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Abstract

All valid Aristotle’s modal syllogisms can be obtained by adding modal operators to 24 valid
classical syllogisms. On the basis of the 20 valid modal syllogisms obtained by adding modal
operators to valid classical syllogisms 44A4-1 and EAE-1, this paper not only shows that the
validity of the other 326 Aristotle’s modal syllogisms can be derived by making full use of
truth definition and symmetry of Aristotelian quantifiers in generalized quantifier theory, and
propositional deformation rules in proof theory, but also shows that there are reducible
relations between/among Aristotle’s modal syllogisms. These innovative results are embodied
in the 29 theorems proposed in this paper. The research methods used in the paper provide a
simple and reasonable mathematical model to study generalized modal syllogisms. It is hoped
that these innovative achievements will make contributions to further research on Aristotle’s

and generalized modal syllogistic logic, and to promote knowledge representation and
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knowledge reasoning in computer science, and natural language information processing.

Keywords: generalized quantifier theory; Aristotle’s modal syllogisms; reducible relations;

validity

1. Introduction

Syllogistic reasoning is the most intensively researched due to the role they have played in
human reasoning from Aristotle onwards. The focus of Aristotle’s discussion of syllogisms is
Aristotle’s system of modal syllogisms. It has been open to public inspection for over 2300
years, and has had many consistently bad reviews ([9], p.247). The prevailing view is that

modal syllogsitic is incomprehensible due to its many faults and inconsistencies ([10], p.95).

The formal system, LA, proposed by Lukasiewicz ([5]) is designed to capture that Aristotle’s
judgments of “assertoric syllogism” are valid or invalid. Aristotle’s modal syllogisms can not
be expressed well in modal propositional logic with quantifiers, LM, developed by
Lukasiewicz ([5]). McCall([ 2], pp.31-32) points out that Lukasiewicz’s modal system, LM,
yields highly unAristotelian results. The L-X-M calculus, a formal system, developed by
McCall(1963) has given any chance of matching Aristotle’s judgments about which of the
n-premised (for n>2) “apodeictic syllogisms” are valid or not. Geach([3]) illustrates two
approaches to understand Aristotle’s work on modal syllogistic. The system proposed by
Geach([4]) can not deal with the apodeictics syllogisms well. Johnson([6]) gives a semantics
for McCall’s L-X-M, and shows that asserted wffs in L-X-M are valid and rejected sentences
are invalid. Johnson([7][8]) provides variants of McCall’s L-X-M that are sound and complete

system.

Benefiting from comments about McCall’s L-X-M in Thom([15]) and Thomason([16][17]),
Johnson([9]) turns to McCall’s work on the “contingent syllogisms”, and develops a modified
system, QLXM'. The system provides formal countermodels for many invalid apodeictic,

assertoric, or contingent syllogisms. Although interpreters have try to find some interpretation



of the modal syllogistic so as to consistently cover the whole modal syllogistic developed, the
outcomes of such attempts have been disappointing ([10], p.95). So Malink([10], [11]) try to

find a consistent formal model for Aristotle’s modal syllogistic.

Patterson([13]) tries to deal with Aristotle’s modal logic through the eyes of modern modal
monadic first order predicate logic. And classical syllogisms has already been researched
from the perspective of generalized quantifier theory, such as Benthem([18]),
Westerstahl([19]), and Zhang ([20][21][22]). It is natural to try to view Aristotle’s modal logic
through the eyes of modern modal logic, possible world semantics, and generalized quantifier
theory. The paper attempts to do this. It is known that there are reducible relations
between/among classical and generalized syllogisms ([21][22])). The other 22 valid classical
syllogisms can be derived from the valid classical syllogisms ‘Barbara’ AAA-1 and ‘Celarent’
EAE-1 in the light of generalized quantifier theory([14]). The following paper sets out not
only to show that the validity of one modal syllogism can be derived by the validity of another
modal syllogism, but also to show that there are reducible relations between/among
Aristotle’s modal syllogisms. In this paper, reducible relation between two valid syllogisms

means that one valid syllogism can be derived from another valid syllogism.

In the following paper, =, A, =, <, [, and < are signs of negation, conjunction,
conditionality, biconditionality, necessity, and possibility, respectively. Similar to classical
syllogisms, a Aristotle’s modal syllogism has two premises and one conclusion, and is a
particular instantiation of a syllogistic scheme. An Aristotle’s modal syllogism can be

interpreted as the following example:
All animals are necessarily mortal.

All horses are animals.

Some horses necessarily are mortal.

