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Abstract

The magnitude and sense of optical rotation are determined from the point charge model in a
nonpolar, chiral, covalently bonded and semiconducting a-HgS (cinnabar) crystal. Atomic
charges of Hg and S are variables in the iteration of topological equivalence between the
inverted ratios of the second electric moments and the corresponding optical refractive indices
of the a-HgS crystal. Vector cross products of the wave vector in the propagation direction of
light and the second electric moments in the other two semi-axis directions of the quadric
specify the handedness of axial vectors of second rank and the refractive indices comprise the
magnitudes of them. The calculated axial vectors contain information of optical rotation and
the handedness of the dominant component of them reveals the sense of rotational character of
the crystal. They are converted to principal gyration tensor components and the magnitude and
sense of rotation are computed in the direction of optic axis of the quadric. The sense of optical
rotation is opposite to the sense of the helical arrangement of the atoms. The magnitude and

sense of optical rotation solely arises from the asymmetric distribution of point charges and
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electric vectors in the unit cell of a-HgS crystal. The morphological right- and left-handed

character of the two enantiomorphs and the absolute structure of a-HgS crystal are discussed.

Keywords: o-HgS (cinnabar),refractive indices,atomic charges, polar and axial vectors of

second rank,optical rotation

Introduction

The atoms can easily be seen arranged in helices in many of the enantiomorphic crystals in
tetragonal, trigonal and hexagonal symmetries and it has been suggested that the helical
arrangement of atoms must be a requirement for the existence of optical rotation. One of the
first observations of the opposite sense of optical rotation was made in the right- and left-
handed crystals of quartz. They are enantiomorphic pairs and mirror images of each other with
the opposite screw rotational helices of atoms in their respective space groups. They are built
up of SiO; units connected together in spiral-helices. Fresnel [1] supposed that, when a plane-
polarized light enters the optically active crystal in an optic axis direction, it splits up into two
circularly polarized waves with opposite rotations but with the same frequency. The classical
electromagnetic theory of oscillating electric charges, which are coupled together, was
developed under the leadership of Max Born. [2] It resulted in good agreement with the
experimental observations when applied in a-quartz. [3] It has later been summarized by
Condon that the existence of coupled oscillators is not essential to obtain the acceptable results
of optical rotation. [4] The interpretation of optical rotation in crystal is still often connected to

the helical arrangement of atoms in crystals.

Mercury, Hg, forms compounds with the oxidation numbers (I) and (II), of which Hg (II) is
more common. Hg (II) nitrate, sulfate and perchlorate salts are totally ionic and they dissociate
in a water solution. A considerable covalent character in the mercury-ligand bonds is found in
the two-coordinated compounds of Hg(II) with C, N, P and S as ligand atoms. The Hg has a
full electron occupancy on the 5d-orbital (5d!°), but its 6s? electrons can overlap with 3s?p*
electrons of S and form linear hybrid orbitals for bonding according to the theories after Cotton
and Wilkinson. [5] Three crystalline phases of HgS are known. a-HgS (cinnabar) is a

transparent red mineral, which is insoluble in water. It is most stable mineral of HgS at room
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temperature and it crystallizes in the trigonal symmetry class 32. It has earlier been used as a
pigment, which has been found to darken in a long run due to a slow phase transition to f-HgS
(metacinnabar). Black metacinnabar is a higher temperature phase of HgS in a cubic symmetry
class Z3m. Both a-HgS and f-HgS have relative low band-gap energies of 2.0 and 1.6 eV,
respectively, which have made them suitable for photoelectric and semiconductor materials
today. The former absorbs light at 620 nm. [6] Hypercinnabar has a hexagonal symmetry and it
requires even a higher temperature than metacinnabar to crystallize. The space group of it is

unknown.

