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Abstract

In this paper we consider a more general singular perturbation problem, that is,
—eu"(x)—a(x)u'(x)+b(x)u(x) = f(x) (0<e<l) on an adaptive grid. The mesh is constructed
adaptively by equidistributing a monitor function based on the arc-length of the approximated
solutions. Our analysis provide insight into the convergence behaviour on such mesh, and the
posterior error estimates of piecewise linear interpolation about the approximate solution is

investigated and an ¢ -uniform error estimate for the first-order upwind discretization of
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general singular perturbed problem is derived at last. We extend the relevant results of the

document to a more general case.

1. Introduction

This paper considers the numerical approximation of the general singular perturbed two point

boundary value problem:

Tu(x) =—eu"(x)—a(x)u'(x)+b(x)u(x) = f(x),x €(0,1),

u(0) =u,, u(l)=u, b (LD

where (<g<«1 is a small positive parameter and u,,u, e R are given constants. It is also

assumed that a(x),b(x),f(x) eC[0,1] , and there exist constants o, and g,5 for vxe[0,1]

such that
O<a<ax)<La,|dx)<a (1.2)
0<B<b(x)<B,|b(x)Kp. (1.3)

It is well known that the problem (1.1) has a ¢ -related boundary layers [1]. For general
coefficient functions a(x), b(x), f(x), and especially for nonlinear two-point BVPs, the width of
the boundary layer is unknown. It is difficult to approximate efficiently by the most numerical
methods especially using uniform mesh. The more widely applicable and better approach is to
use an adaptive moving grid which based on equidistribution. A commonly used technique for
determining the grid points is to require that they equidistribute a positive function of the
numerical solution over the domain. For singular perturbation problems, an obvious choice of
adaptively criterion is the solution gradient. There have been some results for adaptive mesh
approach to the solution of the singularly perturbed problem (1.1) with b(x) = 0, fix) = 0 see,
e.g., [2-10]. More research on adaptive mesh methods can be referred to [11-17]. In our paper
[17], we have weakened the mesh restriction and simplify the proofs of the stability and
uniqueness by using the maximum principle. In this paper the posterior error estimates of
piecewise linear interpolation about the approximate solution is derived, and it is different
from the paper [17] which using piecewise quadratic interpolation of the approximate solution.
This is an improvement for us. Finally we obtain an ¢-uniform error estimate for the first-

order upwind discretization of the general singular perturbed boundary value problem on an
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adaptive mesh. The research in this paper perfects the theoretical system for solving

generalized singular perturbation problems, as well as extends and develops the work of [17].

Below we briefly introduce our numerical scheme that will be investigated in our work. Let
Q,={x|0=x,<x, <x,<..<x, =1}

be an arbitrary nonuniform mesh on [0,1]. On €, we discretize (1.1) as follows:

(1.4)

N, N ._ - N + N N _ .
T"u’ = —eDDu’ —aD'u" +bu, —fl.,forISZSN—l}
N _ N _

Uy =Uy,Uy =1U,.

where the operators used are given by

W, —W. W, W, , —W.
D Wi — i—1 , +Wi — i+l i , DWi — i+l i
hl i+1 hi
h +h,
N N Y i+1
h(i)=x,—x,_,, h(i)= 5

A monitor function M(x) is an arbitrary nonnegative function defined on €, . A mesh x, is

said to equidistribute M(x) if
X; 1 1 .
LM(x)dx=ﬁj0M(x)dx,1slSN—l, (1.5)

If N is given, the efficiency of an equidistributing mesh depends on the choice of M (+) . The

monitor function M(x) in this paper is

M) =1+[@"@)']. (1.6)

where u" (x) is piecewise linear interpolant through the knots (x,,u,"), and note that

w"(x))=Du",xel=(x_,x),1<i<N-1

i-1°

Then, the equation (1.5) can be transformed into the discretization form

1

N
hM, :%Z(thj), 1<i<N-1, (1.7)
Jj=1

where
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M, =\1+[Du"T.

1

The equation (1.7) also can be written as the following equidistribution mesh equations,

i+1

(1.8)

N N

(., —x) '+, —u")Y =(x-x_) +@ —u') 1<i<N-1,
U, =uy,uy =u,.

With the definitions of equidistribution mesh and monitor function, the adaptive

equidistribution algorithm used to approximate the solution of the problem (1.4) (see [17]).

