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bounded statistically convergent triple sequences has been established. 

 

Key words and phrases: Fuzzy real-valued triple sequence, solid space, symmetric 

space, convergence free, sequence algebra, density, statistical convergence, statistical Cauchy, 

Cesáro summable, strong Cesáro summability.  

  

 

 

SCIREA Journal of Computer Science and 
Technology 

 

 http://www.scirea.org/journal/Computer 

October 15, 2016 

Volume 1, Issue1, October 2016 

 

mailto:munmunnath23@gmail.com
mailto:bijan_nath@yahoo.co.in
mailto:3santanuroy79@yahoo.in


2 

 

1. Introduction 

Fuzzy set theory, compared to other mathematical theories, is perhaps the most easily 

adaptable theory to practice. The concepts of fuzzy sets and fuzzy set operations were first 

introduced by Zadeh [32] in 1965 and subsequently several authors have discussed various 

aspects of the theory and applications of fuzzy sets. In fact the fuzzy set theory has become an 

area of active area of research in science and engineering for the last 46 years. Fuzzy set 

theory is a powerful hand set for modelling uncertainty and vagueness in various problems 

arising in the field of science and engineering. It extends the scope and results of classical 

mathematical analysis by applying fuzzy logic to conventional mathematical objects, such as 

functions, sequences and series etc. While studying fuzzy topological spaces, many situations 

are faced, where we need to deal with convergence of fuzzy numbers.  

As a generalization of ordinary convergence for sequences of real numbers, the notion of 

statistical convergence was first introduced by Fast [7]. After then it was studied by many 

researchers like Salat [21], Fridy [8], Connor [2], Maddox [12], Fridy and Orhan [9], Kwon 

[11], Savas [22], Tripathy [26], Savas and Mursaleen [24].  Different classes of statistically 

convergent sequences were introduced and investigated by Tripathy and Sen [30], Tripathy 

and Dutta [27] etc. Móricz [13] extended statistical convergence from single to multiple real 

sequences. Nuray and Savas [18] first defined the concepts of statistical convergence and 

statistically Cauchy for sequences of fuzzy numbers.  

Agnew [1] studied the summability theory of multiple sequences and obtained certain 

theorems which have already been proved for double sequences by the author himself. The 

different types of notions of triple sequences was introduced and investigated at the initial 

stage by Sahiner et. al. [19], Some more works on statistical triple sequences are found on 

Sahiner and Tripathy [20]. Savas and Esi [23], Esi [6], Kumar et al. [10], Tripathy and 

Goswami [29],  Dutta et al. [4] etc.  

A fuzzy real number on R  is a mapping ])1,0[(:  LRX  associating each real number 

Rt  with its grade of membership X (t). Every real number r can be expressed as a fuzzy 

real number r as follows:  

r  (t) =


 

otherwise

rtif

0

1
 

The -level set of a fuzzy real number X , ,10  denoted by  
][X is defined as     
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}.)(:{][   tXRtX  

A fuzzy real number X is called convex if  )()()( rXsXtX  min )),(),(( rXsX  where

.rts  If there exists Rt 0 such that ,1)( 0 tX  then the fuzzy real number X  is called 

normal. A fuzzy real number X is said to be upper semi-continuous if for each ,0

)),,0[1  aX  for all La  is open in the usual topology of .R The set of all upper semi 

continuous, normal, convex fuzzy number is denoted by ).(LR The additive identity and 

multiplicative identity in )(LR are denoted by 0 and 1  respectively.    

Let :{)( nn RARC   A is compact and convex}. The space )( nRC  has a linear structure 

induced by the operations },:{ BbAabaBA  and }:{ AaaA    for 

)(, nRCBA   and .R  Then }.inf{sup,inf{supmax),( babaBA
AaBbBbAa




   

Then clearly )),(( 
nRC is a complete metric space. Let .)(: LRCX n   

The linear structure of )( nRC induces the addition  X + Y  and scalar multiplication 

RX  , in terms of  -level sets by,  ][][][ YXYX  and ;][][   XX   for each  

,10   

Now we define, for each ,0  p ),),((

1

0

 
 dYXd p

p   and

 

).,(sup
10






 YXd


   

Clearly ),,(lim),( YXdYXd p
p 

   with qp dd  if .qp        

Throughout the paper, d  will denote pd  with .1  p   

Applying the notion of fuzzy real numbers, a fuzzy real-valued sequence was introduced and 

it was studied by Nanda [14], Tripathy and Nanda [31], Das and Choudhury [3], 

Subrahmanyam [25] etc. Recent works on fuzzy triple sequences are found in Nath and Roy 

([15], [16], [17]).   

