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Abstract: The linear response of a ferromagnetic spin system interacting with a phonon reservoir in the spin-wave region,
is discussed employing the TCLE method (a method in which the admittance of a physical system interacting with a heat
reservoir is directly derived from time-convolutionless equations with external driving terms) in terms of the non-equilibrium
thermo-field dynamics (NETFD). The power absorption and the amplitude of the expectation value of the transverse
magnetization, which is referred as "the magnetization-amplitude", for the ferromagnetic system, are studied including
not only the low-order parts but also the next higher-order parts in the spin-wave approximation. The approximate formulas
of the resonance frequencies, peak-heights (heights of peak) and line half-widths in the resonance region of the
power absorption and magnetization-amplitude, are derived for the ferromagnetic system interacting with the phonon
reservoir in a transversely rotating magnetic-field. The power absorption and magnetization-amplitude are investigated
numerically for a ferromagnetic system of one-dimensional infinite spins. The approximate formulas of the resonance
frequencies, peak-heights and line half-widths, are shown to coincide well or nearly with the results investigated
calculating numerically the analytic results of the power absorption and magnetization-amplitude in the resonance
region, and also are shown to satisfy "the narrowing condition" that as the phonon reservoir is damped quickly, the
peak-heights increase and the line half-widths decrease. Thus, the approximate formulas are verified numerically. The
effects of the memory and initial correlation for the spin system and phonon reservoir, which are represented by the
interference terms in the TCLE method and are referred as "the interference effects", are confirmed to increase the power
absorption and magnetization-amplitude in the resonance region, and are shown to produce effects that cannot be
disregarded for the high temperature, for the non-quickly damped reservoir or for the small wave-number.

Keywords: Ferromagnetic spin system; Spin-wave method; Transverse magnetic susceptibility; The TCLE methodof linear
response; Resonance asorption; Non-equilibrium thermo-field dynamics

1 Introduction

The theories of ferromagnetic resonance were macroscopically treated by Kittel [1] and Van Vleck [2] on the basis of the equation of
motion for the macroscopic magnetization, and were developed by Akhiezer et al. [3, 4] and Oguchi and Honma [5] from a microscopic
point of view using the spin- wave theory of Holstein and Primakoff [6]. The ferromagnetic resonance was also discussed treating the
collective motion of spins by Mori and Kawasaki [7] on the basis of the linear response theory of Kubo [8]. However, these theories for
ferromagnetic resonances assume the damping of the spin, which is due to spin-spin interactions or spin- wave interactions, but do not
deal with the effects of the phonon reservoir interacting with the spin system. Therefore, those theories cannot elucidate the damping
mechanism of the spin for the case that the spin-spin interactions or the spin- wave interactions are small. In such a case, it is
necessary to study the effects of the phonon reservoir interacting with the spin system in order to investigate the damping mechanism
of the spin.

In the previous paper [9], the author derived a form of the transverse susceptibility for a ferromagnetic spin system interacting
with the phonon reservoir in the spin-wave region, employing the TCLE method [10, 11, 12, 13, 14, 15, 16, 17] in terms of the non-
equilibrium thermo-field dynamics (NETFD) [18, 19, 20, 21, 22] extended to the case of a non-bilinear unperturbed Hamiltonian [21,
22]. Here, the TCLE method is a method in which the admittance of a physical system interacting with a heat reservoir is directly
derived from time-convolutionless equations with external driving terms in the problem of linear response. In Ref. [9], he discussed
the temperature dependence and wave number dependence of the line shape for the transverse susceptibility in the resonance region
of the ferromagnetic spin system, and found some interesting phenomena [9, 23]. In the previous papers [9, 23], the discussion of the
linear response for the ferromagnetic spin system was approximately limited to the low-order parts in the spin-wave approximation,
and effects of the higher-order parts on the line shapes were not discussed. It may be necessary to investigate effects of the higher-
order parts in the spin-wave approximation.

In the present paper, we consider a ferromagnetic spin system with a uniaxial anisotropy energy and an anisotropic
exchange interaction under an external static magnetic-field in the spin-wave region, interacting with a phonon reservoir
and with an external driving magnetic-field which is a transversely rotating classical field. The interaction between
the spin and phonon is assumed to include not only a bilinear part but also a non-bilinear part, which corresponds to
the interaction between the z components of the spin and phonon, as done in the previous paper [9]. We derive
a form of the transverse magnetic susceptibility for such a ferromagnetic spin system employing the TCLE method
in terms of the non-equilibrium thermo-field dynamics (NETFD) [18, 19, 20, 21, 22], including not only the low-
order parts but also the next higher-order parts in the spin-wave approximation, and examine analytically the power
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absorption and the amplitude of the expectation value of the transverse magnetization, which is referred as “the
magnetization-amplitude” hereafter. We investigate numerically the power absorption and magnetization-amplitude
for a ferromagnetic system of one-dimensional infinite spins interacting with a phonon reservoir, including not only
the low-order parts but also the next higher-order parts in the spin-wave approximation.

Here, we mention the validity and usefulness of the TCLE method. In Refs. [13, 14, 24], the relation between the
TCLE method and relaxation method in the problem of linear response was analytically examined in the second-order
approximation for the interaction between the physical system and heat reservoir, where the relaxation method is
the one in which the Kubo formula [8] is calculated for the physical system interacting with the heat reservoir. The
admittances derived employing each method were shown to have the same second-order term and mutually different
higher-order terms. The admittances derived employing each method were investigated numerically and were shown
to agree well in the resonance region, for a quantum oscillator interacting with a heat reservoir [13] and for a quantum
spin interacting with a heat reservoir [14, 25, 26]. This shows that the TCLE method is coincident with the relaxation
method in the second-order approximation for the system-reservoir interaction, and that the TCLE method is valid
in this approximation. In Refs. [15, 16, 17], the TCLE method and relaxation method were formulated in terms of
the NETFD, and the relation between the admittances derived employing each method was analytically examined in
the second-order approximation for the interaction between the physical system and heat reservoir [17]. When the
relaxation method is employed in the van Hove limit [27] or in the narrowing limit [28], in which the heat reservoir is
damped quickly, that is to say, the correlation time 7. of the heat reservoir is much less than the relaxation time 7
of the physical system, i.e., 7. < 7., or 7. — 0, as done in the formulation of the NETFD [18, 19, 20, 29], the obtained
admittance is valid only in that limit and coincides with the one without the interference terms in the admittance
derived employing the TCLE method [13, 14, 17]. In the TCLE method, the interference terms are included in the
time-convolutionless (TCL) equations with external driving terms [10, 11, 12, 13, 14, 24, 15, 16, 17], represent the
effects of the memory and initial correlation for the physical system and heat reservoir, and give the effects of the
deviation from the van Hove limit [27] or in the narrowing limit [28]. When the TCLE method is employed, the complex
admittance of the physical system can be calculated by inserting the interference terms into the results obtained in
the van Hove limit [27] or in the narrowing limit [28], in which the NETFD has been formulated [18, 19, 20, 29].
Thus, by employing the NETFD and the TCLE method [15, 16, 17, 21, 22] as done in Refs. [9, 23, 30], the complex
admittance of the physical system can be derived including the effects of the memory and initial correlation for the
physical system and heat reservoir, i.e., the effects of the motion of the heat reservoir which influence the physical
system. As discussed in Ref. [30], by employing the TCLE method, one can discuss theoretically variations of the
peak-heights and line half-widths in the resonance regions of the power-absorption etc., because the admittance derived
emloying the second-order TCLE method is valid even if the heat reservoir is damped slowly, in the region valid for
the second-order perturbation approximation. We use the same symbols and notations as in Refs. [9, 23], and also
provide the same basic requirements (axioms) as in Refs. [9, 23].

In Section 2, we model a ferromagnetic spin system interacting with a phonon reservoir in the spin-wave region.
In Section 3, we derive a form of the transverse magnetic susceptibility for the ferromagnetic system employing the
TCLE method in terms of the non-equilibrium thermo-field dynamics (NETFD), including not only the low-order
parts but also the next higher-order parts in the spin-wave approximation, and also derive the approximate formulas
of the resonance frequencies, peak-heights (heights of peak) and line half-widths in the resonance region of the power
absorption and magnetization-amplitude for the ferromagnetic system in a transversely rotating magnetic-field. In
Section 4, we investigate numerically the resonance frequencies, peak-heights (heights of peak) and line half-widths
in the resonance region of the power absorption and magnetization-amplitude for a ferromagnetic system of one-
dimensional infinite spins interacting with a phonon reservoir. In Section 5, we give a short summary and some
concluding remarks.

2 Model of ferromagnetic spin system interacting with phonon reservoir

We consider a ferromagnetic spin system with a uniaxial anisotropy energy and an anisotropic exchange interaction
under an external static magnetic-field H, in the z direction, where the ferromagnetic system is in the spin-wave
region and is interacting with a phonon reservoir. We deal with the spin system of magnitude S in the spin-wave
approximation [6]. The spin operators 5’} at site j are expressed using the Bose operators a; and aj- of Holstein and
Primakoff [6] as

S;-“:\/ﬁpjaj, S»_:\/ﬁa;pj, Sj:S—aTaj, (2.1)

J J

where the operator p; is defined by

t 2
(oSG e,
b= (1 25 ) o (1 25) =1 45 3252 ’ (nj = a; aj;). (2.2)
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The Bose operators a; and a; are the creation and annihilation operators of the spin deviation, respectively, and
satisfy the commutation relations

[a;, af] =0, [a;, @] =Tal,al]=0. (2.3)

We take the principal axis of the uniaxial anisotropy energy and anisotropic exchange interaction as the z axis, and
describe the Hamiltonian Hg of the spin system under the external static magnetic-field H, as

Hs :—thZSZ Y {1 (S S, + 878 +2.8557 } - hKZ Sz)? (24)
J (3 J
where w, is the Zeeman frequency w, =y H, with the magnetomechanical ratio . In the above Hamiltonian Hs, hJy
and hJs are the exchange energies, A K is the anisotropy energy, N is the total number of spins and the summation
Z( j1y 18 taken over all nearest-neighbor pairs. Performing the transformations (2.1) in the above Hamiltonian Hgs and
expanding it according to (2.2), the Hamiltonian Hgs becomes

Hs:—thZ(S—a]aj) thz(QS)(pjaja;rpl+a;-pjplal)
J (3
—QHJQZ(S—a;aj)(S—alal —BKZ —a a;) S—a;-aj),
(gh

= —hw,NS—hzNJy 5> — hNKSQ—H’“LwZZa a; +4hS> " (Jrala; — Jyala))

J (3
+hK(25-1) Za a; +hZ{J1 a al aja; —|—a ajal) —2J2a}ajajal}
J (3
—hKZa ajaja;+---, (2.5)
where “---” denotes the parts of higher order than the fourth power of a;, a;. We perform the Fourier transformation

of the Bose operator a; as
= Y mespliFo) B= =Y ajep(- i) (26)
= — apexp(ik-75), ar = —= » a;exp(—ik-T; .
\/N - J \/N - J 37
and their Hermite conjugates, where the transformed operator ay is the Bose operator and satisfys the commutation
relations
lax, al,] = Ok » lax, a] = [al., al,] = 0. (2.7)

Hereafter, we mainly use the Fourier transformed variables and we omit “~” unless the meaning is confusing. Then,
the Hamiltonian Hg can be written as [5]

Hs=—hw,NS — h(zJ2+K)NS2+FLZel akak

k
h z
N K kz:k {5 Jy-(e + i) — 2 Jamkow — K} aly al ag arr g+ (2.8a)
h
= —hw,NS —h(zJ,+ K)NS? +h261(k) azak + 5 Zeg(k, k’)alak az, G
k k, k'
+ (Non—Diagonal Terms) + - - - , (2.8b)
where €1 (k) and ea(k, k') are defined by
El(k):wz+QZS(J2—J177k)+K(25—1), (2.9a)
ea(k, k) = e2(K', k) = (4/N){(2/2) Ju-(mk + i) = (2/2) Jo- (L + me—ir) — K}, (2.9b)
with 7y defined by
1 L7
== > " exp(i k-5). (2.10)
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Here, & denotes the vectors to the nearest-neighbour site from each site and z is the number of the vectors. The
Hamiltonian Hg given by (2.8) can be divided as [5]

Hs = Hso + Hs1, Hso = —hw.NS — h(zJy + K) NS2+hZek al ay, (2.11)
Hs1=h Z es(k, k') ak, ak,, Qf Q'+ —f — hz ea(k, k') ni(epr) ak ap + - (2.12)
k, k' k" Py

where ¢, and e3(k, k') are defined by

+Z€2 k, k Gk/) (213)

Eg(k, k ) = 63(1?7’, ) = (1/N){(Z/2) J1(77k +77k’) — ZJQ Nk—k — K} (214)

Here, Hs1 are the higher-order parts of Hg in the spin-wave approximation and represent the interaction among the
spin-waves, and 7i(eg) is the thermal equilibrium value of the free boson number with energy fiej at temperature
= (kg)~!, and is given by

fler) = 1/{exp(Bher) — 1} = 1/{exp(fiex/ (ksT)) — 1}. (2.15)

The spin-wave energy fie, includes not only the free spin-wave energy hei(k) but also the dominant parts of the
higher-order parts [5], which represent the spin-wave interaction, in the spin-wave approximation. The spin-wave
interaction Hs; given by (2.12) represent the higher-order parts without the dominant parts of Hs in the spin-wave
approximation.

We next consider the interaction between the spin system and phonon reservoir. We assume that each spin interacts
only with the reservoir field at the same site as the spin, and thus neglect the spin-reservoir interactions among the
different sites. We take the interaction Hamiltonian Hgg between the spin system and phonon reservoir as

FL - - z z
Hsn=—+ D (S{R; +S;R))—h) SiR;, (2.16a)
- :
—h/S/2> (a;R; +alRf)—h> SiR; 4., (2.16b)
J J
=—h/S/2> (axRy +alRf)—h> SiRi+---, (2.16¢)
k k

with Rf =R £ Z'R? and Rki, = Ri + iRZ, where R (a = z, y, z) are the reservoir operators which are Hermitian,
R¢ (a ==, 2) are the Fourier transformations of RY (a= =, 2), ie,

1 5 - . 1 -
Rf = — R exp(+ik-7)), Rf = — R¥ ex i1k-75), 2.17a
7 \/N%: k p( J) k \/sz: J p(:F J) ( )
1 _ - _ 1 -
R = — R} exp(—ik-75), R = — RZ exp(i k-75), 2.17b
J \/Nzk: k p( ]) k \/Nz]: J p( ]) ( )

and S % is the Fourier transformation of the spin operator S7, i.e.,

1 _ . _ 1 .
R — E Stexp(ik-7;) Sp=—— g S5 exp(—ik-7j). (2.18)
J k 2/ k 7 J
VN = vN 7
In Egs. (2.16), “---” denotes the higher-order parts in the spin-wave appoximation. Hereafter, we mainly use the
Fourier transformed variables and we omit “~” unless the meaning is confusing. By considering that the spin-wave of

the wave number k interacts with the phonon reservoir of the wave number k as seen in (2.16¢), we assume the form
of the interaction Hgg between the spin system and phonon reservoir as

Hsn = —hy/S/2 > (axRy +alRf) — Z —al ay)RE, (2.19)
k

where we have neglected the higher-order parts in the spin-wave appoximation and the off-diagonal parts in the
non-bilinear term. We also assume that the phonon reservoir is composed of many phonons and that the reservoir
operators are expressed in terms of the phonon operators By, and B};a of the wave number k and mode «a, which are
Bose operators, as

Rl = ZglaBkou Ry = ng kas R} = Z 92aB;ZaBka, (2.20)
@ a
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where g1, and go, are the coupling constants between the spin and the phonon of mode «. Then, the spin-phonon
interaction Hgg given by (2.19) can be written as

Hen = —1+/S/2 > (giaarBly + 9100} Bra) =1 g2a(S — ajar)B], Bra , (2:21)
k,« k,«

where the first term is the bilinear part and the second term is the non-bilinear part.
For the later convenience, we renormalize the spin-phonon interaction Hgg, the spin-wave Hamiltonian Hgy and
the spin-wave energy hey, as

Hsn = —h\/S/2 D (9100 By + 9100)Bra ) = 1Y g2a(S — ajar) A(B], Bra), (2.22)
k,« k,«
Mso = —hw.NS —h(zJo + K)NS*+ Y "herafar —hS > gaa (1a|Bf, Bralpr). (2.23)
k k,«
hew =he(k)+hY ek, K)iler) + 7Y gao (1a|Bf, Bralpr), (2.24)
k! (e

with the notation A(BZQB;M) = B;LaBlm - <1R|B;LaBko¢|pR>, where the renormalized spin-wave energy ey, includes not
only the free spin-wave energy he; (k) and the dominant parts of the higher-order parts in the spin-wave approximation,
but also the thermal equilibrium value 2", 92a<1R|B;£aBka| pr) of the phonon reservoir with the wave number k.
Here, pg is the thermal equilibrium density operator at temperature T'=1/(kg(3) for the phonon reservoir with the
Hamiltonian Hz, and is given by

pr = exp(—S Hg)/{1z| exp(— B Hr)) = exp(—5 Hg)/trr exp(—5 Hr), (2.25)

where the notation trg denotes the trace operation in the space of the phonon reservoir. We do not specify the
Hamiltonian Hy of the phonon reservoir explicitly. Hereafter, we use Hsr, Hso and fie; given by (2.22)—(2.24),
respectively, for the spin-phonon interaction, the spin-wave Hamiltonian and the spin-wave energy. We assume that
the thermal equilibrium values of the phonon operators By, and B;La vanish, i.e., (1z| Bra|pr) = <1R|B);a|pa> =0. Then,
we have

(1e|Hse|pr) =0, (1a|Hsrlpr) = 0, (2.26)

with the hat Hamiltonian Hsy = (Hsp — Hig) /% [17).
In the last of this section, we check the ground state of the ferromagnetic spin system. The ground state energy
Eg, in the spin-wave approximation is given by

By =—hw.NS—h(zJy + K)NS*> = 1S gaa (1a| B, Bralrs), (2.27)
k, o

which is smaller than the energy —hw, NS — h(zJo + K)NS? of the ferromagnetic ordered state with the anisotropy
energy h K under external static magnetic-field H. in the z direction, where the ferromagnetic ordered state is the state
that all of the spins are in the z direction. Thus, the ground state of the spin system in the spin-wave approximation
is lower than the ferromagnetic ordered state with the anisotropy energy under external static magnetic-field.