The structure of a-HgS has been determined in the space group P3:21 by anomalous X-ray
scattering. [7],[8] The 32 screw rotates anticlockwise away from the viewer and clockwise
towards the viewer in the optic axis direction. Light was tested to rotate opposite to the helix of
the atoms, when the Faraday rotation and the optical rotatory power of synthetic a-HgS were
measured close to the absorption edge with A = 6328 A. [9] The rotation of =320 ° mm™ was
observed in the unique axis direction of the cinnabar crystal in a study, which was based on the
contour diagram of the variation of the calculated rotatory power in a function of assumed
atomic polarizabilities of Hg and S. [9], [10] It was shown later that two symmetric and one
non-symmetric structural helices of S atoms follow the sense of the screw rotation in the space
group P3,21 and contribute with the same sense and magnitude to the total optical rotation in
the optic axis direction of a-HgS crystal in agreement with the experimental observation, when

zero polarizabilities were given to Hg atoms. [11]

This study presents an alternative way to describe optical rotation in crystals basing on the fact
that axial vectors, which have a screw rotational character, can explain with their handedness
the rotational sense of the circularly polarized light waves, when they travel in the optically
active crystal. The gyration tensor is one example of the axial tensor of second rank and hence
the gyration tensor components are axial vectors of second rank. They contain information
about optical rotation of light in crystals. [12] In order to get accurate information about axial
vectors, the crystal structure, atomic net charges and optical refractive indices, all measured

under the same circumstances, must be known.

The total electrostatic potential is a sum of the individual potentials at any point out of the
system of point charges and it can be developed into a power series in the Cartesian coordinate

system. [13],[14] The power series contains the components of the zeroth, first, second, third,
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fourth erc. electric moments in the principal axis directions of the crystal. The first and third
electric moments have odd parity and the zeroth, second and fourth moments have even parity.
Odd parity moments change the sign, while the even parity moments have the same sign on
inversion. Interaction between light and electric moments of second rank in crystals forms an
optical indicatrix, which is a quadric (= a surface of second rank), where the refractive indices
are mutually orthogonal semi-axes of it. They are positive quantities and have a quadradic
character and even parity. A quadric as a representation surface can even be designed for the
multi-nuclear system of point charges with the second electric moments as mutually
perpendicular semi-axes. The second electric moments have also an even parity due to the
squared atomic coordinates. The indicatrix is a macro-quadric, while the surface of second
electric moments originating from the unit cell is a nano-quadric. They both can be presented
as ellipsoids of revolution in the tetragonal, trigonal and hexagonal crystal symmetries and
they can be surveyed after interesting topological equivalences between their parameters

through mathematical iterations.

Because a-HgS is a covalently bonded semiconductor, it can be characterized as a molecular
compound, where the rule of integer charges is not obeyed. The Hg(II) and S share the bonding
electrons and have equal but opposite charges. The charges are variables in the iteration, which
is stopped, when the inverted ratio of the calculated second electric moments reaches the ratio
of the corresponding refractive indices. The cross products between the polar wave vector of
light and the polar vectors of second electric moments in a crystal generate axial vectors of
second rank. In this study the structural and optical chirality are discussed in terms of the sense
of helical chains of Hg and S atoms and the rotational sense of the dominant components of the
axial vectors. The magnitude of optical rotation is the difference between the two axial vectors
of the quadric and the theory proposed by Fresnel is applied to confirm the sense of optical
rotation in the two enantiomorphs of a-HgS crystal in the space groups P3121 and P3,21.

Structural basis for calculations

The lattice parameters and the refined atomic positions of a-HgS in the space group P3:21 are
taken from Refs. [7],[8] and they are standing in TABLE I together with the coordinates of the
atoms in one chain, which are derived from the symmetry cards (S.G. 154); X,Y,Z, -Y,X-
Y,Z+2/3, Y-X,-X,Z+1/3, Y, X,-Z, X-Y,-Y,1/3-Z, -X,Y-X,2/3-Z. The crystal structure contains

22



continuous -Hg-S-Hg-S-Hg-S- spiral chains, which run in the unique c-axis direction in each
corner of the hexagonal unit cell. The Hg-S-Hg and the S-Hg-S angles are 104.7° and 172.8°,
respectively. The shortest Hg-S distances are 2.368 A in a chain and 3.094 A between the
chains. In the crystallographic calculations atomic positional coordinates must be greater than
0 and less than 1. The second electric moments have exponential values of atomic coordinates
and they are only comparable with each other, when the atoms are transformed to the positions
with an equivalent reference origin. Hence all three axes are doubled resulting at new atomic
coordinates according to X=(X+1)/2, Y=(Y+1)/2 and Z= Z/2. The application of initial electric
charges +1 for Hg and -1 for S transforms the atoms to the final coordinates with their centers
of charge at the coordinate (=1/2). They are written in TABLE II. Two plots of the crystal
structure of a-HgS in the space group P3,21 are displayed in Figs. 1(a) and 1(b). [15]