 

2. Preliminaries and background 

 Throughout the article, ,, 0cc denote the spaces of convergent, null and bounded 

sequences respectively. 
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 A triple sequence can be defined as a function )(: CRNNNx  where N, R and C 

denote  the sets of natural numbers, real numbers and complex numbers respectively.  

 The notion of statistical convergence for triple sequences depends on the density of the 

subsets of .NNN   The notion of the asymptotic density for subsets of NNN  as follows:                                                                                                                                                 

 A subset E of NNN   is said to have density or asymptotic density ),(E  if 


  




p

n

q

k

r

l

E
rqp

lknE
1 1 1

,,
3 ),,( lim)(   exists, where E  is the characteristic function of E. 

Obviously ).(1)()( 33 EENNNE c          

The concept of statistical convergence for triple sequences was first introduced by Sahiner et 

al. [3] who have given main definition of statistical convergence and statistical Cauchy for 

triple sequences 
nklxx 

 
as follows:  

A real triple sequence 
nklxx 

 
is said to be statistically convergent to the number ,L  if for 

each ,0   .0}) :),,({(3   LxNNNlkn nkl  

A real triple sequence 
nklxx 

 
is said to be statistically Cauchy, if for each ,0  there 

exists ),(pp   )(qq   and Nrr  )( such that 

  .0}) :),,({(3   pqrnkl XxNNNlkn  

A fuzzy real-valued triple sequence 
nklXX 

 
is a triple infinite array of fuzzy real numbers 

nlkX  for all Nlkn , ,  and is denoted by nklX  where ).(  LRX nkl    

A fuzzy real-valued triple sequence 
nklXX 

 
is said to be convergent in Pringshiem’s sense 

to a fuzzy real number ,0X
 
if for each ,0  there exists )(),( 0000  kknn   and 

Nll  )(00  such that  ),( 0XXd nkl
  for all 00 , kknn    and .0ll   

 A fuzzy real-valued triple sequence 
nklXX 

 
is said to be a Cauchy sequence, if for each 

,0  there exists ),(pp   )(qq   and Nrr  )( such that  

                             .0}) ),(:),,({(3   pqrnkl XXdNNNlkn        

A fuzzy real-valued triple sequence 
nklXX 

 
is said to be bounded if .)0,(sup

,,

nkl
lkn

Xd     
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A fuzzy real-valued triple sequence 
nklXX 

 
is said to be statistically convergent in 

Pringsheim’s sense to the fuzzy real number ,0X  if for all ,0  

  .0}) ),(:),,({( 03   XXdNNNlkn nkl We write .  lim 0
,,

3 XXstat nkl
lkn




  

A fuzzy real-valued triple sequence 
nklXX 

 
is said to be statistically null if it is statistically 

convergent to zero. 

A fuzzy real-valued triple sequence 
nklXX 

 
is said to be statistically bounded if there exists 

a real number   such that .0}))0,(:),,({(3   nklXdNNNlkn .  

A fuzzy real-valued triple sequence 
nklXX 

 
is said to be statistically Cauchy if for every 

0, there exists ),(pp   )(qq   and Nrr  )( such that  

                             .0}) ),(:),,({(3   pqrnkl XXdNNNlkn        

A fuzzy real-valued triple sequence 
nklXX 

 
is said to be statistically regularly convergent 

if it convergent in Pringsheim's sense and in addition the following statistical limits holds: 

);,(  lim3 NlkLXstat klnkl
n


  

);,(  lim3 NlnLXstat nlnkl
k


  

and );,(  lim3 NknLXstat nlnkl
l




 

Let nklX and nklY be two triple sequences of fuzzy real numbers, then we say that 

nklnkl YX   for almost all n, k and l (in short a. a. n, k and l) if

  .0}) ,:),,({(3  nklnkl YXNNNlkn          

A fuzzy real-valued triple sequence space FE  is said to be solid if F

nkl EY  whenever 

F

nkl EX 
 
and

 
)0,()0,( nklnkl XdYd   for all

 
., , Nlkn    

A fuzzy real-valued triple sequence space FE  is said to be monotone if FE  contains the 

canonical pre-image of all its step spaces.   