2. Several useful conclusions about the solution of discrete problem

In our paper [17], we use the adaptive mesh equidistribution algorithm to construct a mapping
and prove the existence, stability and uniqueness for the solution of the equidistribution
problem by the fixed-point theorem and the maximum principle. We will also give the
convergence result for this adaptive iteration algorithm about piecewise linear interpolant of

the solution of (1.4).

In this section we will give the existence theorem, stability-uniqueness theorem and a useful

corollary of the solution for the discrete problem, which has been proved in [17].

Theorem 2.1 (Existence theorem). For 0<¢<1 and N>0, the equidistribution problem (1.4)
and (1.8) has a solution; i.e., there exists a mesh that equidistributes the monitor function
along the piecewise linear interpolant to the solution of (1.4).

Theorem 2.2 (Stability-uniqueness theorem). Let 7V be as in (1.4), for the {1} defined on an

arbitrary mesh {x'} , we have

N N
max ‘u ‘s max {‘uo
1isN-11!

uy|}+ € max ||, 2.1

I<i<N-1

b

The constant C depends on the coefficients of T only.

Corollary 2.3. Let u(x) be the solution of (1.1), «" be the solution of (1.4) on an arbitrary

nonuniform mesh and " (x) be its piecewise linear interpolation. Then we have

HMN(X)—M(X)HOQ <(C, HTMN(x)—Tu(x)H*. (2.2)
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where ”v”oo =ess sup|v(x)| , ”V
x€[0,1]

, =min ||V(x)||oo = r?ig Ilv(s)ds + CH )

ViV =v

3. Posterior error estimation and discretization accuracy

3.1. First-order a posterior error estimation

We now derive a posterior error estimation for solution of (1.4) and its piecewise linear

interpolant on an arbitrary nonuniform mesh.

Theorem 3.1. Let u(x) be the solution of (1.1), " be the solution of (1.4) on an arbitrary

nonuniform mesh and 1" (x) be its piecewise linear interpolant. Then we have

N N N \2 2
Hu (x)—u(x)”w < ng})v(\/(ui —u) +h, (3.1)
where the constant C depends on a(x), b(x), f (x) and Lipschitz constants L .
Proof. Let

Bv(x) == ev(x)' +a(xv(x) + jla (sW(s)ds + j:b(s)v(s)ds,

F)=[ f(s)ds,

N-1 N-1 (3.2)
BNVI.N = gD’viN +ay, + th Dlav, + th Doves
k=i k=i
N-1
F;N = thﬂfk'
k=i
Note that
Tv(x) =—(Bv(x)),f(x) ==F'(x), (3.3)
Then
(Bu(x)—F(x))'=0,x(0,1). (3.4)
So we have
B"u) —F" =-m,1<i<N-1, (3.5)

where m is a constant. It follows from (3.3) that
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Tu" (x)=Tu(x)=Tu" (x)— f(x) ==(Bu" (x)—F(x) +c) =(-Bu" (x)+F(x)—c). (3.6)
Using (3.5) and (3.6) gives

|7 (o) =), = min

|Bu™ (x) - F(x)+c|_ < [Bu" (x) = F(x)+m] . (3.7)

Combining (3.5) and (3.7) we derive
BuN(x)—F(x) +m=Bu" (x)—BNuiN +E" —F(x).

@"(x))=Du ¢ xel,1<i<N

Since > then we conclude that

Bu" (x) = B"u’ = s (x))"+a(ep” (x) + | a'(s ) (s)ds + jlb(s)uN(s)ds
N-1 N-1
—eDu —au - th ADrauy — th by
k=i

1 k=;. . 1 (3'8)
= j a'(s)u” (s)ds - L‘a(s)(uN(s))'dH Lb(s)uN(s)dS

N-1 N-1
+ N N
- Z WD au, — Z I D, -
=i

k=i

It's easy to derive

U::M a'(s)u”(s)ds —h, D au;

= |, @' (Y (&)= (@ () + By @ () by D au |

< |hyed' ()" (§) = hya'(Eu) ‘+ B aa (S’ = hya ‘ 3.9)
< ”a;”w . ”N(é)_”;}“}‘hkn u,iv‘|a'(§)—a'(77)|
<Cla'l, hy ity —u |+ CLAL,,

where &,17€(x,,x,,,). It is similar to obtain the bound

[ sy (s)ds =, b

<\, A,

'y —uy|+Ch.,, (3.10)

Then we have

N-1
‘Il a'(syu” (s)ds — thHDVzku,]f
i k=i

= Xk+1
< z U a'(syu” (s)ds —h, D au
gl (3.11)

<Cla’||, max Y, -

© 0<i<N-1

u|+CL max h,,
0<i<N-1 ?