3 Resonance absorption and transverse magnetization

In this section, we derive a form of the transverse magnetic susceptibility for the ferromagnetic spin system modeled
in the previous section, employing the TCLE method of linear response [15, 16, 17, 21, 22] in terms of NETFD,
and discuss the resonance absorption and transverse magnetization for the ferromagnetic system interacting with the
phonon reservoir and with an external driving magnetic-field.

We consider the case that the external driving magnetic-field is a transversely rotating classical-field H ;(t) given
by

—

H;(t) = (Hjcoswt,—Hjsinwt,0), (H; = H}), (3.1)

at site j. We assume that the external magnetic-field H ;(t) is turned on adiabatically at the initial time ¢t =0, and that
the ferromagnetic system and phonon reservoir are initially in the thermal equilibrium at temperature 7'=1/(kg(3),
i.e., the initial state of the ferromagnetic system and phonon reservoir is given by the thermal equilibrium density
operators at temperature T'=1/(kgf3) :

pre = exp(—BH) /(1| exp(—BH)) = exp(—FH)/ Trexp(—BH), (3.2)
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with Tr=trtrg, where H is the Hamiltonian of the ferromagnetic system and phonon reservoir in external static
magnetic-field H,, and is taken as

‘H ="Hs + Hg + Hsg = Ho + Hgg, (HO =Hs + HR) (33)

Here, tr denotes the trace operation in the space of the ferromagnetic system. We take the interaction Heq(t) of the
ferromagnetic system with the external driving magnetic-field given by (3.1) as

- - h ) - ,
Hea(t) = —h’yZHj(t) S =- 77 ZH]»(S;' exp(iwt) +5; exp(—iwt)),
J J
=- %Z{S‘;‘ Hpexp(iwt) + S, Hiexp(—iwt)}, (3.4)
k

where S’ff and Hy, [= H* «) are the Fourier transformations of the spin operators Sji and magnetic-field amplitude H; :

1 _ - _ 1 -
SF=—3"Stexp(ik-i)) St =—==) SFexp(fik)) (3.5)
J k I k J J/s
VN 2 VN 2
1 _ - _ 1 -
Hj = —= " Hyexp(—ik-7), Hy=—=> Hjexp(ik-). (3.6)
VN 2 VN 2
Hereafter, we mainly use the Fourier transformed variables and we omit “~” unless the meaning is confusing. The
interaction Heq(t) given by (3.4) can be written, by performing the transformation (2.1) and the expansion (2.2), as
Hea(t) = —hyy/S/2 Z {ar Hyexp(iwt) + az Hiexp(—iwt)} +---. (3.7)
k
In Eq. (3.7), “---” denotes the higher-order parts in the spin-wave approximation. When the external driving
magnetic-field ﬁj(t) is uniform in space, i.e., H; = H, we have Hj = Hydxo, Hy=Hj = VNH and
Hea(t) = — (hy/2){ S5 Hoexp(iwt) + Sy Hyexp(—iwt)}, (3.8a)
= —hy/SN/2H{agexp(iwt) + ab exp(—iwt)} +--. (3.8b)

By putting A; =~hS; /2 and A; =~hS, /2 in the admittance x;;(w) derived employing the second-order TCLE
method in terms of NETFD in Res. [15, 16, 17], the transverse magnetic susceptibility Xst s (w) takes the form

Xsis (@) = 7%2 OOO dt (15| S;f U (¢) exp<_{— z'/ot dr ’Fz51(7)}
x {i(Sy = 57) po) + DG w]) } expliwt), (3.9)
with po = trppre, where the evolution operator U(t) and the hat-Hamiltonian 7(t) are defined by [17]
U(t) = exp{— (i Hso — CP)t} = exp{—i (Hso + i CP) ¢}, (3.10)
Hs1 (t) = U~ (t) Hs1 U (1), [Hsos) = (Hsogst) — H;o(sl))/h]' (3.11)

Here, the second-order collision operator C(?) and the second-order interference thermal state |D(82,) [w]) are formally
k

given in Ref. [16, 17], and for the model given in the previous section, take the forms [9]

C® == " {S{(ar — a)(af o} ~(ex) — an ¢y, " (&)™) + (@x — af) @] & ~(ex)™ — ar ¢ " (ex))}
k

— (af ax, — af ) {(S — af, ax) 677 (0) — (S — &l ax) 677(0)"}}, (3.12)
D w]) = V28 {5{0 " (@) — & " (e) = (6 (@) = 6 (1))}
+ 67 (w — &) = $i7(0)} (a], — ax) [po) /(w — €x), (3.13)
where ¢~ (€), ¢, T(€) and ¢7*(e) are defined by
o (e) = %Z | g1al? / " dr (1] Bl (7) Bia low) exp(—i€7), (3.14a)
ORI " dr (1a] Bea (1) B, [ox) explic ), (3.14D)
FO=Y d. / " 7 (10| A(Bl, (1) Bra (7)) A(B, Bra) Ips) expli 7). (3.14c)
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with the notation A(B]_(7)Bia (7)) = Bl _(7)Bra (1) — (18| Bl Bralps). The phonon operators Bia(t) and B} _(t) are
the Heisenberg operators By (t) = exp(iHgt/h)Bio exp(—iHzt/h) and B;La( t) = exp(iHat/h) Bl i €XP(—iHgt/R) of the
phonon reservoir, respectively. Here, the phonon operators for each wave number and each mode have been assumed
to be mutually independent. The interference thermal state |Dé2k_) [w]) represents the effects of the memory and initial

correlation for the spin system and phonon reservoir [17, 9], and can be written as [9]
DG w]) = V28 Xi(w) (af, — ax) o), (3.15)
with the corresponding interference term Xy (w) defined by
= {S{(d "(w) = & (W)") — (& (&) — & (&)")} + (677 (w — er) — 657(0))}/ (w — ex),
=S [ Sl B L]y 22T =00

2 W — €k
+ /0 dr> " g3, (1a| A(B], (7)Bra (7)) A(B], Bua) ) 221 (c: - e:k) T} -1

(3.16)

In the derivation of the collision operator C?) and interference thermal state |D;2_) [w]), the higher-order parts except
k

(0)

S¢Sy

susceptibility x SESp (w), which includes the dominant parts of the higher-order parts in the spin-wave approximation,

the dominant part in the spin-wave approximation was ignored [9]. The low-order part x (w) of the transverse

was derived as [9]

W= S T @7
where @) [= @ (ex)] and @} [= P (e)] are, respectively, the real and imaginary parts of ®(ex) defined by [9]

Bula) = $(0 ()~ 0f (@)} = § [ 7 S |ana P (allBua (7). Bl explic 7). (3.18)
and Wy, is defined by [9]

V=070 =3 ok, / dr (18] A(B, (7) Bra(r)) A(Bl, Bra) ). (3.19)

In the above derivation, we have considered that ®) [= ®j (ex)] is non-negative for non-negative €5 [16, 19] and that
Uy, [=¢;7(0)] is non-negative when Wy, is real (¥}, =Wy ) as shown in [21, 22]. The corresponding interference term
X (w) defined by (3.16) can be written as

@k(w) — @k(ek) \I/k(w - Ek) — \I/k

X = 3.20
k) M (3.20)

where Uy (e) is defined by

Uy(e) = /OOO dr) " g3a (x| A(B, (1) Bra(7)) A(B], Bra)lps) exp(ieT), (3.21)

with ¥;(0) = Uy. The next higher-order parts Xgl o (w) of the transverse susceptibility Xsits- (w) in the spin-wave
k Sk d

approximation, can be written as [23, 9]
Sh 2 o] t R ~ . '
g @) = T”/ dt/ dr (1s] aU (t) sy (7)(al — an) [po) {1 — i Xu(w)} expliw)

Z/ dt ( 1S|ak1+k2 kaklasz(t)(aL—dk) |po){i + X (w)}exp(iwt)
khkz
h
_ Z/ dt (1s| axU(t )(aklaz2akl+k2 k= a21+k2 w0k Aky) |Po) exp(iwt). (3.22)

SN
k1, k2

Taking the spin-wave interaction Hsy given by (2.12) as
Moo =h Y esk, K)al, aby apaww—x— 1Y ea(k, K)aler) af ax (3.23)

kK, k" k, k'
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by neglecting the parts of higher order than the fourth power of a;, a;» in the spin-wave approximation, the next
1)

higher-order parts x P g (w) of x St se (w) can be derived using the quasi-particle operators and takes the form [23, 9]

Z{—z (h7*S/2) ea(k, k1) (nr, — 7ien,)) {1 — i Xp(w)}

Xs+s e = B) P+ Ui (w e, — Bf) + Py + Uy 2P )

(o, — 1i(en,) {i + Xp(w)} n(€py i + Xp(w)}
Z{—Z —Gk—q)”)—Fq)I—l-\I/k—l—Qq) +—i(w—6k—¢‘%)+¢‘;€+\1/k}

Nk,
= 3.24
Z Z—z (w—€p —PY) + D) + Ty (3.24)

which is derived in Appendixes A and B, where ny is ny(0) given in Refs. [23, 9], i.e., ng= <1s|azak|p0>. For the

calculation of the physical quantities, we lead the real parts Xg)l s (W), X(Sll sc (w)" and imaginary parts X(Sol o (w)”,
k~k
qulls (w)" of the low-order part X( ) ()

( ) and the next higher- order parts X ( ) of the transverse susceptibility

Xsit s (w), as follows

© () = Sha? (@) + Vi) X (w) — (w — e — P{1 + X} (w)}

Xs+s ) (w e — (I)g)z T ((I);c T \I’k)Q s (3.25&)
©) _ Shy? (2 + W) {l + X (W)} + (@ — e — ) X (w)
XS+S (W)" = 2 (w—er —PY)2 + (D), + V)2 ’ (3:25b)
1 _
Xsls @) =5 D h*S ealk, ki) {np, —nlen,)}
k1
X{ 2 (W — e — PP + Wi + Py )X (w)
{(W—ex— 2+ () + V)2 H{(w — e — D))% + (¥, + Uy + 2P} )2}
N {(® + Ui)(P), + T + 20 ) — (w— e — D)*H1 + X}/ (w)} }
{(w—ex— 2+ () + V)2 H{(w — e — D))% + (B, + Uy + 2P, )2}
_hy? 3 {{n (e )}(% + U 428 )X (w) = (w— e — 2O{1 + X}/ (w)}
4N 4L ’“ (W —ex — D)2+ (), + Ty, + 2P, )2
(P + Wi) nler, ) Xp(w) — (w — ex — P){n(er){1 + XF/ (@)} + 1, }
, 3.26
* (w—ex — ©p) + (P + ¥i)? } (3.26a)
1 _
Xgls- (@) =5 D RS ealk, ka){n, —n(er,)}
k1
X{ 2 (w— ex — ) (P} + Wy + D) {1+ X[ ()}
{(w—ex = )% + (P + Vi)? H(w — ex — D)% + (), + Vp + 207 )}
N {(w—ex — )% — (®), + Vi) (P), + Wi + 20 )} X (w) }
{(w—ex— 2+ () + V)2 H{(w — e — D})% + (B, + Uy + 2P} )2}
hoy? _ (P + Up + 20, {1+ X/ (W)} + (w — e — PF) X (w)
_WZ{{”’“ (ek)} (W — e, — D)2+ (B + Ty, + 2P )2
o1 k k k k+2®)
(w — er — ) nfer, ) X (w) + (P + Wr){n(er){1 + X/ (w)} + 1, }
26b
* (@ — e — D)2 1 (D], 1 Uy )2 2 (3.26D)

where X (w) and X}/(w) are the real part and imaginary part of the corresponding interference term Xj(w), and are
given by

X}(w) = P} (w) — P (er) AN T 7 X (w) = Y (w) — Y (er) L W@ -a)- W
Wk W€k w — €L W — €k

. (3.27)

with the real part V) (w — €) and imaginary part U} (w — €) of Wy (w — €), when Wy, is real (V) = ¥}).

We consider the power absorption and transverse magnetization in the stationary state of the ferromagnetic spin
system interacting with the transversely rotating magnetic-field given by (3.1). In the stationary state of the spin
system, the linear response (15|iS; |p1(t)) for spin operator S; with the wave-number k have the form

(AslhSE |1 (8)) = (2/7) xsr 5. (@) Hf exp(—iwt), (t — o0). (3.28)
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with |p1(t)) = (1z|pr1(t)) = |trrper1(t)), where pri(t) is the first-order part of the density operator pr(t) for the total
system in powers of the external driving magnetic-field given by (3.1). The power absorption of the ferromagnetic
system is given by [16]

Pw) = Z(v/ 2){((d(1s|nS;F |p1(t))/dt)Hy exp(iwt)) +c.c.} = ZPk(w), (3.29a)
k

k
Pp(w) = 2 |Hp]? w X's';s; (w), (3.29b)

with the power absorption Pj(w) of the ferromagnetic system with the wave-number k, where the notation (---)
denotes the time average per one period of the external driving magnetic-field. According to (3.29b), (3.25b) and
(3.26b), the line shape of the power absorption Py (w) of the ferromagnetic system with the wave-number k, has a peak
at frequency w e, +®}. The resonance frequency wg, and the peak-height (height of peak) Hf, in the resonance
region of the power absorption Py(w) approximate to

why & e + @, (3.30)

HE, = §+2 [ Hi hufy (14 XY (E0)}/(®) + 0)
S | H P Rk S ealh ki) i — e )} )

(P + Vi) (D) + Wi + 2 (I>k1)

k1
_ 72 |Hk|2 hwgk Z { (nkl - ﬁ(le)){l + Xllcl(wgk)} + ﬁ(ekl){l + Xl/c/(wRPk)} + N, } (3 31)
2N - D+ U+ 207 Q)+ Uy, ' ’

The expectation value M (t) of the z-component of the magnetization with the wave-number k, can be expressed as

M () = {(1s|hS) [pr.(8)) + (1s[hSy; |p1(£))}/2 = Re (1s[hS] o1 (1)), (3.32a)
— @/ (st s, @HEY cos(wt) + (s (@) H) sinw )}, (3.32b)
= Al (w) sin{wt + 6(w)}, (3.32¢)

the expectation value M} (t) of the y-component of the magnetization with the wave-number k, can be expressed as

MY(6) = {16157 1p1(8) = (slhSTps () }/(21) = I (1s|S} o (1), (3.330)
= @/ (st s, @HE) cos(w ) — (xsp s, (@) HE) sin(w )}, (3.33b)
= Al(w) cos{wt + Sk (w)}, (3.33¢)

where the amplitude A} (w) is given by

A (w) = (2/’7)\/{(Xsk+s; (W) H;)'}? +{(X s s (W) HE)"}, (3.34a)

= 2/ Hel [t ()] = @/l /(s ()P + (X ()2, (3.34D)

and the initial phase dx(w) is given by

sin 0y (w) = (2/7) (X s (W) HR)' /AR (w), cos 0k (w) = (2/7)(xgy 5, (W HE)" /AL (W), (3.35a)
tan g (w) = (Xs; 5 (WHE)' /(X5 s (W) HE)" (3.35b)

Thus, the expectation values M} (t) and M} (t) of the z-component and y-component of the magnetization with the
wave-number k oscillate with the frequency w and the amplitude AY(w) given by (3.34). According to the (3.25)
and (3.26), the amplitude A} (w) of the expectation value of the transverse magnetization, which is referred as “the
magnetization-amplitude”, has a peak at frequency w = ¢, + ®}. Thus, the expectation values M (t) amd M} (t) of the
z-component and y-component of the magnetization with the wave-number k oscillate with the large amplitude A} (wgy)
at the resonance frequency wy, , which coincides nearly with the resonance frequency wg, of the power absorption Py (w)
of the ferromagnetic system with the wave-number k. The resonance frequency wh, and the peak-height (height of
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peak) Hy, of the magnetization-amplitude A} (w) with the wave-number k approximate to
wap = e + O, (3.36)
Xp(wri) {ne, — nler, ) H1 + X7 (wry)}
HM >~ pry | H “*E\*RE/ S k‘ k 1 1 k \*"Rk
we = R | ’“|{{ B, 0, 262 2 (P, + Up) (D), + Uy +29) )
g, — €k1) ﬁ(ekl) / M 2
X
2N Z (<I>’ U t20, @ +x1/k> k(“’Rk>}
1 XII Xl M
{S +, k (wR,k:) S Z €2 k kl) /{nkl (€/k1 )} k(ka)l
O+ Wy (@) + Vi)(P + Vi +29; )

b ({% - n(ﬁkl)}{l + Xy (i)}, Ao ) {1+ X5 ()} +nk1)}2}1/2.
2N 4 O+ Uy + 20, o, + Uy,

(3.37)

In the following section, we investigate numerically the resonanse frequencies and peak-heights in the resonance region
of the power absorption Py(w) and magnetization-amplitude AY(w) of the ferromagnetic spin system with the wave-
number k.