The syllogism means that the one below the line can be derived from the sentences above the
line semantically. It has the form Q:(M, P) A O(S, M) = Qs(S, P), where S is the set of things
or stuff that the subject term denotes, P is the set of things or stuff that the predicate term

signifies, and M is the set of things or stuff that the middle term expresses, each of Oy, O>, O3



in a Aristotle’s modal syllogism is one of the following 12 generalized quantifiers all, no,
some, not all, Oall, Ono, Osome, CInot all, $all, Ono, <O some and < not all. In the above
example, Q;=Uall, O,=all, and Q3=LIsome, so the modal syllogism can be denoted as Lall(M,

P) A all(S, M) =Usome(S, P). The other cases are similar.

2. Preliminaries

A quantified sentence including Aristotelian quantifiers ‘Q Ss are P’ is denoted by Q(S, P), in
which Q is one of Aristotelian quantifiers all, some, no, and not all. For example, a quantified
sentence ‘All children are eating’ is denoted by all(S, P), where S is the set of children in a
given universe, P is the set of things that are eating in the universe, and the quantifier all is a

relation between sets which is a particularly simple relation to describe: SCP.

Let S, P be an arbitrary set, the relations which Aristotelian quantifiers stand for can be given

in standard set-theoretic notations as the following:
Definition 1:

(1) all(S, P) & ScP; (2) no(S, P) < SNP=J;
(3) some(S, P) < SNP#J; (4) not all(S, P) < S—P#J.

For the sake of simplicity, the universal affirmative and negative proposition ‘All Ss are P’
and ‘No Ss are P’ are denoted by all(S, P) and no(S, P), and abbreviated by A and [
proposition, respectively. And the particular affirmative and negative proposition ‘Some Ss are
P’ and ‘Not all Ss are P’ are denoted by some(S, P) and not all(S, P), and abbreviated by / and
O proposition, respectively. The proposition ‘All Ss are necessarily P’ and ‘Some Ss are
possibly P’ are denoted by (all(S, P) and < some(S, P), and abbreviated by (14 and <1

proposition, respectively. The other cases are similar.
Similar to classical syllogisms, modal syllogisms can be grouped into four different ‘figures’:

(1) first figure (2) second figure (3) third figure (4) fourth figure

Qi(M, P) Qb M) Qi(M, P) Qb M)



2(S. M, 2(S. M, (M, S (M, S

Os(S, P) Os(S, P) Os(S, P) Os(S, P)

Here Q can be chosen among the following 12 generalized quantifiers all, some, no, not all,
Oall, Osome, Ono, Onot all, <all, O some, <O no, and< not all, so there are 12x12x12x4—
4x4x4x4 = 6656 Aristotle’s modal syllogisms. Similar to classical syllogisms, a modal
syllogism is valid if each instantiation of S, M and P verifying the premises also verifies the

conclusion.

According to the above notation, in the third figure, if suppose that Q;=[lall, Q,=[1some and
Q3=<not all and, then the modal syllogism Uall(M, P) A Osome(M, S) =< not all(S, P) can
be abbreviated by [14A[17/< O-3. Similarly, the modal syllogism Uall(P, M) Asome(M, S) =

some(S, P) can be abbreviated by [1A4//-4. The other notations are similar to them.

In terms of modal logic ([1][2]), necessity is what is true at every possible world, and
possibility is what is true at some. Specifically, let p be one of the proposition 4, E, I, and O,

it follows that:

Definition 2:

(1) Op is true just in case p itself is true at every possible world;

(2) Op is true just in case p itself is true at least one possible world.
According to Definition 1 and Definition 2, it follows that:

Definition 3:

(1) Uall(S, P) is true just in case SCP is true at every possible world.

(2) <all(S, P) is true just in case SCP is true at least one possible world.
(3) Usome(S, P) is true just in case SNP=J is true at every possible world.
(4) Osome(S, P) is true just in case SNP#J is true at least one possible world.
(5) Uno(S, P) is true just in case SNP=C is true at every possible world.

(6) Ono(S, P) is true just in case SNP= is true at least one possible world.

(7) Unot all(S, P) is true just in case S—P#J is true at every possible world.
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(8) Cnot all(S, P) is true just in case S—P=J is true at least one possible world.
According to Definition 3, it is clear that

Fact 1: Let p be one of the proposition 4, E, I, and O

) Op=p; Qp=<p; GUp=p

For instance, (4 = 4, 4 = <4 and 04 = < A. More specifically, the following Fact 2
holds.

Fact 2:
(1) Dall(S, P) = all(S, P); (2) Osome(S, P) = some(S, P);

(3) Ono(S, P) = no(S, P); (4) Onot all(S, P) = not all(S, P);

(5) all(S, P) = <all(S, P); (6) some(S, P) = some(S, P);

(7) no(S, P) = <no(S, P); (8) not all(S, P) = not all(S, P);
(9) Oall(S, P) = all(S, P); (10) Osome(S, P) = <some(S, P);
(11) Ono(S, P) = Ono(S, P); (12) Onot all(S, P) = <not all(S, P);

In the light of Definition 1 and Definition 3, it follows that

Fact 3:

(1) Qall(s, P) = Usome(S, P), (2) &all(s, P) = Osome(S, P),

(2) Ono(S, P) = Unot all(S, P);  (4) Ono(S, P) = Onot all(S, P);

(5) all(S, P) = some(S, P) ; (6) no(S, P) = not all(S, P).

