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Abstract

The objective of this work is to construct a new efficient numerical scheme to solve the
Fitzhugh-Nagumo model. For the space discretization, Chebyshev spectral method proposed
on Legendre orthogonal approximations on Gauss- Chebyshev- Lobatto points. A high-order
Runge-Kutta algorithm was used in the time direction. The full-discrete scheme was
expressed explicitly and was easy to be implemented with the Neumann boundary conditions.
Numerical experiments are discussed to validate the accuracy and reliability of the proposed

method.
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1. Introduction

The early Fitzhugh equation was a mathematical model of excitable media applied to neuronal

dynamics [1]. Then, Nagumo developed the Fitzhugh equation to the Fitzhugh—Nagumo (FN)
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equation which simplified the Hodgkin—Huxley dynamics model [2]. Over four decades, the
FN equation has been widely extended to describe various sciences phenomena such as
autocatalytic chemical reaction, branching Brownian motion process, nuclear reactor theory,

neurophysiology, logistic population growth and study of reentry in heart tissue [2-3].

In this work, we consider the following FN equation with diffusion

u =K Au+u(l-u)u—a)-v,
gt (1.1)
= e(Bu=-yv-9),
ot
subject to the initial conditions
u(x,y,0) =u,(x,y), v(x,,0) =v,(x, ), (1.2)
with Neumann boundary conditions
ou
_=f(xay:t)a (x,y)onaQ,
on (13)

@ =g(x,y,t), (x,y)onaoC,
on

where a,&, 5,y and § are constants, (x,y,)eQx[0,T7], QcR’, K

u

represents the

diffusion coefficient of u, u,,v,, f/ and g are sufficiently smooth functions.

In the past few decades, many researchers have done for the numerical solution of the FN
equations. Various numerical methods have been announced including the finite difference
method [4-6], Haar wavelet method [7], finite element method [8-9], spectral method [2, 10-
12] and so on [3]. Recently, Muhammad et al. derived a stochastic explicit scheme to
approximate the stochastic FN model. They analyzed the unique existence, consistency and

stability of the proposed scheme [13].

In this work, we employ a high order Runge—Kutta algorithm for the coupled system of FN
equation. With Chebyshev spectral method, FN equation is approximated to a system of
ordinary differential equations which can be decomposed by the fourth-order Runge-Kutta
(RK4) method. The constructed scheme is explicit matrices form which has the advantage of

processing boundary conditions.

The rest of the article is organized as follows. In Section 2, we give a brief introduction of

Chebyshev spectral method with Neumann boundary condition, also the discrete Laplacian is
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discussed. The full-discrete scheme is presented in Section 3. In Section 4, we test some
numerical experiments, including 1D FN equation and 2D FN equation with long period

simulation. The conclusion of this article is given in last Section.

2. Chebyshev spectral method for Neumann boundary conditions

In this section, we consider Chebyshev approximation in the space for Neumann boundary

value problems.
2.1. Chebyshev spectral method

The spectral method is based on finite-order function expansion and truncation to

approximate the original function. In order to normalize the space region [a,b] to [-1,1], we
. : L : .
use the linear transformation x — E(x +1)+a, L=b-a. In this work, we consider

Chebyshev orthogonal polynomials, the trial function 7, (x) is selected as orthogonal function
[15]

T, (x) = cos(k arccos(x)), keN".

For any function u(x) e C'[-1,1] can be expanded according to this set of basis function as

follows:
()= 3" H, (u(x),

where the kth spectral expansion coefficients H, (x) are defined as

UL {2,k=0, (1.4)

2 1
H, (x)= : =
«() 7C, J.-l [(1-x%) L k=0,

To consider the accuracy of the discrete integration in Eq. (1.4) and efficiency of the
processing Neumann boundary conditions, Gauss-Chebyshev-Lobatto (GCL) points are

considered as collocation points:

kr
X, :COS(W)’ k=0,1,...,N
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where N is the number of points, the Lagrange interpolation polynomial at these unequally

interpolation are defined as

H (x)= , C, =
RN R R

(=D (1= 2Ty (%) {2, k=0,N,

1, otherwise,

and the approximation of u(x) with truncated series is

u(x) = ZHk(x)u(xk)a

k=0

The first derivative of u(x) can be approximated by

u'(x) =Y H}(xX)u(x,). (1.5)

Eq. (1.5) can be expressed in the form of matrix and vector

U'=D,U,

where U =[u(x,), u(x,),-,u(x)]", U'=[u'(x,), u'(x,), - u'(x,)], D is an

(N)

(N +1)x(N +1) matrix and so-called the first-order Chebyshev differentiation matrix.