If the relaxation method is employed [17] in the van Hove limit [27] or in the narrowing limit [28], in which the
correlation time 7, of the phonon reservoir is much less than the relaxation time 7, of the spin system (7. < 7, or
Tc — 0), i.e., the Kubo formula [8] is calculated from the second-order TCL equations with no external driving terms
in this limit, one obtains the transverse susceptibility [17]

Chy? [ A _ G .
X%S;(w):z%A dt (15| S; U(t)exp_{—z/o dTHsl(T)}(Sk — S |po) expliwt), (3.38)

which coincides with the ones without the interference thermal state |D(82,) [w]) in the transverse susceptibility x Sts: (w)
. h

[(3.9)] derived employing the TCLE method. That limit neglects the effects of the memory and initial correlation
for the spin system and phonon reservoir, and is valid for a quickly damped reservoir (the reservoir correlation time
7. —0), but not for a non-quickly damped reservoir, because the influence of motion of the phonon reservoir on the
motoin of the spin system is neglected in that limit. The transverse susceptibility Xsts: (w) derived employing the

TCLE method includes the interference thermal state |D [ ]), which represents the effects of the memory and initial

correlation for the spin system and phonon reservoir, i.e., “the effects of deviation from the van Hove limit [27] or the
narrowing limit [28], and is valid even if the spin system is interacting with a non-quickly damped phonon-reservoir in
the region valid for the second-order perturbation approximation. The coincidence of the TCLE method and relaxation
method in the second-order approximation for the system-reservoir interaction [17, 13, 14, 24, 25, 26], means that the
interference effects, i.e., the effects of the interference terms or the interference thermal state in the TCLE method, are
the effects of motion of the phonon reservoir which influence the motoin of the spin system. Therefore, the interference
effects are considered to increase the power absorption and magnetization-amplitude in the resonance region to excite
the phonon reservoir for a non-quickly damped reservoir, because the external driving field excites not only the spin
system but also the phonon reservoir for a non-quickly damped reservoir. These are investigated numerically in the
following section.

4 Numerical investigation

In the present section, we assume a damped phonon-reservoir model and investigate numerically the power absorption
and the magnetization-amplitude (the amplitude of the expectation value of the transverse magnetization) for a
ferromagnetic spin system, which is interacting with a phonon reservoir and with the transversely rotating magnetic-
field given by (3.1) under an external static magnetic-field. We assume that the phonon reservoir consists of a phonon
system coupled directly to the spin system and of a reservoir subsystem coupled to the phonon system, where the
reservoir subsystem (R-subsystem) is damped very rapidly, as done in Refs. [9, 23]. Then, the correlation functions of
the phonon operators can be derived using the relaxation theory for the phonon system [31, 32, 33|, and are assumed
to take the forms

Z | 910 |* 1z B;L (t)Bra |pr) = g7 n(wak) exp(i wak t — Yan t), (4.1a)
> 1910 [*(1a| Bra(t) Bl lpr) = g7 {it(wnr) + 1} exp(— i wnr t — mi t), (4.1b)
> 90 (1a| A(B, (1) Bra (1)) A(B, Bra)ls) = 292a (e A(Blo Bra) A(Bl, (1) Bra(t))ln)

= g2 n(war) {P(wrr) + 1} exp(— 2 yax t), (4.1c)
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with the coupling constants g; and go between the spin and phonon, where wpy and g (> 0) are, respectively, the
characteristic frequency and damping constant of the phonon reservoir. Here, ni(wgy) is given by

n(war) = {exp(Bhwar) — 1} 71 = {exp(hwnp/(ksT) — 1} 1. (4.2)

The phonon correlation function (4.1c) is real and non-negative, and therefore ¥y, [= ¢3*(0)] defined by (3.19) is non-
negative. The assumptions (4.1) establish when the phonon coupled to the spin system, which is moving periodically
under the external driving field, is interacting with a reservoir subsystem damped very rapidly and undergoes damped
oscillation. Using the above correlation functions, ®(e) and ¥y defined by (3.18) and (3.19), respectively, take the
forms [29, 30]

S —heyy [ .
q>k(e):§{1—exp(kBTe)}/o dea:qua 12 (1| Bra () Bl on) explicT),

=19%S{1—exp(_h€)}_Z.ﬁ(WRk>+1 (4.3)

2 kg T (E—OJRI@)-F’YRI@7
> _ _ n(w n(wri) + 1
= / dr g3 i(wne) {f(wrr) + 1} exp(—27me 7) = g3 ( Rk){2f(y :k) ’ (4.4)
0 R
The real part ®) and imaginary part ®} of ®pi(ex) can be expressed as
1 —heg ek {(wne) + 1}
p = 0e) = 5ot s {1 —exn () } 45
k k(ek) 2 gl €xXp kBT (Gk _ ka)Q + (’YRk)2 9 ( a)
1 —her\\ (e — wrr) {n(wnr) + 1}
=) = 5985 {1-exp () } . 4.5b
k k(ek) 9 gl Xp kB T (Ck _ ka)Q + (’YRk)Q ( )
The above expressions (4.4) and (4.5a) show that Uy, [= ¢7*(0)] is non-negative and that @} [= @} (ex)] is non-negative
for non-negative €. We have for Uy (€) defined by (3.21), the form
> _ _ . n(wri ){n(wek) + 1
U(e) = / dr g3 i(war) {(war) + 1} exp(i €T — 29pe 7) = g5 ( Rk),{ (wne) + 1} (4.6)
0 — 1€+ 2Rk
which leads to the real part W) (e) and the imaginary part W}/ (e) of Wgy(e) as
29K T n 1 n n 1
W (e) = g2 Dk n(wni) {70 (wrk) + 1} W(e) = g2 e nwni ) {(wak) +1} (4.7)

e+ (2mk)? €+ (27m)°

In Appendix C, we derive the concrete forms of the the real part Xj(w) and the imaginary part X;/(w) of the
corresponding interference term Xj(w) given by (3.16) or (3.20). The form of nj = <1s|a2ak|po>, which is ng(0) given
by in Refs. [23, 9], is derived in Appendix D and is given by (D.7) as

(Ek - WRk)2 — (’YRk)Q
{(er — wrk)? + (yri)?}2

up to the second order in powers of the spin-phonon interactin Hsg. We assume for consistency with assumptions
(4.1c) that

nik = n(ex) + S g7 {fn(wne) — er)} (4.8)

> 920(18 B, Bralpr) = g2 n(wns). (4.9)

[e3

Then, for the renormalized energy fiej of the spin-wave with the wave number k, which is given by (2.24), we have

e = (k) + Y ek, k) ner) + g2 1(wak)- (4.10)
™

We consider the case that the phonon reservoir consists of a phonon system of lattice vibration, which has the frequency
proportional to the magnitude |k| of the wave number k, and of a reservoir subsystem coupled to the phonon system,
where the reservoir subsystem (R-subsystem) is damped quickly. We assume that the characteristic frequency of the
phonon reservoir is given by

WREk = \%4 |k| + WRO (411)

where wgq is the characteristic frequency of the phonon reservoir with the wave number k£ =0 and is the frequency shift
of the phonon system, which is generated by the motion of the reservoir subsystem coupled to the phonon system.
We consider a ferromagnetic system of one-dimensional infinite spins interacting with the phonon reservoir, and

investigate numerically the power absorption and the magnetization-amplitude (the amplitude of the expectation value
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of the transverse magnetization) in the stationary state of the ferromagnetic system. For the case of a regular-interval
ranked spin-chain, we have

z=2, Nk = cos k, (4.12)

where k is the wave number multiplied by the lattice constant and is referred to as “the wave number” hereafter. In
the infinite limit of the total number N of spins, the wave-number summation is replaced with the integral as

1 1 ("
Nzk:’ %/4 dk, (N — o). (4.13)
Then, by replacing n(ex) in (4.10) with 7i(eq(k')), we give e approximately as
er 2 er(k) + Z ea(k, k') g (e1 (k")) + g2 e (wr), (4.14a)
k:/

=w,+(25S-1)K+4S5J(¢—cosk)+ go/{exp(hwrr/(ksT)) — 1}

4 [ J (cosk +cosk’) = J {1+ cosk cosk'} — K
— dk’ 4.14b
+7T/0 exp ([0, + (25 — ) AK +4Sh T (C —cos k) ]/ (D)} =1 (4.14b)
where we have put
Jy=J, Jo=CJ, C=Jo)Jy. (4.15)

We perform the numerical calculation for the case that g1 /w,=g2/w,=0.25 for the coupling constants g; and go
between the spin and phonon, and that (=1.0 and J/w,=1.0, ie., J1=Js=J=w,. We consider the case that
Ta/w;=0.5, wpo/w, =0.5 and yi/w,=0.5. In Appendix E, we investigate numerically the region valid for the low
spin-wave approximation in the meaning that the expectation value n/(4S) [= (n;)/(45)] of the second term in the
expansion (2.2) is smaller than about 0.01. That approximation includes the dominant parts of the higher-order parts
in the spin-wave approximation [5] and is referred as “the low spin-wave approximation” hereafter, in the ferromagnetic
system of one-dimensional infinite spins. In Appendix E, the low spin-wave approximation is shown to be valid in the
regions of the temperature T and anisotropy energy iK given by kgT/(hw,) <1.1 and K/w, > 1.0, or kgT/(hw,) < 1.5
and K/w, > 2.0, for the spin-magnitude S > 1.

We first investigate numerically the power absorption Pj(w) given by (3.29b) for the ferromagnetic spin system
with the wave-number k. In Fig. 1, the power absorption Pj(w) given by (3.29b), scaled by hvy? |Hy|?, are displayed
varying the frequency w scaled by w, from 1.0 to 7.0 for the cases of the wave-number k =0, 7 /6,7 /4,7/3,7/2 and for
the spin-magnitude S =1, the temperature T' and the anisotropy energy i K given by kgT/(fiw,) =1.0 and K/w, =1.0.
Figure 1 shows that as the wave-number k becomes large in the resonance region of the power absorption Py (w), the
resonance frequency and the peak-height (height of peak) increase and the line half-width decreases. In Fig. 2, the
power absorption Pj(w) given by (3.29b), the results derived employing the relaxation method [17] in the van Hove

limit [27] or in the narrowing limit [28], and the ones without the next higher-order parts X(Sll o (@)” in (3.29b), scaled
k "k

by hy? |Hg|?, are displayed varying the frequency w scaled by w, from 1.5 to 3.5 for the cases of the wave-number
k=0, 7/6 and for the spin-magnitude S =1, the temperature T and the anisotropy energy i K given by kgT'/(hw.)=1.0
and K/w,=1.0. In Fig. 2, the power absorption P;(w) given by (3.29b) derived employing the TCLE method, are
displayed by the solid lines, the results derived employing the relaxation method in the van Hove limit [27] or in the
1

sis
(3.29b) derived employing the TCLE method, are displayed by the short-dash lines. The power absorption Pj(w)
given by (3.29b), which have been derived employing the TCLE method, includes the effects of the interference terms
in the TCLE method, which are referred as “the interference effects”, represent the effects of the memory and initial
correlation for the spin system and phonon reservoir [17], and are neglected in the results derived employing the
relaxation method [17] in the van Hove limit [27] or in the narrowing limit [28]. Figure 2 shows that the interference
effects produce the effects that increase the power absorption and cannot be disregarded for small wave-number £ in

narrowing limit [28], are displayed by the dot lines, and the ones without the next higher-order parts x (w)" in

particular. Figure 2 also shows that the effects of the next higher-order parts ngll o ()" are small in (3.29b). We
k Mk

derive the approximate formula of the line half-width Awf, in the resonance region of the power absorption P (w)

given by (3.29b) for the ferromagnetic spin system with the wave-number k, neglecting the next higher-order parts

in the spin-wave approximation, because the effects of the next higher-order parts X(Sll o (w)" are small in (3.29b) as
k "~k

seen in Fig. 2. Neglecting the next higher-order parts in the spin-wave approximation, the approximate formula of

the peak-height (height of peak) HE, in the resonance region of the power absorption Pj(w) becomes

Hyy 2= S 9° [Hy|* hwgy, {1 + X (wpp) }/ (9 + W), (4.16)
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In order to obtain the approximate formula of the line half-width Awg, in the resonance region of the power absorption
Pi(w), we put as Awg, /2= (®} + V) z1 for the first-step approximation of Awf,, which satisfies

1+ X}/ (whi)

P
+ (@), + Vi) 11
>~ g H 2h 2 Wk
Rk Y | kl ka 2((1324-‘1’1@)

~ Sh~%|H,
e e e @+ 1)

B {1+ X3 (wrp) + 21 X (wr) ) (4.17)

where we have approximated Xj(wh, + (9}, + V) z1) with Xj(wh,) in the right-hand side of the above equation.
Equation (4.17) can be rewritten as

{wpe{1 + X (win)} — 2(®%, + Vi) X (why) } 23
— 2 {wh, Xy (wip) + (Pf + Vi) {1 + X7 (i)} 21 — wip{1 + Xi (wip)} = 0. (4.18)

By obtaining the positive solution of the above second-order equation for x1, the first-step approximation of the line
half-width Awg, can be derived as

2(®), + ) w1 = 2(P) + Vp) {wpp Xg (wWhp) + (D + Tr) {1 + X} (wrp)}

+ { (@B P IX @R 4+ {1+ XL (@R YY + (B + W) {1+ X[ (W51}
J{whi {1 + X (wip)} — 2 (P, + Vi) X7 (why) }- (4.19)

Then, by putting as Awf, /2= (P} + ¥}) z, the approximate formula of the line half-width Awf, in the resonance
region of the power absorption Pj(w), can be derived from the equation

p 1+ X (why)
B2 (@, + Wy)

whp T (P, + V) z
(®) + Wp) (22 + 1)
x {1+ X[ (wig + (D + Tp) 1) + 2 X (wig + (D + Tp) 71) }, (4.20)

S~ [Hy* how = Shoy? [Hel?