TABLE 1. Lattice parameters and the refined atomic coordinates together with the position

coordinates of the atoms in one chain.

a=b=4.145A c=9.496 A
Atom X Y Z
Hg Refined 0.7198 0 2/3
S “ 0,4889 0 1/6

Atomic coordinates in one chain

S1 0.4889 0 1/6
Hgl 0 -0.2802 2/6
S2 -0.4889 -0.4889 3/6
Hg2 -0.2802 0 4/6
S3 0 0.4889 5/6
Hg3 0.2802 0.2802 6/6
S4 0.4889 0 7/6

TABLE II. Transformed atomic coordinates.

These coordinates are used in the iteration of the net atomic charges and in the calculations of the electric

moments.
Atom X Y Z
S1 1/2 1/2 3/12
Hgl 0.25555 0.35990 4/12
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S2 0.01110 0.25555 5/12
Hg2 0.11545 1/2 6/12
S3 0.25555 0.74445 7/12
Hg3 0.39565 0.64010 8/12
S4 1/2 1/2 9/12
Texi=-0.5 ey =-0.5 ez =—0.5
Yei=-1 Yei=-1 Yei=-1
x=05 y.=0.5 2205

-

o o

1(a) 1(b)

Figure 1. The crystal structure of a-HgS in space group P3:21 is designed in two displacement ellipsoid
plots. [15] Fig. 1(a) shows the four chains of atoms running in the c-axis direction and Fig. 1(b) a view to
(001) of the unit cell. In both figures one chain with the numbered atoms follows the coordinates in TABLE
II.

Iteration of atomic charges and electric moments

o-HgS has an ideal crystal structure for the determination of optical rotation. It is a simple
compound containing covalently bonded atoms in the continuous helical chains in the optic
axis direction of crystal with weaker covalent bonds between the chains. The clockwise
rotation sense of the atomic helices towards the observer is directly readable from the crystal
structure in Fig. 1(b). When the four neighbor cells share the rotational information around
each corner in a hexagonal unit cell, the atomic parameters of only one chain in the unit cell

are needed in the following calculations. The repeat distance ¢ in Fig.1(a) and the complete
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atomic helix in Fig.1(b) require that the bonds between seven atoms, which give the chain a

negative charge, must be included in the computations.

The Eq. (1) is an expression for a principal net component, ®'x«, of the second electric moment
in the g-axis direction. It is developed for multinuclear negative ions in ionic solids and

presented in the study of LiNaSO4 [17]. It worked well also in a semiconductor a-TeO,. [18]
@’xx = 2 eixi2 - 2ﬂxxc + qXQ, (1)

where e; is a charge of an atom with a coordinate x;. x. is the location of the first electric
moment ux (= X exi). q is a total charge of the ion and X? is a square of its position coordinate,
which must be separately defined. There is no first electric moment in the crystallographic c-
axis direction of a-HgS crystal, due to symmetry, though the bonds between Hg and S have a
polar covalent character. But the first electric moments with equal magnitudes in the a- and b-
axis directions are existing. The expression for it can be utilized in the determination of the
value of X?in Eq. (1), where the charge is normalized to +1. The following equality according

to Eq. (2) holds for a polar vector in the a-axis direction of a-HgS crystal:
gxe—qX’=q- (- 0.5)
= —qX°=-1-0.5—-¢gx.
= gX°= 1-0.5+¢gx.
=  X2=(1-0.5+¢gx.)/q, (2)

where ¢ is a positive charge of Hg-atom. x. is the coordinate of the center of the charge (=1/2),
(in TABLE 1II). ¢X? > gx.. xc and the first electric moment (= — 0.5) with the charge normalized
to +1, are constants and independent of the value of g. The only requirement is that ¢ > 1 then
X? < 1 and the explored value of X can be used to get iteration to work in the calculation of net

atomic charges and second electric moments.