A fuzzy real-valued triple sequence space FE  is said to be symmetric if F

nkl EX )( , 

whenever 
F

nkl EX   where   is a permutation on .NNN    
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A fuzzy real-valued triple sequence space FE  is said to be sequence algebra if 

,F

nklnkl EYX   whenever ., F

nklnkl EYX   

A fuzzy real-valued triple sequence space FE  is said to be convergence free if F

nkl EY 

whenever .F

nkl EX   and 0nklX
 
implies  .0nklY

 

Remark 2.1. If a sequence space FE  is solid, then it is monotone.       

Throughout the article PFPFRFRFFF ccccw 30330333 )( ,)(,)( ,)( ,)( ,)(   
denote the spaces of 

all, bounded, statistically regularly convergent, statistically regularly null, statistically 

convergent in Pringsheim’s sense and statistically null in Pringsheim’s sense triple sequence 

spaces of fuzzy real numbers respectively. 

Further the following bounded fuzzy real-valued triple sequence spaces are introduced: 

;)()()( 333

FRFRBF cc    

;)()()( 33030

FRFRBF cc    

;)()()( 333

FPFPBF cc    

.)()()( 33030

FPFPBF cc    

From the above definitions, it is clear that PBFPBPFPPFP cccccc 33303033 )()(,)()(,)()(  and 

PBFPB cc 3030 )()(  and the inclusions are proper.  

Now we give the definitions of Cesáro summability and  p-Cesáro summability of fuzzy real-

valued triple sequences. 

A fuzzy real-valued triple sequence nklX  is said to be Cesáro summable to a fuzzy real 

number ,0X  if  .0),(
1

lim 0

1 1 1
,,










  


XX

uvw
d

u

n

v

l

w

k

nkl
wvu

 

A fuzzy real-valued triple sequence nklX  is said to be strongly p-Cesáro summable to a 

fuzzy real number ,0X   if   .0),(
1

lim
1 1 1

0
,,










  



u

n

v

l

w

k

p

nkl
wvu

XXd
uvw
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The space of all strongly p-Cesáro summable triple sequences of fuzzy real numbers is 

denoted by .)(
3

PFw
 

3. Main Results: 

The following result is the decomposition theorem for statistically convergent fuzzy 

real-valued triple sequence space. 

Theorem 3.1. The following statements are equivalent: 

(i) The triple sequence nklX  of fuzzy real numbers is statistically convergent to .0X  

(ii) There exists a triple sequence PF

nkl cY 3)(
 
such that nlknlk YX   for a.a. n, l and k.  

(iii) There exists a subset },,:),,{ NrqpNNNlknM rqp 
 
of NNN  such that 

1)( M  and .)( 3

PF

lkn cX
rqp


 

Proof. (i) ⇒ (ii) Let .  lim 0
,,

3 XXstat nkl
lkn


  

Then for every 0,  

  .0}) ),(:),,({( 03   XXdNNNlkn nkl  

Now selecting the increasing sequences ),( jT )( jU and )( jV  of natural numbers such that 

if jj UqTp  , and ,jVr  then 

   
,

11
),(:;;:),,(

1
0

jj
XXdrlqkpnNNNlkn

pqr
nkl 











                                           

where E denote the cardinality of the set .E  

Define the sequence nklY as follows:  