which can be rewritten as

{wpe {1 + X7 (wip)} — 2(P), + Ur) Xj (i + (D) + Vi) 21) } a?
— 2 {wpe Xp(wrp + (P + i) @1) + (P + Ui ){1 + X} (wry, + (Ph + Ui)21)} } o
— Wi {2 {1+ X} (wpp + (P4 + Vi) z1)} — {1+ X}/ (Why)} } = 0. (4.21)

By obtaining the positive solution of the above second-order equation for x, the approximate formula of the line
half-width Aw}, in the resonance region of the power absorption Pj(w) can be obtained as

Awgy, 22 (P + Vi) {wap, Xi(wr + (P + Tg) 21) + (D + W) {1 + X} (wry + (P + Uk) 1)}
+ {(w)? X (Wl + (D + i) 21)® + (D + U)* {1 + X} (wiy, + (P, + Tp) 1)}
+ 2w {1+ Xi (i) H(P% + Vi) X (wrp + (P + i) 21) + wig {1 + X7 (wiy, + (9 + Vi) 21)}}
— 2wy (P, + Uy) X (wiy, + (D, + Ug) 1) {1+ X/ (wiy, + (D, + Uy) 1)}

— @R+ X WP Rl + XY @R} — 2 (R + W) XG (Wl + (B + Tp) o)} (4.22)

In Fig. 3, the approximate formula given by (3.30) for the resonance frequency wg, of the power absorption P (w)
with the wave-number k, and the resonance frequency wy, investigated calculating numerically the power absorption
1

Sis;
k from 0 to 2.0 for the cases of the spin-magnitude S=1,3/2,2,5/2,3 and for the temperature T" and the anisotropy
energy hK given by kgT'/(hw,) =1.0 and K/w, =1.0. In Fig. 3, the approximate formula given by (3.30) are displayed
by the solid lines, and the results investigated calculating numerically the power absorption Py (w) are displayed by the
dots. Figure 3 shows that the numerical results of the approximate formula given by (3.30) coincide well with the ones
investigated calculating numerically the power absorption Py (w), and that the resonance frequency wf, becomes large
as the spin-magnitude S becomes large or the wave-number k becomes large. In Fig. 4, the approximate formula given
by (4.16) for the peak-height Hf, of the power absorption Py(w) with the wave-number k, and the peak-height HE,

investigated calculating numerically the power absorption Pj(w) without the next higher-order parts ngll . (W) in
k~k
(3.29b), scaled by hvy? |Hy|?, are displayed varying the wave-number k from 0 to 2.0 for the cases of the spin-magnitude
S5=1,3/2,2,5/2,3 and for the temperature T" and the anisotropy energy i K given by kgT'/(fiw,) =1.0 and K/w, =1.0.
In Fig. 4, the approximate formula given by (4.16) are displayed by the solid lines, and the results investigated
calculating numerically the power absorption Pj(w) are displayed by the dots. Figure 4 shows that the numerical
results of the approximate formula given by (4.16) coincide well with the ones investigated calculating numerically the
power absorption Py (w), and that the peak-height HE, becomes large as the spin-magnitude S becomes large or the

wave-number k becomes large. In Fig. 5, the approximate formula given by (4.22) for the line half-width Awf, in the
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resonance region of the power absorption Py(w) with the wave-number k, and the line half-width Awg, investigated

calculating numerically the power absorption Py (w) without the next higher-order parts X(Sll o (w)" in (3.29b), scaled
by w,, are displayed varying the wave-number k from 0 to 2.0 for the case of the spin—mz;gnkitude S=1 and for the
temperature 7' and the anisotropy energy K given by kgT'/(hw.)=1.0 and K/w,.=1.0. In Fig. 5, the approximate
formula given by (4.22) are displayed by the solid lines, and the results investigated calculating numerically the power
absorption Py (w) are displayed by the dots. Figure 5 shows that the numerical results of the approximate formula
given by (4.22) coincide well with the ones investigated calculating numerically the power absorption Pj(w), except
the slight deviations in the small wave-number region, and deviate slightly from the results investigated calculating
numerically the power absorption P (w) in the small wave-number region. In Fig. 6, the approximate formula given
by (4.22) for the line half-width Awg,, and the line half-width Awf, investigated calculating numerically the power
1

sis;
wave-number k from 0 to 2.0 for the case of the spin-magnitude S =3 and for the temperature 7" and the anisotropy
energy hK given by kgT/(hw,)=1.0 and K/w, =1.0. In Fig. 6, the approximate formula given by (4.22) are displayed
by the solid lines, and the results investigated calculating numerically the power absorption Pj(w) are displayed by
the dots. Figure 6 shows that the numerical results of the approximate formula given by (4.22) coincide well with the
ones investigated calculating numerically the power absorption Py (w). Figures 5 and 6 show that the line half-width
Awf, in the resonance region of the power absorption Py(w) decreases as the wave-number k becomes large, and
decreases slightly as the spin-magnitude S becomes large. In Fig. 7, the approximate formula given by (3.30) for the
resonance frequency wg, of the power absorption Py(w) with the wave-number k, and the resonance frequency wp,

absorption Py (w) without the next higher-order parts x (w)” in (3.29b), scaled by w., are displayed varying the

investigated calculating numerically the power absorption Pj(w) without the next higher-order parts ngll . (W) in
(3.29b), scaled by w,, are displayed varying the temperature 7" scaled by (hw.)/kg from 0.1 to 1.1 for the éas%s of the
anisotropy energy AK given by K/w,=1.0,1.5,2.0,2.5,3.0, and for the spin-magnitude S =1 and the wave-number
k=m/6. The anisotropy energy is denoted as “A” [= K/w,] in the figures. In Fig. 7, the approximate formula given
by (3.30) are displayed by the solid lines, and the results investigated calculating numerically the power absorption
Py (w) are displayed by the dots. Figure 7 shows that the numerical results of the approximate formula given by
(3.30) coincide well with the ones investigated calculating numerically the power absorption Py(w), and that the
resonance frequency wf, becomes large as the anisotropy energy hK becomes large, and becomes large slightly as the
temperature T' becomes high. In Fig. 8, the approximate formula given by (4.16) for the peak-height HE, of the
power absorption Py(w) with the wave-number k, and the peak-height Hf, investigated calculating numerically the

power absorption Pj(w) without the next higher-order parts nglls— (w)" in (3.29b), scaled by hvy? |Hy|?, are displayed
varying the temperature T scaled by (Aw,)/ks from 0.1 to 1.1k fgr the cases of the anisotropy energy hK given by
K/w,=1.0,1.5,2.0,2.5,3.0, and for the spin-magnitude S=1 and the wave-number k=7 /6. The anisotropy energy
is denoted as “A” [=K/w,] in the figures. In Fig. 8, the approximate formula given by (4.16) are displayed by
the solid lines, and the results investigated calculating numerically the power absorption Py(w) are displayed by the
dots. Figure 8 shows that the numerical results of the approximate formula given by (4.16) coincide well with the
ones investigated calculating numerically the power absorption Py(w), and that the peak-height Hf, becomes large
as the anisotropy energy K becomes large, and becomes small as the temperature T becomes high. In Fig. 9, the
approximate formula given by (4.22) for the line half-width Awf, in the resonance region of the power absorption
Py (w) with the wave-number k, and the line half-width Awf, investigated calculating numerically the power absorption
1
sis;
T scaled by (hw,)/ks from 0.1 to 1.1 for the cases of the anisotropy energies A K given by K/w,=1.0,3.0, and for
the spin-magnitude S =1 and the wave-number k =7/6. The anisotropy energy is denoted as “A” [= K/w.] in the
figures. In Fig. 9, the approximate formula given by (4.22) are displayed by the solid lines, and the results investigated
calculating numerically the power absorption Py (w) are displayed by the dots. Figure 9 shows that the numerical results
of the approximate formula given by (4.22) coincide well with the ones investigated calculating numerically the power
absorption Pj(w), except the slight deviations in the high temperature region for the anisotropy energy AK given by
K/w,=1.0, and deviate slightly from the results investigated calculating numerically the power absorption Py(w) in
the high temperature region for the anisotropy energy hK given by K/w,=1.0, and that the line half-width Awf,
increases as the temperature T' becomes high, and decreases slightly as the anisotropy energy AKX becomes large.

We next investigate numerically the magnetiation-amplitude A} (w) given by (3.34b) for the ferromagnetic spin sys-
tem with the wave-number k. In Fig. 10, the magnetiation-amplitude A% (w) given by (3.34b), scaled by iy |Hy|/w., are
displayed varying the frequency w scaled by w, from 1.0 to 7.0 for the cases of the wave-number k=0, 7 /6, 7/4,7/3,7/2
and for the spin-magnitude S =1, the temperature 7" and the anisotropy energy hK given by kgT/(hw,)=1.0 and
K/w,=1.0. Figure 10 shows that as the wave-number k becomes large in the resonance region of the magnetiation-
amplitude AY(w), the resonance frequency and the peak-height (height of peak) increase and the line half-width
decreases. In Fig. 11, the magnetiation-amplitude AY(w) given by (3.34Db), the results derived employing the relax-
ation method [17] in the van Hove limit [27] or in the narrowing limit [28], and the ones without the next higher-order

parts XSZ&S;Z (w) in (3.34Db), scaled by A~y |Hy|/w., are displayed varying the frequency w scaled by w, from 1.5 to 3.5

Pi.(w) without the next higher-order parts x (w)"” in (3.29b), scaled by w,, are displayed varying the temperature
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Figure 1: The power absorption Pj(w) given by (3.29b) for the ferromagnetic spin system with the wave-number £,
scaled by hvy? | Hy|?, are displayed varying the frequency w scaled by w, from 1.0 to 7.0 for the cases of the wave-number
k=0,7/6,7/4,7/3,7/2 and for the spin-magnitude S =1, the temperature 7' and the anisotropy energy hK given by
kpT/(hw.)=1.0 and K/w,=1.0. As the wave-number k becomes large, the resonance frequency and the peak-height
(height of peak) of the power absorption Pj(w) increase and the line half-width decreases.

Figure 2: The power absorption Pj(w) given by (3.29b) for the ferromagnetic spin system with the wave-number k,
the results calculated by the relaxation method [17] in the van Hove limit [27] or in the narrowing limit [28], and

the ones without the next higher-order parts X(Sll o (w)" in (3.29b), scaled by hvy?|Hg|?, are displayed varying the
k "~k

frequency w scaled by w, from 1.5 to 3.5 for the cases of the wave-number k=0, 7 /6 and for the spin-magnitude S =1,

the temperature T and the anisotropy energy hK given by kgT/(fiw,)=1.0 and K/w,=1.0. The power absorption

Pi.(w) given by (3.29b) are displayed by the solid lines, the results calculated by the relaxation method in the van Hove

limit [27] or in the narrowing limit [28], are displayed by the dot lines, and the ones without the next higher-order

parts X(Sl,j) s (w)” in (3.29b), are displayed by the short-dash lines.

Resonance Frequency of Power Absorption
25 T T T

O Figure 3: The approximate formula given by (3.30) for
the resonance frequency wf, of the power absorption Pj(w)
with the wave-number k, and the resonance frequency wf,
investigated calculating numerically the power absorption
Py (w) without the next higher-order parts X(Sll o (W) in
(3.29b), scaled by w,, are displayed vzaurying’c tﬁe wave-
number k£ from 0 to 2.0 for the cases of the spin-
magnitude S=1,3/2,2,5/2,3 and for the temperature T
and the anisotropy energy LK given by kgT/(hw,)=1.0
and K/w,=1.0. The approximate formula given by (3.30)
are displayed by the solid lines, and the results investigated
calculating numerically the power absorption Py (w) are dis-

played by the dots.

20}
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Figure 4: The approximate formula given by (4.16)
for the peak-height Hf, of the power absorption Pj(w)
with the wave-number k, and the peak-height Hf, in-
vestigated calculating numerically the power absorption

Py (w) without the next higher-order parts X(Sll o
k“k

(3.29b), scaled by hvy?|Hy|?, are displayed varying the
wave-number k from 0 to 2.0 for the cases of the spin-
magnitude S=1,3/2,2,5/2,3 and for the temperature T
and the anisotropy energy hK given by kgT'/(hw,)=1.0
and K/w,=1.0. The approximate formula given by (4.16)
are displayed by the solid lines, and the results investigated
calculating numerically the power absorption Py (w) are dis-
played by the dots.

(W) in

Figure 5: The approximate formula given by (4.22) for
the line half-width Awf, in the resonance region of the
power absorption Pj(w) with the wave-number k, and the
line half-width Awf, investigated calculating numerically
the power absorption Pj(w) without the next higher-order

parts X(Slls_(w)” in (3.29b), scaled by w,, are displayed
varying tkhek wave-number k from 0 to 2.0 for the case of
the spin-magnitude S =1 and for the temperature T" and
the anisotropy energy hAK given by kgT/(fiw,)=1.0 and
K/w,=1.0. The approximate formula given by (4.22) are
displayed by the solid lines, and the results investigated
calculating numerically the power absorption Py (w) are dis-

played by the dots.

Figure 6: The approximate formula given by (4.22) for
the line half-width Awg, in the resonance region of the
power absorption Pj(w) with the wave-number k, and the
line half-width Awf, investigated calculating numerically
the power absorption Pj(w) without the next higher-order
1
i
varying the wave-number k from 0 to 2.0 for the case of
the spin-magnitude S =3 and for the temperature 7" and
the anisotropy energy hK given by kgT/(hw,)=1.0 and
K/w,=1.0. The approximate formula given by (4.22) are
displayed by the solid lines, and the results investigated
calculating numerically the power absorption Py (w) are dis-
played by the dots.

parts x (w)” in (3.29b), scaled by w,, are displayed
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Figure 7: The approximate formula given by (3.30) for
the resonance frequency wf, of the power absorption Pj(w)
with the wave-number k, and the resonance frequency wf,
investigated calculating numerically the power absorption
1
Stor
(3.29b), scaled by w,, are displayed varying the tempera-
ture T scaled by (fiw,)/ks from 0.1 to 1.1 for the cases of the
anisotropy energy hK given by K/w, =1.0,1.5,2.0,2.5, 3.0,
and for the spin-magnitude S=1 and the wave-number
k=m/6. The anisotropy energy is denoted as “A” [= K /w,]
in the figures. The approximate formula given by (3.30)
are displayed by the solid lines, and the results investigated
calculating numerically the power absorption Py (w) are dis-
played by the dots.

Pi.(w) without the next higher-order parts x (w)" in

Figure 8: The approximate formula given by (4.16) for the
peak-height HF, of the power absorption Pjy(w) with the
wave-number k, and the peak-height HE, investigated cal-
culating numerically the power absorption Py(w) without

the next higher-order parts Xf;ls* (w)” in (3.29Db), scaled by
k "~k

hiy? |Hi|?, are displayed varying the temperature T' scaled
by (hw,)/ks from 0.1 to 1.1 for the cases of the anisotropy
energy LK given by K/w, =1.0,1.5,2.0,2.5, 3.0, and for the
spin-magnitude S =1 and the wave-number k=7/6. The
anisotropy energy is denoted as “A” [= K/w,]| in the fig-
ures. The approximate formula given by (4.16) are dis-
played by the solid lines, and the results investigated cal-
culating numerically the power absorption Pj(w) are dis-
played by the dots.

Figure 9: The approximate formula given by (4.22) for
the line half-width Awf, in the resonance region of the
power absorption Py(w) with the wave-number k, and the
line half-width Awf, investigated calculating numerically
the power absorption Pj(w) without the next higher-order

parts X(S})S; (w)” in (3.29b), scaled by w,, are displayed
varying the temperature T scaled by (hw.)/ks from 0.1
to 1.1 for the cases of the anisotropy energy hAK given by
K/w,=1.0,3.0, and for the spin-magnitude S=1 and the
wave-number k=m/6. The anisotropy energy is denoted
as “A” [= K/w,] in the figures. The approximate formula
given by (4.22) are displayed by the solid lines, and the
results investigated calculating numerically the power ab-
sorption Pj(w) are displayed by the dots.
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for the cases of the wave-number k=0, 7/6 and for the spin-magnitude S =1, the temperature T" and the anisotropy
energy hK given by kgT/(hw.)=1.0 and K/w, =1.0. In Fig. 11, the magnetiation-amplitude A} (w) given by (3.34b)
are displayed by the solid lines, the results derived employing the relaxation method in the van Hove limit [27] or in

the narrowing limit [28], are displayed by the dot lines, and the ones without the next higher-order parts X(Sll o (w)
k~k
n (3.34b), are displayed by the short-dash lines. The magnetiation-amplitude A% (w) given by (3.34b), which have
been derived employing the TCLE method, includes the effects of the interference terms in the TCLE method, i.e.,
“the interference effects”, which represent the effects of the memory and initial correlation for the spin system and
phonon reservoir [17], and are neglected in the results derived employing the relaxation method [17] in the van Hove
limit [27] or in the narrowing limit [28]. Figure 11 shows that the interference effects produce the effects that increase
the magnetiation-amplitude and cannot be disregarded for small wave-number k in particular. Figure 11 also shows

that the effects of the next higher-order parts X(Sll 5
k "~k

of the line half-width Awj, in the resonance region of the magnetization-amplitude A} (w) given by (3.34b) for the
(1)
Sy Sk

(w)" are small in (3.34b). We derive the approximate formula

ferromagnetic spin system with the wave-number k, neglecting the next higher-order parts y
1)

(w) in the spin-wave
approximation, because the effects of the next higher-order parts Xg+ (w) are small in (3.34b) as seen in Fig. 11.