The following three equations are the components of the second electric moment in a nano-
quadric of a-HgS crystal. They are multiplied by the squared doubled lattice constants and
divided by 8 to get out the unit cell information. Due to a hexagonal symmetry the equations (3)
and (4) are multiplied by cos? (30) to reorient them as mutually orthogonal semi-axes and used
together with the Eq. (2) in the iteration with the atomic charges of Hg and S as variables. Due

to symmetry Y’ = X7, but in the nonpolar c-axis direction Z?= 0.5%. The atomic positional
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parameters are taken from TABLE II. g is the total negative charge of the ion and p.=Xewx;, 1,=

Ye;yi and u = Zejz; , are calculated with the charges given in TABLE III.

O'xx = [(Z ex? — 2uwxc + gX?) - cos 2 (30) - (2:a)?] / 8 eA? (3)
@'y = [(Z e — 2uye + qY?) - cos 2 (30) - (2:b)?] / 8 eA? (4)
0’2 = [(Z ez? — 2uzc + qZ7) - (2-¢)?] | 8 eA? (5)

The reliable dispersion formulas of refractive indices, n. and n,, for a-HgS within the
wavelength range of 0.62 and 11 um are taken from the Ref. [16] The values n. = 3.232203 and
no = 2.885090 are reckoned with 0.6328 um. The ratio n./n, = 1.120313 is used as a reference
in the iteration as denoted in TABLE III.

TABLE III. A summary of the input and obtained parameters in the iteration.

Hg S X2=Y?2 @' xx = O'yy A2 0’ eA? O/ O ne /o
+1 -1 1 —-5.349240 -3.757251 1.423711
+2 -2 0.75 -7.477039 —-7.514501 0.995015
+1.5 -1.5 0.833333 -6.413140 -5.635876 1.137994
+1.54 -1.54 0.824675 - 6.498252 -5.786166 1.123067
+1.55 -1.55 0.822581 -6.519530 —-5.823739 1.119475
+1.5476 -1.5476 0.823081 —-6.514423 -5.814721 1.120333 1.120313

It was discovered in the study of trigonal LiNaSOy4 that the ratios of the refracted indices and
the corresponding second electric moments, derived from the refined net atomic charges under
ionic constraints in an asymmetric unit of the crystal, were invert numbers. [17] The same
situation appeared also between the iterated moments and refractive indices in a-TeO; and in
a-LilOs3 crystals. [18], [19] The reciprocal correlation can only be explained that the measured
refractive indices, n. and n,, contain information of the axial vectors of second rank, arising
from the cross products between the wave vector of light acting in one axis direction and the
second electric moments derived from the other two principal axis directions of the nano-
quadric, when a light beam traverses the crystal towards the observer. Two quadrics (not
scaled) are designed in Figure 2., where the inverted ratio of the iterated polar second electric
moments in Fig.2(a) are standing in the topological equivalency (Encyclopedia Britannica)

with the corresponding ratio of the refractive indices in Fig. 2(b).
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2(a) 2(b)

Figure 2. Two quadrics (not scaled) of: 2(a) the polar second electric moments and 2(b) the optical indicatrix
of a-HgS crystal with the topologically equivalent ratios of the orthogonal semi-axes. The two objects are

determined with different techniques from the a-HgS crystal and they don’t share any numerical parameters.

Refractive indices and handedness of axial vectors of second rank

o-HgS is optically positive (n. > n,) chiral compound. Only two possible structural descriptions
of the a-HgS crystal are existing, because the symmetry class 32 is nonpolar. They are two
enantiomorphic crystals, which are morphological, structural and optical mirror images of
each other in space groups P3121 and P3,21. One of them is a right-handed and the second one
a left-handed crystal. One of them has the absolute crystal structure, which can be tested
against the accurately collected and entire X-ray dataset. The absolute structure of a-HgS
crystal is not known, but the absolute configuration of it in space group P3,21 was tested to be
levorotatory. [8] It helps to verify the absolute structure of the crystal, when the handedness of

the dominant axial vector of the tested absolute configuration is defined.