,nklnkl XY 
 
if 1Tn  or 1Uk   or .1Vl   

Next for all ),,( lkn with 1 jj TnT  or ,1 jj UkU  or ,1 jj VlV  

 let ,nklnkl XY 
 
if ,

1
),( 0

j
XXd nkl  otherwise, .0XYnkl   

We prove that nklY
 
converges to .0X   

Let 0 be given and we choose j such that .
1

j
   

For jj UkTn  , and ,jVl   we find that .),( 0 XYd nkl   
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The fact that ,nklnkl XY   for a.a. n, k and l. follows from the following inclusion: 

Let 11,   jjjj UkUTnT  and ,1 jj VlV
 
then 

},;:),,{( nklnkl YXandrlqkpnNNNlkn 
 










j

XXdandrlqkpnNNNlkn nkl

1
),(,;:),,( 0

 

 },;:),,{(
1

nlknkl YXandrlqkpnNNNlkn
pqr

  

,
11

),(,;:),,(
1

0
jj

XXdandrlqkpnNNNlkn
pqr

nkl 








  

.0},;:),,{(
1

lim
,,




nklnkl
rqp

YXandrlqkpnNNNlkn
pqr

 

(ii) ⇒ (iii) Let there exists a sequence PF

nkl cY 3)(
 
such that nklnkl YX   for a.a. n, k and l.  

Let },:),,{ nklnkl YXNNNlknM 
 
then .1)( M  Now enumerate M as 

},,:),,{ NrqpNNNlknM rqp   on neglecting the rows and columns those contain 

finite number of elements. Clearly 1)(3 M  and 0),(),( 00  XYdXXd
rqprqp lknlkn  

as 

.,, rqp  This implies .)( 3

PF

lkn cX
rqp
  

 (iii) ⇒ (i) Let there exists a subset },,:),,{ NrqpNNNklnM rqp  of NNN  such 

that 1)( M  and .)( 3

PF

kln cX
rqp
                                                                                                                   

Then by definition, we have 0),( 0 XXd
rqp kln

as .,, rqp                                                                                                                    

For any 0,  let 









2

),(:),,( 0


XXdlknA nkl

and .
2

)0,(:),,(











nklXdlknB

                                                        

Then clearly  

.1)()( 33  BA 
 
Let  ,BAE 

 
then 1)(3 E

 
 

  .1)(} ),(:),,{( 303  EXXdNNNlkn nkl 
 

  .0} ),(:),,{( 03   XXdNNNlkn nkl  

Hence .  lim 0
,,

3 XXstat nkl
lkn




 ■ 
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Theorem 3.2. A triple sequence 
nlkX  of fuzzy real numbers is statistically convergent, if and 

only if nlkX  is a statistical Cauchy sequence      

Proof. Let 
.  lim 0

,,
3 XXstat nkl

lkn




 
     

Then for each ,0  
 

  .0}) ),(:),,({( 03   XXdNNNlkn nkl  

Choosing  numbers p, q and r such that .),( 0 XXd pqr   

 Now let  

 }; ),(:,,,),,{(  pqrnkl XXdwlvkunNNNlknA
 

 }; ),(:,,,),,{( 0  XXdwlvkunNNNlknB nkl  

 }, ),(:),,{( 0  XXdNNNrqpC pqr
 

then CBA   and therefore .0)()()(  CBA   Hence nklX  is statistically Cauchy. 

Conversely, let nklX  be statistically Cauchy. Then for a given 0, there exists 

)(),( 00  kn and Nl )(0   such that .0}) ),(:),,({(3   pqrnkl XXdNNNlkn
  

If possible let nklX
 
be not statistically convergent. Then there exist Nrqp ,, such that 

,0)(3 A  i.e. A has triple natural density zero, where

 }. ),(:,,,),,{(  pqrnkl XXdwlvkunNNNlknA
 

 Hence ,1)(3 E  where  }. ),(:,,,),,{(  pqrnkl XXdwlvkunNNNlknE  

In particular, we can write 

                     ,)1.(....................),(2),( 0  XXdXXd nklpqrnkl   

                      if .
2

),( 0


XXd nkl

 