Neglecting the next higher-order parts in the spin-wave approx1mat10n the approximate formula of the peak-height
(height of peak) HY, in the resonance region of the magnetization-amplitude A} (w) given by (3.34b) becomes

HE, = 8 hoy [ Hi |\ (XL ()2 + (1+ XL (wl)? /(@) + T). (4.23)

In order to obtain the approximate formula of the line half-width Awy, in the resonance region of the magnetization-
amplitude A (w), we put as Awh, /2= (P} + U})y; for the first-step approximation of Awl,, which satisfies

1 VX (W) + (1 + X (why)? (X5 (wg (1 + X (wre))?
_HM ~ Sh~|H k\*"Rk k \""Rk ~ Gp H Rk k \""Rk ; 4.94

where we have approximated Xj(wyy + (@} + W) y1) with Xi(wy,) in the right-hand side of the above equation.
Equation (4.24) gives the positive solution as

yi+1=4, y =3, (4.25)
which leads the first-step approximation of Awp as
2 () + )y = 23 (B + Ty, (4.26)

Then, by putting as Awh, /2= (P}, + ¥})y, the approximate formula of the line half-width Aw}, in the resonance
region of the magnetization-amplitude A} (w), can be derived from the equation

V(X (i) + (1 + X (wgy))?

H,
Shv|Hil 2 (@), + Tr)
/ 1"(, M ! 2
(@5, + ‘I’k)2 (y* +1)
which can be rewritten as
o o g KR VB £ W) + (1 Xl + VB (0 + W) o

(X7 (wrp))? + (14 X (w0Re))?

By obtaining the positive solution of the above second-order equation for y, the approximate formula of the line
half-width Awy, in the resonance region of the magnetization-amplitude A} (w) can be obtained as

Aot =2 (@ + 1) % (XG (el + VB (@ + WP + {1+ Xy +VE(@ + W) (129)

{ Xk (wri)}? + {1+ XY (wpe) 1

In Fig. 12, the approximate formula given by (3.36) for the resonance frequency wy, of the magnetization-amplitude
A (w) with the wave-number k, and the resonance frequency wy, investigated calculating numerically the magnetization-

amplitude A} (w) without the next higher-order parts ngl _(w) in (3.34b), scaled by w,, are displayed varying the
k

wave-number k from 0 to 2.0 for the cases of the spin- magmtude S=1,3/2,2,5/2,3 and for the temperature 7" and

the anisotropy energy hK given by kg7 /(hw,)=1.0 and K/w,=1.0. In Fig. 12, the approximate formula given by

(3.36) are displayed by the solid lines, and the results investigated calculating numerically the magnetization-amplitude
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All(w) are displayed by the dots. Figure 12 shows that the numerical results of the approximate formula given by (3.36)
coincide well with the ones investigated calculating numerically the magnetization-amplitude A} (w), and that the res-
onance frequency wi, becomes large as the spin-magnitude S becomes large or the wave-number k becomes large. In
Fig. 13, the approximate formula given by (4.23) for the peak-height Hy, of the magnetization-amplitude A% (w) with
the wave-number k, and the peak—heigflt HY, investigated calculating numerically the magnetization-amplitude A} (w)
Sis;
k from 0 to 2.0 for the cases of the spin-magnitude S=1,3/2,2,5/2,3 and for the temperature T" and the anisotropy
energy hK given by kgT/(hw,)=1.0 and K/w,=1.0. In Fig. 13, the approximate formula given by (4.23) are dis-
played by the solid lines, and the results investigated calculating numerically the magnetization-amplitude A (w) are
displayed by the dots. Figure 13 shows that the numerical results of the approximate formula given by (4.23) coincide
well with the ones investigated calculating numerically the magnetization-amplitude A} (w), and that the peak-height
HY, becomes large as the spin-magnitude S becomes large or the wave-number k becomes large. In Fig. 14, the ap-
proximate formula given by (4.29) for the line half-width Awy, in the resonance region of the magnetization-amplitude
A (w) with the wave-number k, and the line half-width Aw}, investigated calculating numerically the magnetization-
1
s
wave-number k from 0 to 2.0 for the case of the spin-magnitudes S =1, 3 and for the temperature 7' and the anisotropy
energy hK given by kgT/(hw.)=1.0 and K/w,=1.0. In Fig. 14, the approximate formula given by (4.29) are dis-
played by the solid lines, and the results investigated calculating numerically the magnetization-amplitude A (w)
are displayed by the dots. Figure 14 shows that the numerical results of the approximate formula given by (4.29)
coincide well with the ones investigated calculating numerically the magnetization-amplitude A} (w), and that the line
half-width Aw}, in the resonance region of the magnetization-amplitude A} (w) with the wave-number k decreases
as the wave-number k becomes large, and decreases slightly as the spin-magnitude S becomes large. In Fig.15, the
approximate formula given by (3.36) for the resonance frequency wy, of the magnetization-amplitude A} (w) with the
wave-number k, and the resonance frequency wy, investigated calculating numerically the magnetization-amplitude
1
sis;
T scaled by (hw,)/ks from 0.1 to 1.1 for the cases of the anisotropy energy hK given by K/w,=1.0,2.0,3.0,4.0,5.0,
and for the spin-magnitude S =1 and the wave-number k =/6. The anisotropy energy is denoted as “A” [= K/w,]
in the figures. In Fig.15, the approximate formula given by (3.36) are displayed by the solid lines, and the results
investigated calculating numerically the magnetization-amplitude A (w) are displayed by the dots. Figure 15 shows
that the numerical results of the approximate formula given by (3.36) coincide well with the ones investigated calcu-
lating numerically the magnetization-amplitude AY(w), and that the resonance frequency wy, becomes large as the
anisotropy energy hK becomes large, and becomes large slightly as the temperature T becomes high. In Fig.16,
the approximate formula given by (4.23) for the peak-height Hy, of the magnetization-amplitude A} (w) with the
wave-number k, and the peak-height HF, investigated calculating numerically the magnetization-amplitude A} (w)
1
sis;
T scaled by (hw,)/ks from 0.1 to 1.1 for the cases of the anisotropy energy hK given by K/w,=1.0,2.0,3.0,4.0,5.0,
and for the spin-magnitude S =1 and the wave-number k =7/6. The anisotropy energy is denoted as “A” [= K/w,]
in the figures. In Fig.16, the approximate formula given by (4.23) are displayed by the solid lines, and the results
investigated calculating numerically the magnetization-amplitude A (w) are displayed by the dots. Figure 16 shows
that the numerical results of the approximate formula given by (4.23) coincide well with the ones investigated calcu-
lating numerically the magnetization-amplitude A} (w), and that the peak-height HY, becomes large as the anisotropy
energy hK becomes large, and becomes small as the temperature T" becomes high. In Fig.17, the approximate for-
mula given by (4.29) for the line half-width Awy, in the resonance region of the magnetization-amplitude A% (w) with
the wave-number k&, and the line half-width Aw}, investigated calculating numerically the magnetization-amplitude
1
st
T scaled by (fiw,)/ks from 0.1 to 1.1 for the cases of the anisotropy energy AK given by K/w,=1.0,5.0, and for
the spin-magnitude S=1 and the wave-number k=m/6. The anisotropy energy is denoted as “A” [= K/w,] in the
figures. In Fig.17, the approximate formula given by (4.29) are displayed by the solid lines, and the results investi-
gated calculating numerically the magnetization-amplitude A} (w) are displayed by the dots. Figure 17 shows that
the numerical results of the approximate formula given by (4.29) coincide well with the ones investigated calculating
numerically the magnetization-amplitude A} (w), and that the line half-width Awy, in the resonance region of the
magnetization-amplitude A (w) with the wave-number k increases as the temperature T' becomes high, and decreases
slightly as the anisotropy energy 7K becomes large. Each peak of the line shapes of magnetization-amplitude has the
hemline longer than those of the power absorption as seen in Figs. 1, 2, 10 and 11. Also, the line half-widths in the
resonance region of the magnetization-amplitude are larger than those of the power absorption as seen in Figs. 5, 6,
9, 14 and 17.

In the last of this section, we investigate numerically the interference effects, i.e., the effects of the memory and initial
correlation for the ferromagnetic spin system and phonon reservoir, in further detail. Those effects are represented
by the interference terms in the TCLE method [17], are the effects of deviation from the van Hove limit [27] or the
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without the next higher-order parts x (w) in (3.34b), scaled by hy |Hg|/w., are displayed varying the wave-number

amplitude A} (w) without the next higher-order parts x (w) in (3.34b), scaled by w,, are displayed varying the

Al (w) without the next higher-order parts x

(w) in (3.34b), scaled by w,, are displayed varying the temperature

without the next higher-order parts yx

(w) in (3.34b), scaled by hy |Hy|/w., are displayed varying the temperature
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Figure 10: The magnetization-amplitude A% (w) given by (3.34b) for the ferromagnetic spin system with the wave-
number k, scaled by A~y |Hy|/w., are displayed varying the frequency w scaled by w, from 1.0 to 7.0 for the cases of the
wave-number k=0, 7/6,7/4,7/3,7/2 and for the spin-magnitude S =1, the temperature T" and the anisotropy energy
hK given by kgT'/(hw,)=1.0 and K/w.=1.0. As the wave-number k becomes large, the resonance frequency and the
peak-height (height of peak) of the magnetization-amplitude A} (w) increase and the line half-width decreases.

Figure 11: The magnetization-amplitude A} (w) given by (3.34b) for the ferromagnetic spin system with the wave-
number k, the results calculated by the relaxation method [17] in the van Hove limit [27] or in the narrowing limit [28],
1

St
the frequency w scaled by w, from 1.5 to 3.5 for the cases of the wave-number k=0, 7/6 and for the spin-magnitude
S =1, the temperature T and the anisotropy energy i K given by kgT'/(hw,) =1.0 and K/w, =1.0. The magnetization-
amplitude A (w) given by (3.34b) are displayed by the solid lines, the results calculated by the relaxation method in
the van Hove limit [27] or in the narrowing limit [28], are displayed by the dot lines, and the ones without the next

higher-order parts ngll o (w) in (3.34b), are displayed by the short-dash lines.
k "~k

and the ones without the next higher-order parts x (w) in (3.34b), scaled by iy |Hy|/w,, are displayed varying

Resonance Frequency of Magnetization—Amplitude
25 T T T

W N Figure 12: The approximate formula given by (3.36)
for the resonance frequency wp, of the magnetization-
amplitude A} (w) with the wave-number k, and the res-
onance frequency wh, investigated calculating numeri-

cally the magnetization-amplitude A} (w) without the next

20

higher-order parts X(SllS’ (w) in (3.34b), scaled by w,, are
displayed varying thek V\l;ave-number k from 0 to 2.0 for
the cases of the spin-magnitude S=1,3/2,2,5/2,3 and for
the temperature T and the anisotropy energy hK given
by ksT/(hw,)=1.0 and K/w,=1.0. The approximate
formula given by (3.36) are displayed by the solid lines,
and the results investigated calculating numerically the
magnetization-amplitude AY(w) are displayed by the dots.
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Figure 13: The approximate formula given by (4.23) for
the peak-height H}, of the magnetization-amplitude A% (w)
with the wave-number k, and the peak-height Hy, investi-
gated calculating numerically the magnetization-amplitude
1
Sts
(3.34b), scaled by hy|Hg|/w., are displayed varying the
wave-number k from 0 to 2.0 for the cases of the spin-
magnitude S=1,3/2,2,5/2,3 and for the temperature T
and the anisotropy energy hK given by kgT'/(hw,)=1.0
and K/w,=1.0. The approximate formula given by (4.23)
are displayed by the solid lines, and the results investi-
gated calculating numerically the magnetization-amplitude
Al(w) are displayed by the dots.

Al (w) without the next higher-order parts x (w) in

Figure 14: The approximate formula given by (4.29) for
the line half-width Awl, in the resonance region of the
magnetization-amplitude A} (w) with the wave-number £,
and the line half-width Awj, investigated calculating nu-
merically the magnetization-amplitude A} (w) without the

next higher-order parts X(Slls_(w) in (3.34b), scaled by
w,, are displayed varying t,ilek wave-number k from 0 to
2.0 for the case of the spin-magnitudes S=1,3 and for
the temperature 7" and the anisotropy energy hK given
by kgT/(hw,)=1.0 and K/w,=1.0. The approximate
formula given by (4.29) are displayed by the solid lines,
and the results investigated calculating numerically the
magnetization-amplitude A (w) are displayed by the dots.

Figure 15: The approximate formula given by (3.36)
for the resonance frequency wy, of the magnetization-
amplitude A} (w) with the wave-number k, and the res-
onance frequency wy, investigated calculating numeri-
cally the magnetization-amplitude A% (w) without the next

higher-order parts X(SllS’ (w) in (3.34b), scaled by w,, are
displayed varying the tgmperature T scaled by (hw,)/ks
from 0.1 to 1.1 for the cases of the anisotropy energy
hK given by K/w,=1.0,2.0,3.0,4.0,5.0, and for the spin-
magnitude S=1 and the wave-number k=m/6. The
anisotropy energy is denoted as “A” [= K/w,]| in the fig-
ures. The approximate formula given by (3.36) are dis-
played by the solid lines, and the results investigated calcu-
lating numerically the magnetization-amplitude A% (w) are
displayed by the dots.
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HY T Figure 16: The approximate formula given by (4.23)
2000+ ] for the peak-height Hp, of the magnetization-amplitude

Al (w) with the wave-number k, and the peak-height Hp,
investigated calculating numerically the magnetization-
amplitude A} (w) without the next higher-order parts

XS£S; (w) in (3.34b), scaled by h7y|Hy|/w,, are displayed
varying the temperature T scaled by (hw,)/kg from 0.1
] to 1.1 for the cases of the anisotropy energy AK given
by K/w,=1.0,2.0,3.0,4.0,5.0, and for the spin-magnitude
S =1 and the wave-number k& = /6. The anisotropy energy
is denoted as “A” [= K/w,] in the figures. The approx-
imate formula given by (4.23) are displayed by the solid
lines, and the results investigated calculating numerically

, the magnetization-amplitude A}(w) are displayed by the
0.8 17T dots.
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narrowing limit [28], and produce the effects that increase the the power absorption and magnetization-amplitude in
the resonance region and cannot be disregarded, as seen in Figs. 2 and 11. In Fig. 18, the approximation of the rate
(Hg), — HEY)/HE, of the interference effects (HE, — Hp¥) for the peak-height Hf, of the power absorption Pj(w) with
the wave-number k, are displayed varying the temperature 7" scaled by hAw,/kg from 0.2 to 1.5 for the cases of spin-
magnitudes S=1,3, and for the anisotropy energy LK given by K/w, =2.0, the wave-number ¥ =0 and the daming
constant g given by Vi /w, =0.5. Here, the approximation for the peak-height HE, is the approximate formula given
by (4.16), and the approximation formula for the peak-height HFY, which is the one without the interference terms
in the peak-height HE, of the power absorption Py(w) with the wave-number k, is given by

Hgy" = S |Hy|? hwgy /(@ + Wa). (4.30)

In Fig. 19, the approximation of the rate (Hy, — HEY)/HY, of the interference effects (Hy, — Hyr) for the peak-
height HY, of the magnetization-amplitudes A} (w) with the wave-number k, are displayed varying the temperature T
scaled by hw,/kg from 0.2 to 1.5 for the cases of spin-magnitudes S =1, 3, and for the anisotropy energy hK given by
K/w,=2.0, the wave-number k£ =0 and the daming constant gy given by Jgi/w. =0.5. Here, the approximation for
the peak-height HY, is the approximate formula given by (4.23), and the approximation formula for the peak-height
HV, which is the one without the interference terms in the peak-height Hy, of the magnetization-amplitudes A} (w)
with the wave-number k, is given by

Hyi' = Shoy[Hy| /(9 + Uy). (4.31)
Figures 18 and 19 show in the resonance region that as the temperature T' becomes high, the interference effects for

Line Half-Width of Magnetization—Amplitude
0.5 ———————T——— 1

Aw Y

Figure 17: The approximate formula given by (4.29) for
the line half-width Awj, in the resonance region of the
magnetization-amplitude A} (w) with the wave-number k,
and the line half-width Awh, investigated calculating the
magnetization-amplitude A} (w) without the next higher-
1

Ster
are displayed varying the temperature T scaled by (fiw,)/ks
from 0.1 to 1.1 for the cases of the anisotropy energy hK
given by K/w, =1.0,5.0, and for the spin-magnitude S=1
and the wave-number k=7/6. The anisotropy energy is
denoted as “A” [= K/w,] in the figures. The approximate
formula given by (4.29) are displayed by the solid lines,
and the results investigated calculating the magnetization-
amplitude A (w) numerically are displayed by the dots.