Theorem 2.1 (|16]) Chebyshev differentiation matrix

Given an arbitrary integer N >1, each element of the first-order Chebyshev differentiation

matrix depends on the values of i, j, N . This matrix is defined as following

_ i+j
SOV s
C, (x,—x,)
X, .
[D]; = —m, (i=/)#0,N,
2N? +1
(D(N))OO = _(D(N))NN = T

The second derivative of u(x) can be approximated as d matrix form

U"=D,,(U")= Dy, (DyU) =D3U’,

(N)

where D?

(v, 18 the second-order Chebyshev differentiation matrix.
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2.2. Discrete Laplacian in 2-dimension
Before discrete processing, we need define two Matrix Operators.

Definition 1 Kronecker product

Given two arbitrary matrices A e R*” and B eR""" , their Kronecker product C can be

calculated by
aB a,B - a,B
CoA®B - az'lB aZ?B az.lB & R (1.6)
a,B a,B - a,B

Definition 2 Hadamard product

Given two same dimension matrices A € R and B eR"" | their Hadamard product

C=A0OB is an mxnmatrix with elements defined by

L

For an integer N >1, any function u(x) in [a,b]%[c,d] can be discrete on grid points as

following:
Uy Uy Uy
Uy iywv+y = “510 ”11 ulN , (1.7)
Uyg Uy Uy
or
U yiy = [(@gg» Ugys =5 Uy )s (Uygsthyys =5ty )y o5 (Uygs Uyt 5 Uy )], (1.8)

where the first form (Eq. 1.7) of discrete u(x) is a square matrix of (N +1) -order, and the

second form (Eq. 1.8) of discrete u(x) isa (N +1)* vector.

Now, expending Chebyshev spectral method to 2-dimensional space, we obtain two kinds of
discrete Laplacian:
o’ 0
2 2 T
Ay = (y‘F ay_z)u(N-H)x(N-H) = DUy iivsny T u(N+l)><(N+I)(D(N)) > (1.9)
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and

o* 0 i
A= §+8 2)u(N+1) ~(D(N)®I(N+1)+I(N+1)®D(N))M(N+1)za (1.10)

respectively. Fig.1 show the two kinds of discrete Laplacian with N =10. It is clear that the
first discrete form is less computational amount than the second form. In this manuscript, Eq.

1.9 is selected as discrete Laplacian form to improve computing efficiency.

D2 kron(l D )+kron(D L

A\

] 2 4 6 8 10 12 0 20 40 60 80 100 1

nz =121 nz = 2541

]
S

Fig. 1. Sparsity plot of two discrete Laplacian forms. Left, the 11x11 discrete Laplacian (1.9). Right, the
121x121 discrete Laplacian (1.10).

Thus, with the application of Chebyshev spectral method, Eq. (1.1) is given by

dU—K(D(N)U+U(D ) +U O(1-UYU -a)-V,

dt

ot (1.11)
Ezg(ﬂU—Q/V—é‘).

2.3. Neumann boundary conditions processing

Let the value of the function u(x) e C'[a,b] at the GCL points x = (x,,X,,...,Xx,)  be the

vector U = (u,,u,,...,u,), where u, =u(b),u, =u(a) . Neumann boundary conditions

du
_ = X 5
). f(x)
du
_ = X s
i g(x)
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are implemented by

Uy
[”’(b)j:((DN)oo (D)o - (DN)ONJ U Z(g(x))
u'(a) (Dy)yo Dy (Dy)ay S(x) ’
Uy
the boundary value problem can be solved by the system
U,
[”ojz((DN)oo (DN)ONj_l (g(x)j_[ (DN)OI (DN)OZ (DN)O(N—I) ] u,
Uy (Dy)yo  (Dy)yy f(x) (DN)(Nfl)O (DN)(N—I)I (DN)(N—I)(N—I) : ’
Uy,

whereas for the homogeneous Neumann boundary problems, the solving system is

U
[uO J: _[ (DN)OO (DN )ON J_l[ (DN)OI (DN)OZ (DN )O(N—l) ] u,
Uy (DN)NO (DN)NN (DN)(N—I)O (DN )(N—l)l T (DN )(N—l)(N—l) :
Uy

3. Full-discrete scheme

To integrate the coupled systems (Eq. 1.1) in time direction, a high-order difference method

will be used. Rewriting Eq. (1.1 — 1.3) as following:

dU

—=FU,V),
o W)
Y _Gw.r,
dt (1.12)

U(t=0)=U, V(=0)=V,,

oU oV
—zf(x,y,t),—zg(x,y,t).
on on

where
F(U,V)=K,(D}U+U(D{)")+U o(1-U)U -a)-V,
and

GWU,V)=¢e(pU —yV —9).
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We consider explicit Fourth-order Runge-Kutta method (RK4) to discrete the ordinary
differential equations (1.12).