Since nklX
 
is not statistically convergent, ,1)(3 B where

 }; ),(:,,,),,{( 0  XXdwlvkunNNNlknB nkl   

i.e. .0}) ),(:,,,),,({( 03   XXdwlvkunNNNlkn nkl  

Therefore by (1), 
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.0}) ),(:,,,),,({(3   pqrnkl XXdwlvkunNNNlkn
 

i.e. ,1)(3 A
 
a contradiction. Hence 

nklX
 
is statistically convergent. ■ 

Theorem 3.3. (i) Let ).,0( p  If a triple sequence nklX
 of fuzzy real number is 

strongly p-Cesáro summable to a fuzzy number ,0X  then it is also statistically convergent 

to .0X   

(ii) Let ).,0( p  If a bounded triple sequence nklX  of fuzzy real number is statistically 

convergent to ,0X  then it is strongly p-Cesáro summable to .0X
 

Proof. (i) Let PF

nkl wX
3

)(
 
be such that nklX

 
is strongly p-Cesáro summable to a fuzzy 

number .0X  Then .0),(
1

lim 0

1 1 1
,,










  


XX

uvw
d

u

n

v

l

w

k

nkl
wvu

 

Now for any ,0   

.})),(:,;:),,{(
1

)),((
1

0

1 1 1

0 
  

p

nkl

u

n

v

l

w

k

p

nkl XXdwkvlunNNNlkn
uvw

XXd
uvw

 

.0})),(;,;:),,{(
1

lim 0
,,




p

nkl
wvu

XXdwlvkunNNNlkn
uvw

 

i.e.   .0}) ),(:),,({( 03   p

nkl XXdNNNlkn
 

.  lim 0
,,

3 XXstat nkl
lkn


  

Again for a bounded triple sequence ,nklX
 
let .  lim 0

,,
3 XXstat nkl

lkn


   

Let ).0,()0,( 0XdXdK nkl    

Let 0  be given, then there exist 000 ,, wvu
 
such that      

,
22

),(;,;:),,(
1

1

0 p

p

nkl
K

XXdwlvkunNNNlkn
uvw


























                                  

for all 00 , vvuu 
 
and

 
.0ww   

Let 









2

),(;;;:),,( 0

p

nkluvw XXdwlvkunNNNlknL  
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Now for all 00 , vvuu  and ,0ww    


  

u

n

v

l

w

k

p

nkl XXd
uvw 1 1 1

0 )),((
1

 

= 



















 uvwuvw Llkn

p

nkl

Llkn

p

nkl XXd
uvw

XXd
uvw ),,(

0

),,(

0 )),((
1

)),((
1

.
2

.
2

1













 uvwK
K

uvw
uvw

p

p

 

 
  




u

n

v

k

w

l

p

nkl
wvu

XXd
uvw 1 1 1

0
,,

.0),(
1

lim  

Hence nklX  is strongly p-Cesáro summable to .0X
  

■ 

In view of the above theorem and using standard technique, the following results can be 

obtained. 

Corollary 1.  Let  .0  qp  Then 
PFqF ww
33

)()( 
 
and .)()()()(

3333

  FqFFPF ww    

Corollary 2. If a bounded triple sequence nklX
 
of fuzzy real number is statistically 

convergent to ,0X  then it is Cesáro summable to .0X  

Remark 3.1. The converse of the Corollary 2 is not necessarily true.  

This follows from the following example.  

Example 3.1. Let nklXX   be defined as ,)1( n

nklX   for all k , l. Then   

.0
1

lim
1 1 1

,,


  


u

n

v

k

w

l

nkl
wvu

X
uvw

                                                                                                

i.e.  X is Cesáro summable but obviously X is not statistically convergent.  ■ 

Remark 3.2. If nklXX   is unbounded triple sequence of fuzzy real number, then X is 

statistically convergent but X may not be strongly p-Cesáro summable.  

This remark follows from the following example.  