0.4

0.3 (w) in (3.34b) numerically, scaled by w,,
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0.2

0.1

0.2 0.4 0.6 0.8 17T

the power absorption Py (w) and the magnetization-amplitudes Al (w) become large, and that as the spin-magnitude S
becomes large, those effects become large slightly in the in the low temperature region. In Fig. 20, the approximation
of the rate (HE, — HyyY)/Hp, of the interference effects (Hg, — Hgi") for the peak-height Hf, of the power absorption

Py (w) with the wave-number k, are displayed varying the daming constant 7 of the phonon reservoir, scaled by
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w, from 0.5 to 3.5 for the cases of the wave numbers k=0,7/6,7/4,7/3,7/2, and for the spin-magnitude S =1, the
temperature T given by kgT'/(hw,) = 1.0 and the anisotropy energy hK given by K/w, =1.0. Here, the approximation
for the peak-height Hf, is the approximate formula given by (4.16), and the approximation formula for the peak-height
HEY, which is the one without the interference terms in the peak-height HE, of the power absorption Py(w), is given by
(4.30). In Fig. 21, the approximation of the rate (Hy, — Hat)/HY, of the interference effects (HY, — HEV) for the peak-
height HY, of the magnetization-amplitudes A} (w) with the wave-number k, are displayed varying the daming constant
ek of the phonon reservoir, scaled by w,, from 0.5 to 3.5 for the cases of wave numbers k=0, 7/6,7/4,7/3,7/2, and
for the spin-magnitudes S =1, the temperature T given by kgT'/(hw,)=1.0 and the anisotropy energy hK given by
K/w,=1.0. Here, the approximation for the peak-height Hp, is the approximate formula given by (4.23), and the
approximation formula for the peak-height HytV, which is the one without the interference terms in the peak-height
H}Y, of the magnetization-amplitudes AY(w), is given by (4.31). Figures 20 and 21 show in the resonance region that
as the damping constant 7gy of the phonon reservoir becomes small, the interference effects for the power absorption
Py(w) and the magnetization-amplitudes A} (w) become large, and also that as the wave number k becomes small,
those effects become large in the small damping-constant region. As the damping constant ~gy, which is equal to the
inverse of the correlation time 7. of the phonon reservoir, become small, the phonon reservoir is damped slowly, and
the interference effects become large as the phonon reservoir is damped slowly. Thus, the interference effects produce
effects that cannot be disregarded for the high temperature, for the non-quickly damped reservoir or for the small
wave-number.

Interference Effect for Power Absorption Interference Effect for Magnetization—Amplitude
0.4 0.4

L (HE—HROIHE, (Hi—HS)/H
0.3F 3 0.3f .
0.2F 3 0.2f .
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S=1
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Figure 18: The approximation of the rate (Hg, — HErY)/HE,, of the interference effects (HE, — HpY) for the peak-height
HE, of the power absorption Py(w), are displayed varying the temperature T scaled by fiw, /ks from 0.2 to 1.5 for the
cases of spin-magnitudes S =1, 3, and for the anisotropy energy hK given by K/w, = 2.0, the wave-number k=0 and
the daming constant gy given by 1gx/w, =0.5. Here, the peak-height HE, is the approximate formula given by (4.16),
and the peak-height HErY is the approximate formula given by (4.30), which is the one without the interference terms
in the peak-height HE, of the power absorption Py (w).

Figure 19: The approximation of the rate (Hy, — Hyt")/Hy, of the interference effects (Hy, — HiyY) for the peak-height
HY, of the magnetization-amplitudes A} (w), are displayed varying the temperature 7" scaled by hw, /ks from 0.2 to 1.5
for the cases of spin-magnitudes S =1, 3, and for the anisotropy energy i K given by K/w. =2.0 and the wave-number
k=0 and the daming constant Vi given by ~ey/w.=0.5. Here, the peak-height Hy, is the approximate formula
given by (4.23), and the peak-height H}%V is the approximate formula given by (4.31), which is the one without the
interference terms in the peak-height H}, of the magnetization-amplitudes A% (w).

5 Summary and concluding remarks

We have considered a ferromagnetic spin system with a uniaxial anisotropy energy and an anisotropic exchange
interaction under an external static magnetic-field in the spin-wave region, interacting with a phonon reservoir, and
have studied the resonance absorption and transverse magnetization for such a spin system interacting with an external
driving magnetic-field, which is a transversely rotating classical-field, in the spin-wave approximation by employing the
TCLE method of linear response in terms of the non-equilibrium thermo-field dynamics (NETFD). The expectation
values of the z-component and y-component of the magnetization with the wave-number k& have been shown to
oscillate with the frequency w of the external driving magnetic-field and with the amplitude AY(w) given by (3.34).
We have analytically examined the power absorption and the amplitude of the expectation value of the transverse
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Figure 20: The approximation of the rate (Hg, — HErY)/HE, of the interference effects (HE, — Hpp¥) for the peak-height
HE,. of of the power absorption Py(w), are displayed varying the daming constant gy scaled by w, from 0.5 to 3.5,
for the cases of wave numbers k=0, 7/6,7/4,7/3,7/2, and for the spin-magnitude S =1, the temperature T given by
ksT/(hw,)=1.0 and the anisotropy energy hK given by K/w,=1.0. Here, the peak-height Hf, is the approximate
formula given by (4.16), and the peak-height HF;V is the approximate formula given by (4.30), which is the one without
the interference terms in the peak-height HE, of the power absorption Py (w).

Figure 21: The approximation of the rate (Hy, — Hyt")/Hy, of the interference effects (Hy, — HirY) for the peak-height
HY, of the magnetization-amplitudes A} (w), are displayed varying the daming constant g scaled by w, from 0.5 to
3.5, for the cases of wave numbers k=0, 7/6,n7/4,7/3,7/2, and for the spin-magnitude S =1, the temperature T given
by ksT/(hw,) =1.0 and the anisotropy energy hK given by K/w, =1.0. Here, the peak-height Hy, is the approximate
formula given by (4.23), and the peak-height Hpr" is the approximate formula given by (4.31), which is the one without
the interference terms in the peak-height Hp, of the magnetization-amplitudes A (w).

magnetization, which is referred as “the magnetization-amplitude”, for the ferromagnetic spin system, and have
derived the approximate formulas of the resonance frequencies, peak-heights (heights of peak) and line half-widths
in the resonance region of the power absorption and magnetization-amplitude. We have numerically investigated
the power absorption and magnetization-amplitude for an ferromagnetic system of one-dimensional infinite spins by
assuming a damped phonon-reservoir model in the region valid for the low spin-wave approximation, which includes
the dominant parts of the higher-order parts in the spin-wave approximation [5] and is referred as “the low spin-wave
approximation”. Here, the valid region means that n(t)/(4S), which corresponds to the expectation value of the second
term in the expansion given by Eq. (2.2), is smaller than about 0.01 in that region, where n(t) is the expectation
value of the spin deviation number. We have mainly obtained the following results by the numerical investigations.
1. The power absorption Pj(w) and magnetization-amplitude A} (w) for the ferromagnetic system with the wave
number k£ have a peak for each wave-number. As the wave number k£ becomes large, the resonance frequencies and
peak-heights (heights of peak) increase, and the line half-widths in the resonance region decrease. Thus, as the wave
number k£ becomes large, the line shapes of the power absorption and magnetization-amplitude show “the narrowing”
in the resonance region.

2. In the resonance region of the power absorption and magnetization-amplitude, as the spin-magnitude S becomes
large, the resonance frequencies become large, the peak-heights increase and the line half-widths decrease slightly, and
also as the anisotropy energy K becomes large, the resonance frequencies become large, the peak-heights increase in
the low temperature region and the line half-widths decrease slightly.

3. In the resonance region of the power absorption and magnetization-amplitude, as the temperature 7" becomes high,
the resonance frequencies become large slightly, the peak-heights decrease and the line half-widths increase.

4. The approximate formulas of the resonance frequency and peak-height for the power absorption Py (w) coincide well
with the results investigated calculating numerically the power absorption Py (w). The approximate formula of the line
half-width in the resonance region of the power absorption Pj(w) coincides well or nearly with the results investigated
calculating numerically the power absorption Pj(w). The approximate formula of the line half-width deviates slightly
from the results investigated calculating numerically the power absorption Pj(w) in small wave-number region for the
spin-magnitude S =1 and in high temperature region for the anisotropy energy LK given by K/w, =1.0, and coincides
well with the results investigated calculating numerically the power absorption Py (w) except those region.

5. The approximate formulas of the resonance frequency, peak-height and line half-width in the resonance region of the
magnetization-amplitude AY (w) coincide well with the results investigated calculating numerically the magnetization-
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amplitude A} (w).

6. The effects of the memory and initial correlation for the spin system and phonon reservoir, i.e., the interference
effects, which are represented by the interference terms or the interference thermal states in the TCLE method, are
confirmed to increase the power absorption and magnetization-amplitude in the resonance region, and become large
as the temperature 7" becomes high, as the phonon reservoir is damped slowly or as the wave number becomes small.
Thus, the interference effects produce effects that cannot be neglected for the high temperature, for the non-quickly
damped reservoir or for the small wave-number.

7. Each peak of the line shapes of magnetization-amplitude has the hemline longer than that of the power absorption.
Also, the line half-widths in the resonance region of the magnetization-amplitude are larger than those of the power
absorption.

We have analytically examined the power absorption Py (w) and the magnetization-amplitude A% (w) (the amplitude
of the expectation value of the transverse magnetization) for the ferromagnetic spin system with the wave number
k, and have derived the approximate formulas of the resonance frequencies, peak-heights (heights of peak) and line
half-widths in the resonance region of the power absorption and magnetization-amplitude. The approximate formulas
of the resonance frequencies wf, and wh, for the power absorption and magnetization-amplitude are given by (3.30)
and (3.36), respectively, i.e.

wry, & e + DY, why, = e + Y, (5.1)

with the imaginary part ®} of the ®j(ex) given by (3.18) or (4.3). The approximate formulas of the peak-heights
(heights of peak) Hf, and Hp, for the power absorption and magnetization-amplitude are given by (4.16) and (4.23),
respectively, i.e.

HE, = 592 [Hy [ Ry {1+ X[ (w5} (@ + W), (52)
H2Y 2 8 hoy | Hil \JTXL )12 4+ {1+ X701 /(@ + W), (53)

with Wy given by (3.19) or (4.4) and the real part ®) of the ®4(ex), where X, (w) and X}/(w) are the real and
imaginary parts of the corresponding interference term Xj(w) given by (3.16) or (C.2), and take the forms given
by (C.3a) and (C.3b), respectively As shown in Figs 3,4,7,8,12,13,15 and 16, the approximate formulas of the
resonance frequencies wh,, wy, and the peak-heights HF,, Hy, coincide well with the results investigated calculating
numerically the power absorption Pj(w) and the magnetization-amplitude A%(w) for the spin-magnitudes S >1 and
for the temperature T' and anisotropy energy hK given by kgT'/(hw,) < 1.1 and K/w, > 1.0. The approximate formulas
of the line half-widths Awf, and Awy, in the resonance region of the power absorption and magnetization-amplitude
are given by (4.22) and (4.29), respectively, i.e.

Awgy 222 (P, + Vi) {wry, Xi(wWap + (B, + Vi) 21) + (D + Vi) {1 + X5 (wpy, + (P + p) 1)}
+ {(Whe)? Xi(why + (@ + Wg) 21)” + (D, + Vi) {1 + X/ (why + (P} + Vp) 1)}
+ 2wy {1+ X7 (wre) H (P, + Wi) X (wryy + (9 + ) 1) 4wy {1+ X3 (wpy, + (P, + Wr) 1)}
— 2w (P, + Uy) X (wiy, + (D, + Og) 1) {1+ X/ (wiy, + (D, + Up) 1)}
— (@)L XJ W)Y} b1 + X (@)} — 2 (@) + W) X[ (wh + (B + W) 2)}, (5.4)

oo {XJ (Wl + V3 (@), 4+ Up)) 2+ {1+ XP (Wl + V3 (P, + Uy))}2
Ak =2 (01500 %‘ R . B Y T /=5 -t 5.5)
where 1 is given by
w1 & {Wh X7 (i) + (D) + W) {1 + X} (wiy)}
+ { (@R XL (B2 + {1+ XP (@B Y} + (B + TP {1+ Xp (whe)}?} %)
J{wne {1l + Xi (wpp)} — 2(@% + V) X (wip) }- (5.6)

As shown in Figs. 5,6,9,14 and 17, the approximate formulas of the line half-widths Awf, and Aw}, in the resonance
region of the power absorption and magnetization-amplitude coincide well with the results investigated calculating
numerically the power absorption Py (w) and the magnetization-amplitude AY (w) for the spin-magnitudes S > 1 and for
the temperature T' and anisotropy energy AK given by kgT/(hw.) <1.1 and K/w, > 1.0, except the slight deviations
for the line half-width Awf, of the power absorption Pj(w) in the small wave-number region of the case that the spin-
magnitudes S =1, the temperature T' and anisotropy energy iK given by kgT/(fiw,)=1.0 and K/w,=1.0, and in
the high temperature region of the case that the spin-magnitudes S =1, the wave-number k£ =7/6 and the anisotropy
energy hK given by K/w,=1.0.

The above approximate formulas obtained for the resonance frequencies, peak-heights and line half-widths in

the resonance region of the power absorption Pj(w) and magnetization-amplitude A} (w), are useful for investigating
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dependence of the line shapes on variation of various physical quantities. As examples, we investigate dependence of the
peak-heights and line half-widths on the anisotropy energy i K in the resonance region of the ferromagnetic spin system
with the wave number k and the damping constant 7g; of the phonon reservoir. In Fig. 22, the approximate formula
of the peak-height HE, in the resonance region of the power absorption, scaled by hvy? |Hy|?, is displayed varying the
daming constant gy of the phonon reservoir, scaled by w,, from 0.5 to 5.5 for the cases of anisotropy energies h K given
by A=K/w,=1.0,1.5,2.0,2.5,3.0, and for the spin-magnitude S =1, the temperature T given by kgT'/(hw.)=1.0
and the wave-number & =0. In Fig. 23, the approximate formula of the peak-height H}, in the resonance region of the
magnetization-amplitude, scaled by hvy|Hg|/w., is displayed varying the daming constant g of the phonon reservoir,
scaled by w,, from 0.5 to 5.5 for the cases of anisotropy energies hK given by A=K /w,.=1.0,2.0,3.0,4.0,5.0, and for
the spin-magnitude S =1, the temperature T given by kgT/(fiw,) = 1.0 and the wave-number k =0. Figures 22 and 23
show in the resonance region of the power absorption and magnetization-amplitude that as the damping constant gy
of the phonon reservoir becomes large, the peak-heights Hf, and HY, increase, and that as the anisotropy energy hK
increases, the peak-heights HY, and HY, increase. In Fig. 24, the approximate formula of the line half-width Awf, in
the resonance region of the power absorption, scaled by w,, is displayed varying the daming constant g of the phonon
reservoir, scaled by w,, from 0.5 to 5.5 for the cases of anisotropy energies A K given by A=K /w, =1.0,1.5,2.0,3.0,
and for the spin-magnitude S =1, the temperature T given by kgT'/(hw,) = 1.0 and the wave-number k =0. In Fig. 25,
the approximate formula of the line half-width Aw}, in the resonance region of the magnetization-amplitude, scaled
by w,, is displayed varying the daming constant gy of the phonon reservoir, scaled by w,, from 0.5 to 5.5 for the cases
of anisotropy energies AK given by A= K/w,=1.0,2.0,3.0,5.0, and for the spin-magnitude S =1, the temperature T'
given by kgT/(hw,)=1.0 and the wave-number k=0. Figures 24 and 25 show in the resonance region of the power
absorption and magnetization-amplitude that as the damping constant g of the phonon reservoir becomes large, the
line half-widths Awl, and Awl, decrease, and that as the anisotropy energy hK increases, the line half-widths Awf,
and Awy, decrease slightly. Figures 22 — 25 show in the resonance region of the power absorption and magnetization-
amplitude that as the damping constant gy of the phonon reservoir becomes large, the peak-heights Hf, and Hy,
increase and the line half-widths Awf, and Aw}, decrease. As the damping constant 4sj of the phonon reservoir,
which is equal to the inverse of its correlation time 7., become large, the phonon reservoir is damped quickly. Thus, as
the phonon reservoir is damped quickly, the line shapes of the power absorption and magnetization-amplitude show
“the narrowing” in the resonance region.
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Figure 22: The approximate formula of the peak-height Hf, in the resonance region of the power absorption, scaled
by hvy? |Hy|?, is displayed varying the daming constant g, of the phonon reservoir, scaled by w,, from 0.5 to 5.5 for
the cases of anisotropy energies hK given by A=K /w,=1.0,1.5,2.0,2.5,3.0, and for the spin-magnitude S =1, the
temperature T' given by ksT'/(hw,)=1.0 and the wave-number k =0.