A monochromatic unpolarized light traveled in the crystallographic a-axis direction of a right-
handed crystal, when the refractive indices of a- LilOs crystal were measured. [18] A similar
treatment can be used to determine the handedness of the axial vectors of second rank in the
measurement of optical refractive indices of a-HgS crystal. The atomic coordinates of the ionic
model used in this study are presented in TABLE II. The chain has a negative first electric
moment, which is pointing in a negative c-axis direction and it is reasonable to let the second
electric moment point in the same direction. In the following presentations Ka is a wave vector
of light and the polar second electric moments, ®’xx, ®’yy and @', are denoted by A and B in

the positive and C in the negative direction of semi-axes of the nano-quadric. The axial vectors
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are marked by A’, B’ and C’. In the following illustrations the rotational sense of the axial
vectors is defined, how a circularly polarized light will rotate in them, when it propagates away
from the origo in a right- and left-handed crystals of a-HgS. Figs. 3(a) and 3(b) present the
measurements of the ordinary (n,) and extraordinary (n.) refractive indices in a right-handed
crystal. Figs. 3(c) and 3(d) illustrate the measurements in a left-handed crystal. All figures are

designed in a right-handed system of coordinate axes.

3(a) 3(b) 3(c) 3(d)

Figure 3. Wave vector of light, second electric moments and axial vectors. Figs. 3(a) and 3(b) in a right-

handed and Figs.3(c) and 3(d) in a left-handed a-HgS crystal.

Light propagates in the g-axis direction of a right-handed a-HgS crystal in Fig. 3(a), when the
refractive index is read in the B axis direction of the nano-quadric. The vectors ki, C and B’
follow right-hand rule in the axial vector B’= ka x C. The circularly polarized light will rotate
clockwise (nz) in B’. The crystal is reoriented to read the index in the C axis direction in Fig.
3(b), where the vectors ka, B and C’ follow left-hand rule and give the dominant axial vector
C’= ka x B a counterclockwise (n;) rotational character. This is seen as a clockwise

dextrorotation in optic axis direction towards the source of light by an observer.

Light traverses in the b-axis direction of a left-handed crystal in Figs. 3(c) and 3(d). In Fig. 3(c)
the vectors kn, C and A’ follow left-hand rule and give the axial vector A’= kp, x C a
counterclockwise (n;) rotation character. In Fig. 3(d) the vectors ky, A and C’ follow the right-
hand rule and the dominant axial vector C’ in C’= Kkp x A will rotate the circularly polarized
wave clockwise (nz) and it is seen as a counterclockwise levorotation in the optic axis direction
towards the light source by an observer. This analysis results in the same optical chirality sense

as experimentally measured in the absolute configuration of a-HgS crystal in the space group

P3521. [8]
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Principal gyration tensor components and topological equivalences

The components of the second electric moments in units eA2, in TABLE 111, can be converted
to the principal gyration tensor components in units coulombcentimeter? (Cem?) through Eqgs.

(6) and (7):
g11=g2=0"%-(-1.6021917 - 1071%) - 10 '® Ccm? (6)
g233= (0'xx=0'yy) - (- 1.6021917 - 107'°) - 10 '® Cem? (7)

gs3 1s the faster component with a higher magnitude than the lower components g;; and g2.. It
dominates and gives the correct sense for optical rotation in the both space groups of a-HgS

crystal. The values of them are written in TABLE IV.

Because the gyration tensor is an axial tensor of second rank, its components are axial vectors
of second rank. [12] The two quadrics, presented in Figs. 2(a) and 2(b), have the following
relationships between the ratios of the measure refractive indices, of the gyration tensor
components, of the axial and polar vectors of second rank and of the refractive indices
extracted from the axial vectors in the two space groups P3121 and P3,21 of a-HgS (cinnabar)

crystal.
a) P3121: ne/no=g33/g22=C’/B’ = (kaxB) / (kax C) =B/C=0@'yy / @', =11/ nr
b) P3221: ne/no=gs33/g1i=C'/A’= (kX A) / (kp X C) =A/C=0O'xx/ O =nr/ nr
The following parameters are equivalent in magnitudes:

In P3:21: g33 = ®’yyand g22 = ®’, and in P3,21: g33 = ®'xx and g;; = ®', but due to symmetry
g33= 0'xx = @'yy and g;; = g22 = O, are consistent with both space groups and verify the invert
relationship between the ratios of refractive indices and polar vectors of second rank in the two

topologically equivalent quadrics of a-HgS crystal.