Example 3.2. Let )(LRXX nkl   be defined as   

For Niin  ,2  and for all ,, Nlk                     
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)(tX nkl



















  .            ,0 

t0  o ,1 

0-   o  ,1 

otherwise

nrf
n

t

tnrf
n

t

                                                                                                             

 

For Niin  ,2  and for all ,, Nlk    .0)( tX nkl                  

The sequence X is unbounded and statistically convergent to .0  

But for p = 1, 1))0,((
1

lim
1 1 1

,,


  


u

n

v

k

w

l

p

nkl
wvu

Xd
uvw

 

Hence X is not strongly Cesáro summable to .0   ■ 

Theorem 3.4. The triple sequence spaces RBFRFPF ccc 303030 )(,)(,)(  are complete under the 

metric  defined by ).,(sup),(
,,

nklnkl
lkn

YXdYX 
 

Proof. Let 
nklX  be a Cauchy sequence in .)( 30

PFc  Let  0  be given. 

Then for each ,)( 30

)()( RFi

nkl

i cXX     

         , , )()(  ji XX  for each  , 0nji        (1)                                                                   

  ,
3

) , (sup )()(

,,


j

nkl

i

nkl
lkn

XXd  for each . , 0nji                          

 ,
3

) , ( )()( 
j

nkl

i

nkl XXd  for each 0 , nji     and  .,, Nlkn                                        

 

1

)(  i

i

nklX  is a Cauchy sequence in ).(LRn  Since )(LR n

 
is complete, so 

1

)(  i

i

nklX
                                 

is convergent for each ., , Nlkn      

 Let ,lim )(

nkl

i

nkl
i

XX 


 for each Nlkn , ,   

There exists a set NNNXXdNNNlknA nkl

i

nkli 









2

) , (:),,( )( 

 

such that ,1)(3 iA  as 

.i  

Let 0i  
be such ,1)(3  iA  for ,0ii      

where   is a small positive real number. We have 
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.
22

)0 , () , ()0 , ( )()( 

 i

nklnkl

i

nklnkl XdXXdXd  

Then there exists a set .
2

)0 , (:),,( )(










i

nkli XdNNNlknB  

 For ,0ii   let  .iii BAC             

Then .1)()()( 333   iii BAC  

.1)(lim 3 


i
i

C  

This implies .)( 30

PF

nkl cX   
Hence 

PF

nkl cX 30 )(   is complete.                                

Similarly the other cases can be established.  ■                                                                                                                                                                                                                                                                   

Theorem 3.5. The triple sequence spaces RBFRFPFFF

cccc 303030303 )(,)(,)(,)(,)(  are solid and 

monotone.  

Proof. Let 
nklX  and nklY  be two fuzzy real valued triple sequences such that 

),0 , ()0 , ( nklnkl XdYd   for all ., , Nlkn     

Let  0  be given and let ,ZYnkl 
 
where  .)(,)(,)(,)( 30303030

RBFRFPFF ccccZ                                                                                   

Then the solidness of the spaces Z follows from the following inclusion relation: 

},)0 , (:),,{(})0 , (:),,{(   nklnkl XdNNNlknYdNNNlkn  

Also by Remark 2.1, it follows that the spaces Z  are monotone.  

Similarly, the solid and monotone property of the space 3)(
F

  can be proved. ■                                                                                           

Proposition 3.6. The triple sequence spaces RBFRFPFF cccc 3333 )(,)(,)(,)( are not solid and 

not monotone. 

Proof. The spaces RBFRFPFF cccc 3333 )(,)(,)(,)( are not solid. This follows from the 

following example. 

Example 3.3.  Consider the sequence nklX
 
defined as follows:  

For Niin  ,2  and for all ,, Nlk                     
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)(tX nkl







































  .            ;0 

3),(0   o  ;
3

1  

,03)(-   o  ;
3

1 

otherwise

ntrf
n

t

tnrf
n

t

                                                                                                             

 

  ,1nklX    .otherwise             

Then ,ZX nkl 
 
where  .)(,)(,)(,)( 3333

RBFRFPFF ccccZ         

 

Now consider the sequence )(LRYnkl   defined as follows: 

For Niin  ,2  and for all ,, Nlk                     

   
)(tYnkl



































  .            ;0 

,0   o  ;1  

,0-   o  ;1 

otherwise

ntrf
n

t

tnrf
n

t

                                                                                                             

 

For Niin  ,2  and for all ,, Nlk                     

      nklY .
.)(;3

,)(;1
1








 evenlknfor

oddlknfor
 

Then ),0 , ()0 , ( nklnkl XdYd   for all ., , Nlkn     

But ,ZYnkl 
 
where  .)(,)(,)(,)( 3333

RBFRFPFF ccccZ   

Hence the spaces are not solid. Therefore the spaces are not monotone. ■ 

Proposition 3.7. The spaces RBFRFPFFRBFRFPFF cccccccc 333330303030 )(,)(,)(,)(,)(,)(,)(,)(
 

are not convergence free. 