Definition 3 Runge-Kutta algorithm [Ref.12]

For nonlinear ODE problem

V'=1y), y(tg) =y,

the Fourth-order Runge-Kutta method is in the form

Vou=y, +AtK(y, .t ,At)

where K(y,,¢,,At) is determined by f(¢,y).

Then we can construct the full-discrete scheme:

Chebyshev-Fourth order Runge-Kutta (CRK4) scheme: Given the approximate solution

matrices U, and V, at the time ¢,, the approximate solution U,,, and V,,, at the time 7 ,
can be calculated via
KU=A-FU,V), KV =At-GU,.V,),
At At At At

KU =0 FU,+ KUY, + KV, KU =M-GU,+ KUV, + —KP),

KU=At-FU,+ %KQU,Vn + %KzV), KU=At-GUU,+ AZ—tKZU,Vn + Az—thV),

KU=A-FU,+NKUV, +MKJY),  KU=A-GU,+AMKU,V, +AK V),

A
U =U + é(KlU L2K,U +2KU + K U),

4

n+l

=V, +%(K1V + 2K,V + 2KV +K V),

where At is the step size at time direction. Neumann boundary conditions will be considered

after RK iteration.

Remark 1. CRK4 is an explicit scheme. We refer readers to Ref. [12, 14] for the details of the

stability analysis and error estimation.
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4. Full-discrete scheme
To verify the accuracy and efficiency of the presented scheme in solving the Fitzhugh-
Nagumo equations, several examples are performed in this section. L, and L, error norms

are used to measure the accuracy of the method

1

2 2
L= Za)j ‘u(xj,t)—umc,(uj,t)‘ ,
J

2

L, =max ‘u(x[,t) Uy (U 51)
¢ »
where @, are the GCL weight defined by

, i=0,N,

, otherwise.

SIREME

Example 1 Consider the following 1-D Fitzhugh-Nagumo equation
u,=u_+u(l-u)u-p), (x,t)e[0,1]x[0,T]

with initial condition

U0 = xefo1],
1+eﬁ

and the boundary conditions are given as

1
s u(l) = ——,

1+e$ l+e V2

u(0,¢) =

where ¢ = ﬁ(%— P).

This example has the exact solution

Ueoract (x:t) = =)
1+e"?
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where the wave speed s =x+ct.

We choose parameters as p=0.75, N =10. Error norms L, and L, are summarized in

Table 1. From the comparison, the presented method can achieve higher accuracy than others.
Then numerical solutions by the CRK4 scheme are plotted in Fig. 2 for N =10,A=1x10""

which shows the effect of varying p.

Table 1. Error norms L, and L, for p=0.75, N =10 with different values of At.

Ar—10" t=0.01 t=1

CRK4 1.0799x10° 4.1044x107°
L, [12] method 2.17x107° 1.51x107°

[3] method 1x1077 6x107

CRK4 1.85x107° 7.2999x10~°
L, [12] method 2.07x107° 1.47x107°

[3] method 2%x1077 9x107’
AF=10° t=0.01 t=1

CRK4 1.0792x107"° 4.1050%x107"°
L, [12] method 2.17x107° 4.08x107°

[2] method 1x1077 6x107

CRK4 1.8481x107"° 7.3009%107"°
L, [12] method 2.07x107° 3.90x107°

[3] method 2%x1077 9x107’

p=0.25 p=05




Fig. 2. Numerical solutions for N =10,A =1x10"* and different values of p.

Example 2[Long period simulation] Consider the following 2-D Fitzhugh-Nagumo model

(1.1) with initial conditions

I, if0<x,y<1.25,

0, otherwise,

u(x,y,0) ={

0., f0<x<25, 1.25<y<25,

0, otherwise.

v(x,y,0) = {

over a square domain size [0,2.5]x[0,2.5] with homogeneous Neumann boundary condition.
Parameters in the numerical example are chosen as
a=0.1£=00,3=05y=1,6=0,K, = 10*,N=50, and A=0.01. Fig. 3 displays the

stable spiral wave numerical simulations at different time levels ¢ = 0,150,300, 450.

t=150

ﬁ

t=300 t=450

-

Fig.3 Solutions of the 2D Fitzhugh-Nagumo model at ¢ =0,150,300,450.
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5. Conclusions

In this work, we developed Chebyshev spectral method in combination with high-order
Runge-Kutta algorithm. The nonlinear Fitzhugh-Nagumo equation can be approximated in an
explicit matrix form and become ease to implement the boundary conditions. The presented
method was able to offer better numerical solutions in comparison with others. At the same
time, the spiral wave simulation in a long period for the FHN model demonstrates that the
proposed scheme (CRK4) is efficient and reliable. As a conceivable outgrowth, the presented

method is capable for other coupled equations in physics.
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