According to Definition 1 and Definition 3, one can easily derive the following Fact 4:
Fact4: Symmetry of some or no

(1) some(S, P) < some(P, S); (2) Usome(S, P) < Llsome(P, S);

2) Osome(S, P) < Osome(P. S); (4) no(S, P) < no(P, S);

(5) Ono(S, P) < Uno(P. S); (6) Ono(S, P) < <Ono(P. S);

For example, the proposition “no dog is a fish” is necessarily true, the proposition “no fish is



a dog” is also necessarily true. According to Fact 4, replacing the statement part on the right
proposition in a valid modal syllogism by the left, one will not change the validity of the

obtained modal syllogism.

In the following paper, let o and B be a syllogism, oo = B means that the syllogism 3 can be
derived from the syllogism o, and one can say that there are reducible relations between the
two syllogisms. For example, LIELIALIE-1 = LELIALIO-1 means that LIELI4L1O-1 can be
derived from L1EL1ALIE-1. Hence, there are reducible relations between LIE[1A4[1E-1 and
LEOALO-1.

3. The Form Proof for Valid Modal Syllogisms

On the basis of set theory, generalized quantifier theory, and possible world semantics,
which modal syllogisms are valid can be proved in the light of Definition 1, Definition 3 and

Fact 2. Proofs for some of modal syllogisms can be easily constructed and will be omitted.
Theorem 1: The following 16 modal syllogisms are valid:

(1.1) [oo1]00400404-1: UallM, P)AQall(S, M) = Uall(S, P)
(1.2) [002]1CALCACA-1: SalliM, P)Aall(S, M) = <all(S, P)
(1.3) [003]104CAOA4-1: OallM, P)Aall(S, M) = <all(S, P)
(1.4) [004]1CA0ACA-1: allM, P)ALall(S, M) = <all(S, P)
(1.5) [005]0044004-1: Uall(M, P)~all(S, M) = Uall(S, P)
(1.6) [006]401400A4-1:  all(M, P)AUlall(S, M) = Uall(S, P)
(1.7) [0071CA44CA4-1:  all(M, P)rall(S, M) = <all(S, P)
(1.8) [008]14AA-1:  allM, P)ASall(S, M) = <all(S, P)
(1.9) [0091004<A44-1: OallM, P)Aall(S, M) = all(S, P)
(1.10) [010]144<A-1:  allM, P)nall(S, M) = <all(S, P)

Proof: For (1.1), suppose that Llall(M, P) and Uall(S, M) are true, then McP and SCM is true



at every possible world in terms of the clause (1) in Definition 3. Now it follows that Mc P
and ScM, so it is clear that SCP is true at every possible world. Therefore Ulall(S, P) is true
according to the clause (1) in Definition 3 again. This proves the claim that the Arisitotle’s

modal syllogism Uall(M, P)AUlall(S, M) = Ulall(S, P) is valid, just as required.

The other cases can be similarly proved as (1.1). For example, for (1.8), suppose that all(M, P)
and < all(S, M) are true, then all(M, P) is true if and only if McP is true in the light of the
clause (1) in Definition 1, and it follows that < all(S, M) <> ScM at least one possible world
by the clause (2) in Definition 3. Now it is easy to observe that Mc P and ScM at least one
possible world, hence SCP is true at least one possible world. Thus < all(S, P) is true in term
of the clause (2) in Definition 3 again. Therefore all(M, P)Aall(S, M) = <all(S, P) is valid,

as desired.

Theorem 2: The following 16 modal syllogisms are valid:

2.1) [011OEOAOE-1: OnoM, P)ADall(S, M) = Ono(S, P)
2.2) [012]OEOAOE-1: OnoM, P)Aall(S, M) = Ono(S, P)
(2.4) [013JOECACE-1: OnoM, P)aall(S, M) = Ono(S, P)
(2.5) [014]CELACE-1:  OnoM, P)ALall(S, M) = Ono(S, P)
(2.7) [015]0EAQE-1: Ono(M, P)aall(S, M) = Ono(S, P)
(2.8) [016]ELIALIE-1:  noM, P)ACall(S, M) = Uno(S, P)
(2.9) [017]OEAOE-1:  Ono(M, P)aall(S, M) = Ono(S, P)
(2.10) [0IBJEQAE-1:  noM, P)Aall(S, M) = Ono(S, P)
(2.11) [019]0EOAE-1:  Cno(M, P)Aall(S, M) = no(S, P)
(2.16) [020]EAE-1:  no(M, P)rall(S, M) = <no(S, P)

Proof: Theorem can be similarly proved as Theorem 1 by means of Definition 1, Definition 3

and Fact 2.