Proof. The proof of the result follows from the following example.  

Example 3.4. Consider the nklX
 
in )(LR defined as follows:  

For Niin  ,2  and for all ,, Nlk                                       
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)(tX nkl























  .            ;0 

,
1

0   o  ;)(1  

,0
1

-   o  ;)(1 

otherwise

lkn
trftlkn

t
lkn

rftlkn

                                                                                                             

 

                         ,0nklX    .otherwise             

Then ,ZX nkl 
 
where  .)(,)(,)(,)(,)(,)(,)(,)( 333330303030

RBFRFPFFRBFRFPFF ccccccccZ         

 

Now consider the sequence )(LRYnkl   defined as follows: 

For Niin  ,2  and for all ,, Nlk                   

   
)(tYnkl

























  .            ;0 

,)(0   o  ;1   

,0)(-   o  ;1 

otherwise

lkntrf
lkn

t

tlknrf
lkn

t

                                                                                                             

 

   ,0nklY    .otherwise  

Then ,ZYnkl 
 
where  .)(,)(,)(,)(,)(,)(,)(,)( 333330303030

RBFRFPFFRBFRFPFF ccccccccZ   

Hence the spaces are not convergence free. ■ 

Proposition 3.8. The spaces 
RBFRFPFFRBFRFPFF cccccccc 333330303030 )(,)(,)(,)(,)(,)(,)(,)(

 

are not symmetric. 

Proof. The proof of the result follows from the following example.  

Example 3.5. Consider the nklX
 
in )(LR defined as follows:  

For Niin  ,3  and for all ,, Nlk                                       

   
)(tX nkl



















  .            ;0 

,0   o  ;1 

,0-   o  ;1 

3

3

3

3

otherwise

ntrf
n

t

tnrf
n

t

                                                                                                             

 

   ,0nklX    .otherwise             
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Then ,ZX nkl 
 
where  .)(,)(,)(,)(,)(,)(,)(,)( 333330303030

RBFRFPFFRBFRFPFF ccccccccZ         

 

Now let us consider the sequence nklY  the rearrangement of nklX
 
in )(LR as follows:  

For m and k odd and for all ,Nn  

   
)(tYnkl



















  .            ;0 

,0   o   ;1 

,0-   o  ;1 

otherwise

ntrf
n

t

tnrf
n

t

                                                                                                             

 

   ,0nklY    .otherwise  

Then ,ZYnkl 
 
where  .)(,)(,)(,)(,)(,)(,)(,)( 333330303030

RBFRFPFFRBFRFPFF ccccccccZ   

Hence the spaces are not symmetric. ■ 

Theorem 3.9. The spaces RBFRFPFFRBFRFPFF cccccccc 333330303030 )(,)(,)(,)(,)(,)(,)(,)( are 

sequence algebras. 

Proof.  Consider the space .)( 30

Fc   

Let 10    and .)(, 30

F

nklnkl cYX 
 

Then the result follows from the following inclusion relation.
 

 })0 , (:),,{( nklnkl YXdNNNlkn  

}.)0 , (:),,{(})0 , (:),,{(   nklnkl YdNNNlknXdNNNlkn  

Similarly, the result for the other sequence spaces can be established. ■ 

 

Conclusion: 

We have introduced and studied the notion of different types of statistically convergent and 

statistically null fuzzy real-valued triple sequences. Some algebraic and topological properties 

of the introduced spaces are studied. Also the fuzzy real-valued Cesáro summable triple 

sequence space is introduced. A relation between strongly p-Cesáro summability and bounded 

statistically convergent triple sequences is derived. 
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