Figure 23: The approximate formula of the peak-height Hp, in the resonance region of the magnetization-amplitude,
scaled by Ay |H|/w., is displayed varying the daming constant ~gs of the phonon reservoir, scaled by w,, from 0.5
to 5.5 for the cases of anisotropy energies hK given by A=K/w,=1.0,2.0,3.0,4.0,5.0, and for the spin-magnitude
S =1, the temperature T given by ksT/(hw,)=1.0 and the wave-number k= 0.

We have discussed the linear response of a ferromagnetic spin system interacting with a phonon reservoir to an
external driving magnetic-field, which is a transversely rotating classical field, by employing the TCLE method in
the second-order approximation for the system-reservoir interaction, including the effects of the memory and initial
correlation for the spin system and phonon reservoir, i.e., the interference effects (the effects of interference between
the external driving field and the phonon reservoir), which are represented by the interference terms or the interference
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Figure 24: The approximate formula of the line half-width Awf, in the resonance region of the power absorption,
scaled by w,, is displayed varying the daming constant 7gj of the phonon reservoir, scaled by w,, from 0.5 to 5.5
for the cases of anisotropy energies AK given by A=K/w,=1.0,1.5,2.0,3.0, and for the spin-magnitude S =1, the
temperature T given by ksT/(fiw,)=1.0 and the wave-number k=0.

Figure 25: The approximate formula of the line half-width Awj, in the resonance region of the magnetization-
amplitude, scaled by w,, is displayed varying the daming constant g of the phonon reservoir, scaled by w,, from 0.5
to 5.5 for the cases of anisotropy energies hK given by A=K /w, =1.0,2.0,3.0,5.0, and for the spin-magnitude S=1,
the temperature T' given by ksT'/(hw,)=1.0 and the wave-number k= 0.

thermal state in the TCLE method, give the effects of the deviation from the van Hove limit [27] or the narrowing limit
[28]. The interference effects are the effects of collision of the spin system excited by the external driving field with
the phonon reservoir, and influence the motoin of the spin system according to the motion of the phonon reservoir,
and therefore those effects increases the power absorption and magnetization-amplitude in the resonance region for a
non-quickly damped phonon-reservoir as seen in Figs. 2 and 11, because the external driving field excites not only the
spin system but also the phonon reservoir in that region. The interference effects become large as the temperature
becomes high as seen in Figs. 18 and 19, and also become large as the phonon reservoir is damped slowly or as the wave
number k£ becomes small as seen in Figs. 20 and 21, and thus those effects produce effects that cannot be neglected for
the high temperature, for the non-quickly damped reservoir or for the small wave number k. If the phonon reservoir is
damped quickly, that is to say, the relaxation time 7, of the spin system is much greater than the correlation time 7. of
the phonon reservoir, i.e., 7,. > 7., as being discussed in Ref. [17], one obtains the transverse susceptibility er‘% s (w)

given by (3.38) without the interference thermal state |D( [w]) in the transverse susceptibility x Sts: (w) [(3.9)] derived
employing the TCLE method [17]. The susceptibility X S+ _(w) is derived employing the relaxation method [17] in
k

the van Hove limit [27] or in the narrowing limit [28§], and is valid only in the limit in which the phonon reservoir 1s
damped quickly [17]. Since the transverse relaxation times of the ferromagnetic spin system are equal to (@}, + U) "

according to (3.36) and (3.37) in Ref. [9], where @}, and ¥, are given by (4.5a) and (4.4), and the transverse correlation
time of the phonon reservoir is equal to (yax) ' according to (4.1a) or (4.1b), we have (¥ + W)~ 1> (i) 7!, ie.,
(@}, + ¥)) < Yri, or (the transverse correlation time (yei) ™' =77 of the phonon reservoir) — 0 in the van Hove limit
[27] or in the narrowing limit [28]. In this limit, since the corresponding interference terms Xy (w) vanish according to
(C.2), (C.3a) and (C.3b) as seen in Figs. 20 and 21, the transverse susceptibility becomes XS? ?( w) given by (3.38),

and therefore one cannot discuss theoretically variations of the peak-heights and line half-widths in the resonance
region of the power-absorption and magnetization-amplitude, because the peak-heights approach to oo and the line
half-widths approach to 0 in that limit as seen in Figs. 22 —25. The transverse magnetic susceptibility Xsts- (w)
derived employing the second-order TCLE method is valid even if the phonon reservoir is damped slowly, in the
region valid for the second-order perturbation approximation. Thus, the TCLE method is available for a spin system
interacting with a non-quickly damped phonon-reservoir as well, and one can discuss theoretically variations of the
peak-heights and line half-widths in the resonance region of the power-absorption and magnetization-amplitude derived
employing the TCLE method, whereas one cannot discuss theoretically variations of the peak-heights and line half-
widths employing the relaxation method [17] in the van Hove limit [27] or in the narrowing limit [28], in which the
phonon reservoir is damped quickly [17].

We have analytically examined the power absorption and magnetization-amplitude in the resonance region of a
ferromagnetic spin system interacting with a phonon reservoir in the spin-wave region [6], including not only the low-
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order parts but also the next higher-order parts in the spin-wave approximation, and have derived the approximate
formulas of the resonance frequencies, peak-heights (heights of peak) and line half-widths in the low spin-wave ap-
proximation. We have numerically investigated a ferromagnetic system of one-dimensional ininite spins in the region
valid for the low spin-wave approximation, and have shown that the approximate formulas of the resonance frequen-
cies, peak-heights and line half-widths, coincide well or nearly with the results investigated calculating numerically
the analytic results of the power absorption and magnetization-amplitude in the resonance region, and satisfy “the
narrowing condition” that as phonon reservoir is damped quickly, the peak-heights increase and the line half-widths
decrease, and thus we have numerically verified the approximate formulas. The approximate formulas obtained for
the resonance frequencies, peak-heights and line half-widths in the resonance region, may have to be verified for the
various cases both experimentally and by the other theoretical method, e.g. the simulation method. We have also
investigated numerically the effects of the memory and initial correlation for the spin system and phonon reservoir,
i.e., the interference effects (the effects of interference between the external driving field and the phonon reservoir),
and have shown to produce effects that cannot be neglected for the high temperature, for the non-quickly damped
reservoir or for the small wave-number. Although the numerical investigation have been performed for a ferromagnetic
system of one-dimensional infinite spins, the analytic results obtained in the present paper are available for the two-
and three-dimensional spin systems as well.

A Derivation of formulas useful for the perturbation calculations

In this Appendix, formulas useful for the perturbation calculations are derived. Taking the perturbed part Hg; given
by (2.12) in the Hamiltonian Hs of the spin system by neglecting the parts of higher order than the fourth power of
aj, a;» in the spin-wave approximation, as (3.23), the hat-Hamiltonian Hg; (¢) defined by (3.11) takes the form

Haa(t) = > es(h, K){all(t) afls (1) an(t) an o (t) — aff () af1 g (8) ane (£) anor ()}
k,k’,k”

= > ealk, K) nlen){af! (1) an(t) = alf (1) an(0)}, (A1)

E, K/
where we have defined the Heisenberg operators as [19, 20, 23, 9]
ar(t) = U (8 ax U (1), alf (t)y = U~ (t) al U (D), (A2)

and their tilde conjugates. By using the axioms and transformations provided in Refs. [20, 23, 9] and the forms of the
quasi-particle operators [9] in the NETFD, we can derive the forms of (1s|ay(t)Hs1(7) and <1s|ay(t)7:l51(7) for Hs1
given by (3.23) as follows,

(Is| ax U (t) Hsi (7) = (1s| a(t) Hs1 (1) = 2,/ (£)(1s] ax(t) Hs1 (7), (A.3a)
=2,"2(7) (15| () Han (7) exp{(— i (ex + ®F) — @}, — L) (t — )}, (A.3b)
= Z,(7)(1s| [an(7) = ha(r) af (7) , o1 (7) ] exp{(— i (ex + DY) — @}, — Vi) (t — 7))}, (A.3¢)

{ Z {ea(K, k)(1s| afl o (7) aws (7) angnr (7) + e3(B”, K)(1s| alf (7) aor (7) aps g i—per (7) }

N
—Zeg (k, k') nlexr)(1s] ag (T )}Zk(T)(l—hk(T))eXp{(—i(ek—l—(I)%) — @) — W) (t—1)}, (A.3d)
- { Z {es(k' k) + es (k' k' + K")}(Ls| afl 1 (7) ans (7) @i (7)
K,k
- ZEQ ke, k) n(ew) (15| ax (7 )} exp{(—i(ex + ®) — ) — W)t — 7))}, (A.3e)

:{ Z {ea(K' k) + es(W K + k)Y 2220 (7) 232 (1) 232 (7)
kl7k1/

% (1| i () (0 (7) + i (7) Gy (7)) (et (7) + B (7) G (7))
—ZEQ (, k) aer) 22 (r) (15 on(r) b expl (= i (e + @) — B, — W)t = 7)), (A.3)

={ Z {ealk', k) + sk K + K"} 2)/*(1) 205, (1) 2)/2,,(7)
k/7 k/l

x (Ls|{ o (7) Qs (T) Gk (T) + B (7) e (T) k1 + P (7) ke (7) G0 }
—Zez (k, k') A(er) Z2/ % (r )<1s|ak(7)}exp{(—i(ek+q>g)—q>;—qfk)(t_r)}, (A.3¢)
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(1s] al U(t) Hsa (7) = (Ls| af (1) Her (1) = 2% (1) (Ls| e (t) Hs1 (7), (A.da)

=2,/2(7) (15| G (7) Hs (7 >exp{<z (ek + DY) — B — W) (£ — 7))}, (4.4b)
= Zi(r) (1s| [an(r) — hu(r) ai] (7). Hsa (7) ] exp{ (i (en + @) — @) — T) (¢ — 7)), (A.4c)
:{_ Z {es(k, k') (Ls| afl (1) afl o (7) agr s (7) + es (K k") (Ls| all, (7) all o (7) @i (1)}
=
+Z€2 (k, k") fi(eps <1s|a "(r )}Zk(T)(l — hi (7)) exp{(i (ex + ®}) — @) — Up)(t — 7)}, (A.4d)

— {_ Z {63 k’k ) + E3(k, + kllyk,)}<1s| G,LT(’T) GL:_M/(T) ak/+k//(7')

Kk
+ZEQ k, &) (e ) (1s| all (7 )}exp{(i (e + BY) — B, — Tp)(t — 1)}, (A.de)
-{- Z {es(k, k') + (K + k" KN} 232 (7) 2050 (1) 21200 (7)
K, k'
X (Ls| G (7) (4 () + G (7)) (@ ot (T) + g (T) @ (7))
+ZEQ (k, k') filew) 2% (r )<1s|dk(7)}exp{(i (e + @) — ®f, — W)(t — 7))}, (A.4f)

-{- Z {es(k, k') + es(K + K" KV} (1) 250 (7) Z3)2 (1)

k' k!
X (1s|{ @ (7) Ghyrrr (7) s (7) + By (7) @ (7) Opr & + hir () G (7) Skr 0 §
+ Zez (k, ') Aler) Z2/2(7) (1] ozk(f)} exp{(i (e + ) — ®), — Wp)(t — T)}. (A.dg)

B Derivation of the next higher-order parts ngll o (w)
k~k

In this Appendix, we derive form of the next higher-order parts X( ) ( ) given by (3.22) with (3.23) for the transverse

magnetic susceptibility x St S;( w) in the spin-wave approx1mat10n, usmg the quasi-particle operators introduced in
Ref. [9]. The first term of (3.22) with the spin-wave interaction Hs; given by (3.23) can be calculated by using (A.3g)
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and the form of ng(t) [= <1s|ay (t)ak(t)|po)] given in Refs. [9], as follows,

(first term of X(Slls* (w) [(3.22)]),
k "~k
S h'yz

[e%} t
/ dt/ dr (15| ar(t) Hs1 (7)(a}, — ax) [po){1 — i Xi(w)} exp(iwt),
_Sh
7 / dt/ dr Z{EB (K K) + ea (K K + k")) Z02(0) 21200 (0) 2120 (7)

x (1s| { (7 ak+k<>ak+k<>+hk+k<> b(7) 8k + hae (7) @ (7) Gir 0}
=Y ealk, K aler) 2/ (7) (Ls  an(r) o o) Z;/*(0)(1 = hi(0)) {1 = i X ()}
T

x exp{(—i (e + ®) — B — W) (t — 7) +iwt),

= ShTny /OO dt/ dTZ {(Eg(k, k)) —+ 63(k, k 4+ k‘/)) Ntk (’7‘) —+ (63(]6’, k‘) + 63(1?7/, kl)) Nk (T)

— ea(k, K') n(er) H{1 — i Xpp(w)} exp{(i (w — &, — @) t — (D}, + W) t},
ST” / dt/ dTZ{{eg (ks ) + €5k, 1) + e, k) + e(k, k) mge ()
— ea(k, k') en) H{1 =i Xpo(w)} exp{(i (w — e — ®}) t — (D}, + V) 1},
/O dT/T dtzk;{q k, kN (n — fi(ew ) exp(—2 @4, 7) + nlew )}
— ea(k, K') n(er) H{1 — i Xp(w)} exp{(i (w — &, — @) t — (D}, + W) t},

h dr Z e2(k, k") (ngr — nex)){1 — i Xi(w)} exp(—2 @}, 7)
v

~ Sh~y?