Optical rotation in a-HgS crystal

According to the theory of optical activity the plane polarized light splits up into the right- (nz)
and left-handed (n;) circularly polarized waves, when it enters the crystal in optic axis
direction, as supposed by Fresnel [1], [12]. The waves are in phase at the entrance. They

traverse with slightly different wavelengths depending on the left- and right-handed character
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of the crystal. The faster component is ahead in phase at the emergency and the sense of

rotation will be the same as the sense of the faster of the two circularly polarized components.

In the space group P3:121 the rotational senses are counterclockwise in the dominant C’(n.) and
clockwise in the slower B’(nz) component, respectively, and in the space group P3:21 the
difference between the dominant C’(nz) and the slower A’(n;) components gives the magnitude

and the sense of optical rotation per unit path in the crystals according to Eq. (8).

= LR (L =7R) 1o dians. (8)

A

The principal refractive indices are usually presented for a plate of crystal with a thickness of 1
cm and the optical rotation with the thickness of 1 mm, cut normal to an optic axis, where a
plane polarized light passes along the optic axis, which is free of birefringence. The magnitude
and the sense optical rotation are expressed in the two space groups P3121 and P3,21 of a-HgS
crystal, with A = 6328 - 10 8 cm, according to the Egs. (9) and (10), respectively, in the right-

handed system of coordinate axes and summarized in TABLE IV.

= 0.1-m- (933 —9gz22)

. rad. mm™! (9)

=> ¢=+5.5656rad. mm™' =+318.9 °mm.

b= 0.1-m- (!}1\11 — 933) rad. mm-! (10)

=> ¢=-5.5656rad. mm™' =-318.9 °mm™".

Table IV. Gyration tensor components and magnitude and sense of optical rotation in the unit cells of two
space groups of a-HgS crystal. The experimentally measured value: ¢ = - 320 ° mm™' [9] and the calculated

value from the atomic polarizabilities: ¢ =—- 310 ° mm™ [10] for a levorotatory crystal with 1 = 6328 A.

(gr1=g2)- 1073 g33-1073 ¢ ¢
Space group (Cem?) (Cem?) (rad. mm™) (°mm™)
P3:21 9.31630 10.43735 +5.5656 +318.9
P3521 9.31630 10.43735 —-5.5656 -318.9
Discussion

The purpose of this study was to find out a simple and reliable explanation for the optical
rotation in the enantiomorphic pairs of a-HgS crystal. The crystal structure of a-HgS has very

definite helices of covalently bounded atoms. In this study the obtained sense of optical
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rotation is opposite to the rotational sense of the atomic helix and it is in agreement with the
experimental measurement. The magnitude and sense of optical rotation arise from the unit
cell information in the crystal. Both Hg and S atoms with their charges in a chain create a
system of electric moments. The axial vectors with their handedness and magnitudes drive and
guide the rotation sense of the electric displacement vectors of the two circularly polarized
components of light, when they propagate through the crystal. The dominant components are

ahead and determine the sense of optical chirality in the enantiomorphs of the a-HgS crystal.

a-HgS crystal in the space group P3:21 was tested levorotatory and in accordance with this
work it is a left-handed crystal. The mirror image of it is a right-handed dextrorotatory
enantiomorph in the space group P3121 with an anticlockwise rotation sense of atomic helix,
which must have the absolute crystal structure of a-HgS, because light always propagates in
the g-axis direction of the right-handed crystal in the measurement of refractive indices. The
sense of optical rotation has no correlation to the rotational sense of the helical chain of the
atoms in the a-HgS crystal. It is possible to find out other atomic helices in the crystal
structures with the same sense as that of optical rotation in favor of the other type of theoretical

descriptions, but that can sometimes distort the truth.

The calculations presented in this paper are transparent and can be approved with a
programable pocket calculator by any reader, who is interested in this type of computations.
There are existing several simple chemical compounds, where the atomic charges can be
iterated or refined with the anomalous X-ray diffraction technique. The knowledge of the
absolute crystal structure and atomic net charges creates the primary conditions to discover

new explanations for unclear chemical or physical properties of crystals.
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