 1)

[16] Fat most half of the(g, u)AQall(g, t)—not all(t, u)

(i.e. HLJAO-3, by [14], Fact (4.3) and Rule 1)

[17] F—most(g, u)rall(t, u)y—>—-Omost(g, ) (by [1] and Rule 3)
[18] Fat most half of the(g, u)rall(t, u)—><>at most half of the(g, )

(i.e. AHOH-2, by [17], Fact (2.5) and (5.3))

[19] Fno(g, u)rall(t, u)—><>at most half of the(g, t)

(i.e. AEOH-2, by [18], Fact (4.12) and Rule 1)

[20] Fat most half of the(g, u)rall(t, u)—><>not all(g, t)

(i.e. AHOO-2, by [18], Fact (4.10) and Rule 2)

[21] Fall(t, Wy AOat least half of the(g, 1)—><>most(g, u)

(i.e. ADSOM-1, by [2], Fact (4.15) and Rule 2)

[22] Fall(t, Wy AOall(g, £)—<>most(g, u) (i.e. ALTAOM-1, by [3], Fact (4.15) and Rule 2)
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[23] Fall(t, WyAOmost(g, 1)—><>some(g, u) (i.e. ALDMI-1, by [4], Fact (4.15) and Rule 2)
[24] vall(t, uyAOlat least half of the(g, t)—><>some(g, u) (i.e. ALDSI-1, by [5], Fact (4.15) and Rule 2)
[25] FOall(t, uyAOmost(g, H)—><>mosi(g, u) (i.e. OACOMOM-1, by [6], Fact (4.15) and Rule 2)
[26] Fno(t, D-u)AOmost(g, 1)— < fewer than half of the(g, D—u)

(i.e. EOM<F-1, by [9], Fact (4.15) and Rule 2)

[27] Fnro(D—u, ) AOmost(g, £)—< fewer than half of the(g, D—u)

(i.e. EOM<F-2, by [10], Fact (4.15) and Rule 2)

[28] Fno(t, D-u)AOmost(g, )—><not all(g, D-u)  (i.e. ECOM<0-1, by [11], Fact (4.15) and Rule 2)
[29] Fro(D—u, HAOlall(g, H)—fewer than half of the(g, D—u)

(i.e. EDAF-2, by [12], Fact (4.15) and Rule 2)

[30] Fat most half of the(g, uyAlmost(g, ©)—><not all(t, u)

(i.e. HOM<>0-3, by [14], Fact (4.15) and Rule 2)

[31] Fat most half of the(g, uyAOat least half of the(g, £)—><not all(t, u)

(i.e. HOS<0-3, by [15], Fact (4.15) and Rule 2)

[32] Fat most half of the(g, u)AOall(g, )—<not all(t, u)

(i.e. HOA<O-3, by [16], Fact (4.15) and Rule 2)

Theorem 2 states that with the help of relevant deductive rules, definitions, and facts, other

valid syllogisms can be mined from a valid generalized modal syllogism. In other words,

there is a reducibility between these valid syllogisms. This knowledge mining process belongs

to deductive reasoning, therefore, it has logical consistency.

5. Conclusion

This paper firstly formalizes the non-trivial generalized modal syllogism A [ MM-1, then

proves its validity according to the truth definitions of the quantifier a// and most. Finally,

based on the relevant definitions and facts, the other 27 valid non-trivial generalized modal

syllogisms are derived from the syllogism ALIMM-1. This knowledge deduction process has

logical consistency.
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