~ Shy?
==

" exp{(i (w—ep — ®Y) 7 — (P}, + ¥p) 7}
—i(w—e€ — DY)+ D)+ Py
:Sh’}/Q Z €2(l€,kl) (nk’ —’ﬁ(€k/)){1—’LXk(W)}
{—i(w—e =)+ P, + VU H{—i(w—€p —P))+ D) + ¥ +2P,,}

where we have used that according to (2.9b), (2.10) and (2.14),
Eg(k, k)) + 63(k, k/) + Eg(k/, k)) + 63(1?7’, k‘,) = 63(k, k) +2 Eg(k, k/) + Eg(k/, k/) = Gg(k, k/),
and have substituted the form of ny(t) [= <1s|ay (t)ak(t)|po)] given in Refs. [9]:

ni(t) = (Lslay (ar(t)|po) = {n = ner)} exp(—2 @ 1)) + Aler),
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with ng =ng(0) = <1s|a2ak|po>. The second term of (3.22) can be calculated as follows,

(second term of X(l) (w) [(3.22)])

SFsy
h N . .
= SLN / dt (1l afl oo (8) @ (6) ap (8) (], — @) [po){i + Xi(w)} expliwd), (B.4a)
k//
/ dt 212 o (6) 222 () 222 () 22 (0) (1 = hg(0)) {i + X (w)} exp(iwt)
k./ k.//
X (1] g (1) (s () + P () & (8)) (v () + B (8) ik (8)) . Lo, (B.4b)
/ dt 212, (0) ZY2(6) ZY2(8) 27 72(0) i + Xi(w)} expliw)
k./ k.//
X (U |{thr g ror— 1 (£) cone (8) cupr (£) + g (£) o (8) S, 1o + Poas (£) vk () O, 1} i | o), (B.4c)
Z / 0t 212 (0) Z12(0) ZY2(6) 27 2(0) i + Xu(w)} expliwt)
k//
X (h/k”( )6k’, k =+ hk’ (t) 5k”, k) exp{— 7 (Ek + (b%)t — ( ;v + \I/k) t}, (B4d)
A 2 00
_ ﬁ Z/ dt {i + X3(w)} Zir (8) b (1) expli (0 — e — ®Y) £ — (@), + Wp) 8}, (B.4e)
h
— ﬁ / it {i + X(w)} s (8) expi (w — e — DY) £ — (@ + Te) 1}, (B.41)
Z{ nk/ —n(ek/)) {Z+Xk( )} n (Gk/){Z+Xk(u})} } (B 4g)
—i(w—€e =P+ P+ U +2P), —i(w—e— D))+ D)+ Uy '
where we have substituted (B.3). The third term of (3.22) can be calculated as follows,
(third term of XS*S (w) [(3.22)])
h
= _7 Z / dt (15| axU(t )(ak1 a};Qakﬁkz k— a21+k2 w0k Qky) |po) exp(iwt),
k?h k2
h
=—1 S—VN Z / dt (15| ax(t) (al, az,, 4k —f — aL,Jrk,, w Gk Qi) | po) expliwt), (B.5a)
k//
—7 dtZl/ (15| an(t) (al, al, aprsrr—i — @ g ) |po) expliwt) (B.5b)
N S| Xk it Qprr AR+ K —k k! + k' —k Yk Uk Po p ) .
k//
_ / dt Z/*(0) 2,12 (0)Zi 02 (0) Z4] 2 1 (0) exp{— i (e, + @) t — (®, + W) t}
k/l
X <1S| g {(Oéi, —+ &k/)(ai,, —+ &k”) hk:lJrk”fk(O) &i’+k”—k
— (@ + ) (@ + i (0) @) T (0) e o) expli wit), (B.5¢)
/ dt 2} (0) 22 (0) 22 0) 2L 2 11 (0) expli (w — e — B ¢ — (B + W) £}
k//
X L (0) O, ke 4 s (0) O, k7 — T (0) Py (0) S,k — P (0) Pt (0) S, w7} (B.5d)
:—Z—Z/ dtZk 0)(1—hk(0)) Zk/(O)hk/( )exp{l( W — €L —(I)”)t— ((I)k +\I/k) t}, (B5e)
hy? g
__h B.5f
Z4N —Z'(w—Ek—q)%)ﬁ-q)%'f'\I/k’ ( 5)

k/
where Z(0)(1 — hg(0)) =1 and Zx(0)h(0) =nk(0) =ng. Thus, we obtain the form (3.24) of the next higher-order
parts X(Sll o (w) of the transverse magnetic susceptibility Xstso (w).

C Calculation of corresponding interference terms X (w)
In this Appendix, we derive the concrete forms of the the real part X (w) and the imaginary part X;/(w) of the

corresponding interference terms Xy (w) given by (3.16) or (3.20). In order to deal with the fractions in the calculations
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of the corresponding interference terms Xy (w) given by (3.16) or (3.20), we use the following form for @y (e) defined
by (3.18) with the phonon correlation functions given by (4.1a) and (4.1b):

Bl0) =3 [ dr S loraP1sl1Bra(). Bl on) explic) = o152 (C1)
T e ) T ome '
Then, the corresponding interference terms Xj(w) can be calculated using (C.1) and (4.6) as follows,
d - o L4 - -
o) = P = Oule) | Wil —a) =
W — €L W — €L
25/2 25/2
_ { : 91 S/ _ : 91 S/ }/(w_ek)
—i(w—wrk) F e (6 — Wrk) + Rk
2 = = 1 2 = = 1
+ {QQ_n'(kaz{n(ka) + } _ 92 n(ka){n(ka) + }}/(w _ €k),
i(w—e€r)+ 2k 2 Yk
_ igi S/2 i g3 n(war) {n(wnk) + 1} (c.2)
{—i(w—wne) + {7 (er —wnn) +mr}  27me{—7(w—ex) + 29} '
which leads to the real part X}, (w) and the imaginary part X}/(w) as
X! (w) = — 91 (5/2) ywie (w + e — 2wrp) g5 (wr){A(wrr) + 1} (w — ex) (C.3a)
; {(w —wnr)® + (van)? H(er —wre)? + (me)?} 29me{(w — ) + 4 (van)?}
ey 93 (8/2){(vmk)? = (w — wak)(er — wri)} 95 n(wak) {7 (war) + 1}
Xi(w) = 5 5 5 5 (C.3b)
{(w —wnr)? + () Hler —wri)® + (mr)?} - {(w — ) + 4 (me))?}
D Derivation of the equilibrium number n; of the spin deviation
In this Appendix, we derive the form of the equilibrium number ny [= <1s|a;2ak|p0)] of the spin deviation up to the
second order in powers of the spin-phonon interaction. The ket-vector |pg) [ = (1xz|pre)] can be expanded in powers of
the spin-phonon interaction as [24]
lpo) = lps) + ) + -+, (D.1)
where the second-order part |p(()2)) of |po) in powers of the spin-phonon interaction Hsg, is given by [24]
(2) B1
/ dﬁl dB>( 1 |{ Hsn(—ih1)Her(—ihfB2) — (Lsa| Hsa(—ih1)Hr(—ihB2) | pr) o) | or) |ps)s  (D.2)
with notation (1sg| = (1s|(1z|. Here, ps is given by
ps = exp(—3Hs)/(1s| exp(—BHs)) = exp(—B Hs)/trs exp(—B Hs), (D.3)

which is the normalized, time-independent density operator for the spin system at temperature T = (kg3)~t. As

done in Ref. [24], the second-order part | p(()2)> can be expressed with time-integrals alone by transforming inverse-
temperature-integrals into time-integrals as

) = - / dry / drs (1a| Hsn(— 72) Hsa(— 71) |pw) [ps) exp(— n )|, - (D-4)
0 0

In Egs. (D.2) and (D.4), Hgr(t) and Hs(t) are defined by Hsg(t) = exp{i (Hs + Ha) t/h}Hsp exp{— i (Hs + Ha)t/h}
and Hsp(t) = exp{i (Hs + Ha) t}Hsp exp{—i (Hs + Hz) t}. By substituting (2.22) into (D.4), the second-order part
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|p(()2)> can be written as

(2) / dﬁ/ dTQZ|91a| exp(— l”'l)|uﬂ+0

x {(ax — ak>{ak<1R|B,m<n — 72)Bralpr) — an(1a|Bra Bl (11 — 72)|pa) Hps) exp{—i ex(ri — 2)}
+ (af — an){ar(1n|Bra(m1 — 72) Bl,|on) — @ (1a|Bl, Bra (11 — 72) o) }lps) exp{i ex(m1 — )} }

/ dn / drs 37 3 g2, (S — af, ar,) — (S — af, ) b exp(— i) o

kl kz «
x {(S — a], ak, ) (1a|A(B] o (71 = 72) Biya (11 — 72))A(BY, , Brao) | ps)|os)
— (S = @} ar,) (1n|A(B]  Brya) A(BY, (11 — 72) Biya(m1 — 7)) or) ps) } (D.5a)

S [e’e} T1
0 0 k, o

x {(ar — &} ){a] (1a Bl (7) Bralpn) — x{La| Bra Bl (r) pw)}ps) exp(— i €, 7)
+ (a}, — ) {ar{1a| Bra (1) Bl lon) — @l (1a| Bl Bra (7)|8) }ps) explici 7)}

a
/dﬁ/ dr >3 g5, (S — af ar,) — (S — @, ax, )} exp(— 1) [0

kl kz (e}
x {(8 = af,ar, ) (1a|A(B, o (7) Buya (7)) A(BY,  Brsa)|r)
— (8 =}, dr, ) (I A(B], o Braa) A(BY (1) Biya (7)) | pr) }ps) (D.5b)
with the notation A(B,La( )Bia (7)) = ( )Bra (T) — <1R|B,1aBka|pR> where B (T ) and B};a(T) are the Heisen-

berg operators By, (T) = exp(z'HRT/h)Bka exp( iHg7/h) and Bla( ) = exp(iHp7/h) B} to €Xp(—iHgT/h) of the phonon
reservoir. Here, we have ignored the higher-order parts in the spin-wave approximation. Then, <1s|a2ak| p82)> can be
calculated by using the phonon correlation functions (4.1a) and (4.1b) as follows,

<ls| akak |p(2) Z | Jla | / dT/ dm eXp ,UTl) |u_>+o

(sl ) 1l B (7L ) — (1w ) (1 Bl B (7)) i )
+ {(1slafalps) (1a Bra Bl (7)low) — (slarab|os){1al B, () Bialpa)} exp(~ i)}, (D.6a)

= S/ dr- TRGZ | 910 | {ﬁ(Gk)<]—R|Bka(7—)BZa|pR> exp(i €k T)
0 «

— {n(ex) + 1}(1a| B, (7) Bralpr) exp(— i ex 7) }, (D.6b)
= —ReS 8’(3% /0 dT{ﬁ(Ek) gf {n(wek) + 1} exp(— i wpke T — Vrk T + i €5 T)
—{n(er) + 1} gF n(war) expliwpp T — Yk T — i €, T) }, (D.6c)
_ {nler) + 1} n(wnr) — n(ex){n(wnk) +1}

S . 8 TRk f { i (Gk - ka) + TRk —1 (Ek — ka) + YRk } (D6d)
o2 0 {n(er) + 1} nwnr) — n(ex){n(wnr) + 1} 2 9 ni(wak) — n(er) o
T g ™ (er —en)? + () =50 g ™ (e — )P (i (D.6e)
= S g2 {A(wnr) — 7i(e ! - 2 (ome)°
=St rlons) ~ 1N = G (G —o® + O (60

which gives the equilibrium number ny, [= <1s|azak|po>} of the spin deviation as

i = (1] af ar, |po) = (1s] af ax. |ps) + (1s] af ar, ),
(er — wrk)? — (Var)?
{(er — wrr)? + (mi)?}?’

= (er) + 5 gF {A(war) — Aler)}

with 7i(eg) given by (2.15).

E Investigation of the region valid for the low spin-wave approximation

In this Appendix, we investigate numerically the region valid for the low spin-wave approximation, which includes
the dominant parts of the higher-order parts in the spin-wave approximation [5] and is referred as “the low spin
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wave approximation”, in the ferromagnetic system of one-dimensional infinite spins. When the expectation value
n/(4S) [=(n;)/(4S)= <a a;)/(45)] of the second term in the expansion (2.2) is smaller than about 0.01, the low
spin-wave approximation is considered to become valid. In order to investigate the region valid for the low spin-wave
approximation, we consider the expectation value n(t) of number a}aj [=n;] of the spin deviation, which is referred
to as “the spin-deviation number”. The expectation value n(t) is defined in the low spin-wave approximation by

NZ 1s|a .a; U(t)|po) = N Z 1s|akakU )po) = an (E.1)

with |po) = (1g|pre), where ny(t) is defined in Ref. [9] and takes the form given by (B.3) [9]. Here, we have performed
the Fourier transformation (2.6) and their Hermite conjugates. The spin-deviation number n(t) can be calculated
by substituting ny [=mn(0)] given by (4.8) into (B.3), by replacing the wave-number summation with the numerical
integration (4.13) and by using the approximate form (4.14b) of €. We perform the numerical calculation for the case
that g1 /w, = g2/w. = 0.25 for the coupling constants g; and gs between the spin and phonon, and that ¢ [= J2/J1]=1.0
and Jy/w, =1.0, i.e., J; =Jo=J =w,. We consider the case that V;/w,=0.5, wpo/w, =0.5 and Vgr/w.=0.5. In Fig.
26, the spin-deviation number n(t) given by (E.1) is displayed varying the time ¢ scaled by 1/w, from 0 to 500 for
the cases of the spin-magnitudes S=1, 3/2, 2, 5/2, and for the temperature T given by kgT/(hw,)=1.0 and the
anisotropy energy hK given by K/w,=1.0. Figure 26 shows that as the time ¢ becomes large, the spin-deviation
number n(t) decreases and approach to the finite value, and that as the the spin-magnitude S becomes large, n(t)
decreases. Thus, the spin-deviation number n(t) is the decrease function of the time ¢ and spin-magnitude S, and
approaches the finite value n(oco) in the infinite time limit (¢ — oo). In order to confirm the region valid for the low
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Figure 26: The spin-deviation number n(t) given by (E.1)
is displayed varying the time ¢ scaled by 1/w, from 0 to 500
0.02+ - for the cases of the spin-magnitudes S=1, 3/2, 2, 5/2, and
for the temperature T given by kgT'/(fiw,)=1.0 and the
anisotropy energy hK given by K/w,=1.0. As the time
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spin-wave approximation, we investigate numerically the spin-deviation numbers n(0) and n(co) at the initial time
(t=0) and in the infinite time limit (¢ — 0o0), which are given by

= %zk:nk, n(oo) = % Zﬁ(ek). (E.2)

k

In Fig. 27, the spin-deviation numbers n(0) and n(oco) are displayed varying the temperature T scaled by hw, /kg from
0 to 1.5 for the cases of the spin-magnitudes S =1, 3/2, 2, and for the anisotropy energy hK given by K/w, =1.0. The
spin-deviation number n(0) at the initial time (¢=0) is displayed by the solid lines, and the spin-deviation number
n(oo0) in the infinite time limit (¢ — oo) is displayed by the short dash lines. Figure 27 shows that as the temperature
T becomes high, the spin-deviation numbers n(0) and n(co) increase. In Fig. 28, the spin-deviation numbers n(0) and
n(oo) are displayed varying the anisotropy energy hK scaled by hw, from 0 to 5.0 for the cases of the spin-magnitudes
S=1, 3/2, 2, and for the temperature T given by kgT'/(fiw,) =1.5. The spin-deviation number n(0) at the initial time
(t=0) is displayed by the solid lines, and the spin-deviation number n(co) in the infinite time limit (¢ — oo) is displayed
by the short dash lines. The anisotropy energy is denoted as “A” [= K/w,] in the figures. Figure 28 shows that as
the anisotropy energy hK increases, the spin-deviation numbers n(0) and n(cc) decrease. Figures 26 — 28 show that
when the spin-magnitudes S =1, the expectation values 1(0) and n(co) of the spin-deviation numbers are smaller than
about 0.04 in the regions of the temperature T and anisotropy energy K given by kgT'/(hw,) <1.1 and K/w, > 1.0,
or by ksT/(hw,) <1.5 and K/w, >2.0. In these regions, the expectation value n/(45) [=(n;)/(45) = (a a;)/(4S)] of
the second term in the expansion (2.2) is smaller than about 0.01 for the spin-magnitudes S =1. Therefore when the
spin-magnitudes S =1, the low spin-wave approximation is valid in the regions of the temperature 7" and anisotropy
energy hK given by ksT/(hw,) <1.1 and K/w, > 1.0, or kgT/(hw,) <1.5 and K/w, >2.0. When the spin-magnitudes
S is larger than 1, the region valid for the low spin-wave approximation become wider than those regions.
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Figure 27: The spin-deviation numbers n(0) and n(oo) are displayed varying the temperature T scaled by hw. /kg from
0 to 1.5 for the cases of the spin-magnitudes S =1, 3/2, 2, and for the anisotropy energy hK given by K/w,=1.0. The
spin-deviation number n(0) at the initial time (¢=0) is displayed by the solid lines, and the spin-deviation number
n(oo) in the infinite time limit (¢t — co) is displayed by the short dash lines. As the temperature T becomes high, the
spin-deviation numbers n(0) and n(co) increase.

Figure 28: The spin-deviation numbers n(0) and n(co) are displayed varying the anisotropy energy hK scaled by fiw,
from 0 to 5.0 for the cases of the spin-magnitudes S=1, 3/2, 2, and for the temperature T given by ksT/(fiw,) =1.5.
The spin-deviation number 72(0) at the initial time (¢ =0) is displayed by the solid lines, and the spin-deviation number
n(oo) in the infinite time limit (¢ — co) is displayed by the short dash lines. As the anisotropy energy hK increases,
the spin-deviation numbers n(0) and n(co) decrease. The anisotropy energy is denoted as “A” [= K/w.] in the figures.
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