U
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1 N-1 N-1 X
‘ j b(su™ (s)ds =D h_bu, [ U b(s)u" (s)ds —h,, bu;
/ k=i k=i T7F

(3.12)
< C||b||0o max fu’\, —u|+C max h
0<i<N-1 0<i<N-1
Moreover, we can obtain
‘ j a(s)u" (s))'ds| < j la(s)@” () fis < ]|, e =1, (3.13)
‘ | " b(s)u (s)ds| = U b(sYh, [ul (s —x,_) +u) (x,—s) |ds
< J‘Xi ‘b(s)hi'l ‘UuiN(s - xi_l)‘+ ‘uﬁl(xl. —5) H ds (3.14)
<Clp], %
Hence, using (3.8)-(3.14) we have
‘BuN(x) - BNul.N‘ = ‘Il d (s)u” (s)ds —f h. D au’ —ri a(s)(u" (s)) ds
X; P x
+ j (s (s)ds + jl b(sw (s)ds —f h. b’ (3.15)
: k=i

<C(la'], +|al, +[2].),max

®70<i<N-1

u', —ul,N‘ +(CL+C+C| Y ) max h,,

0<isN-1

N N
u., —u |+C max h.
i+1 i 0<i<N-1 i+1.

< C max
0<i<N-1

Furthermore, we have the bound for the £V - F(x)

< hk+1 lfk+1 _f( é) |S ”f ’|L hk+1 2’

<[71. 5

U: f(s)ds he oS —J‘::Hf(s)ds

=|FY - F(x)|= (3.16)

NZjhk+1]F;c - I:f (s)ds— Jj f(s)ds

<( £, +|/'|.) max h,,<C max h,,

0<i<N-1 0<i<N+1

Finally from corollary 2.3, (3.7), (3.15) and (3.16) we obtain
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HuN(x) —u(x)”oo <C, HTuN(x)—Tu(x)‘L
<( HBuN(x)—F(x)+ me

=C HBuN(x)—BN“,N+E*N_F(x)Hw

N
<C max |u,, —
0<i<N-1

u

< \/EC'maX \/(uiN —uﬁl)2+hi2

I<i<N

< Cmax \/(ul.N —u ) +h.

I<i<N

which completes the proof.

3.2. Accuracy of the fully discretized solution

N
u; [+C max h,,,

0<i<n-1

(3.17)

Next we analyse the accuracy of the fully discretized solution, that establish the first-order ¢ -

independent convergence rate for the difference scheme (1.4) and equidistribution mesh

equation (1.8).

Theorem 3.2. Let u(x) be the solution of (1.1), u be the solution of (1.4) computed on the

equidistributing mesh {x} satisfying (1.8), and 4"(x) be the piecewise line interpolation

function. Then we have

max

0<x<1

u(x)—u" (x)| <CN ",

where the € is independent of € and V.

Proof. Let

LY :ﬁzjv :ihﬂm(zyuﬁ)z >N h =1.
i=1 i=1

1

=

It follows from (1.7) that

N
Y= h\J1+(Du")? =%,1s;‘szv.

For (3.20), we can prove that (see [17])
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(3.21)



Using theorem 3.1, (3.20) and (3.21), we have

()~ ()] < Ju ()~ ()|, < Cmax e~ )+

0<x<1

= Cmax h+Jl+(Du)? = Cmax/” (3.22)

I<i<N

<C,CN"'<CN"".

This complete the proof of this theorem.

4. Numerical experiments

We consider the following general inhomogeneous singular perturbation test problem:

{—su"(x) —xu'(x)+2u(x)= f(x), xe(0,1), @.1)

u(0)=0, u()=1.
where f(x)=2-2¢¢""* _(1+ x/ \/E)e"*/ﬁ. The exact solution of (4.1) is u(x)=xe"" - +1.

The numerical experiments in Figure 1 show that the adaptive grid method is much effective

in solving the general singular perturbation problem.
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Figure 1. The errors of the algorithms on uniform and adaptive grids with N=1000.
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5. Conclusions

There is an improvement in this paper that the posterior error estimates of piecewise linear
interpolation of the approximate solution for the general singularly perturbed problem is
obtained. At last we obtain a first-order ¢-independent convergence rate for the numerical
algorithm defined on the adaptive equidistribution mesh and an estimation for the accuracy of
fully discretized solution. The research in this paper extends and develops the work of [17].
Numerical results confirmed the theoretical error estimation and the efficiency of the adaptive

mesh.
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