Theorem 3: The validity of some of the following modal syllogisms can be derived by the

validity of the other of the following modal syllogisms:



(3.1) [001]040404-1 = [021]0404 <O A-1
(3.2) [001]040404-1 = [022]04044-1
(3.3) [005]044004-1 = [023]0144 < 4-1
(3.4) [005]04404-1 = [024]C14A44-1

(3.5) [006]4014004-1 = [025]4004 <O 4-1
(3.6) [006]4014004-1 = [026]4144-1

3.7) [011]OEOAOE-1 = [027]0EOAE-1
(3.8) [011]OEOAOE-1 = [028]0ECI4E-1
(3.9) [015]0EA0IE-1 = [029]0EA<E-1
(3.10) [015]0EACE-1 = [030]CEAE-1
(3.11) [016]ETACIE-1 = [031]ECIA<E-1
(3.12) [016]ECIA0IE-1 = [032]ELIAE-1

Proof: From (3.1) to (3.6) in Theorem 3 can be easily deducible from Theorem 1 and Fact 2.

From (3.7) to (3.12) in Theorem 1 can be derived from Theorem 2 and Fact 2.

Theorem 3 not only means that the 12 derived syllogisms are valid, but also means that
reducible relations between these Aristotle’s modal syllogisms. It is easily observed that the
20 valid Aristotle’s modal syllogisms in Theorem 1 and Theorem 2 can be obtained by adding
modal operators to valid classical syllogisms 4A44-1 and EAE-1. In fact, all valid Aristotle’s
modal syllogisms can be obtained by adding modal operators to 24 valid classical syllogisms
(for details, see [23]). It is clear that the number of all valid Aristotle’s modal syllogisms
obtained by adding modal operators to the valid classical syllogism A4A4-1 is 16, that is, the
ten syllogisms in Theorems 1 and the first six derived syllogisms in Theorem 3. And the other

cases are similar, therefore the number of all valid Aristotle’s modal syllogisms is 16x24=384.



4. Reducible Relations between/among Aristotle’s Modal Syllogisms:

Xiaojun Zhang and Sheng Li (2016) derives the other 22 valid classical syllogisms from the
valid classical syllogisms A4A4A4-1 and EAE-1, that is, there are reducible relations
between/among valid classical syllogisms. On the basis of the 20 valid modal syllogisms in
Theorem 1 and Theorem 2, this paper not only shows that the validity of the other 326
Aristotle’s modal syllogisms can be derived by making full use of truth definition and
symmetry of Aristotelian quantifiers in generalized quantifier theory and propositional
deformation rules in proof theory, but also shows that there are reducible relations

between/among Aristotle’s modal syllogisms.

In order to study reducible relations between modal syllogisms, the following two

propositional deformation rules are required.

Propositional Deformation Rule 1: Let p, g,  be a proposition, ((—7Ap) — —¢q) can be

derived from ((pAg) — 7).

Proof: From ((pAg)— r) it can be derived (= — —(pAgq)), then can be derived (-7 — (—p
v—gq)), and then can be derived (—r — (p—>—q)), therefore it can can be derived ((—rAp) —

—q). In short, from ((pAg)— 1) it can be derived ((—rAp) — —q), as desired.

Propositional Deformation Rule 2: Let p, g, r be a proposition, ((—7Ap) — —p) can be

derived from ((pAg) — 7).

Proof: From ((pAg) — r) it can be derived ((gAp) — 7), then can be derived (—r — (—gVv—p))
and then can be derived (—r — (—gVv—p)), therefore it can can be derived ((—rAg) = —p). In

short, from ((pAg)— r) it can be derived ((—rAp) — —p), just as required.
The proof of the following four theorems will use these two propositional deformation rules.
Theorem 4: [001] 0ACACOA-1 = [067]CEOAO0-1

Proof: Since (1A = [11, it is clear that [259] [0 A4 [ A4 [] /-4 can be derived from [001]
UALIALIA-1. That is, Uall(P, M)AUlall(M, S)=Usome(S, P). According to the Propositional
Deformation Rule 2, it can be known that ((—7Ap) — —p) can be derived from ((pAg) — 7).

Therefore, — L some(S, P) AU all(M, S) = —Uall(P, M) can be derived from Ul all(P,
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M)AQOallM, S) = Usome(S, P). Therefore, O—some(S, P)AQall(M, S)=<>—all(P. M). And
since —some=no and —all=not all, Ono(S, P)AOall(M, S) = < not all(P, M). By replacing S
by M, P by S and M by P, it can be obtained that > no(M, S)AQall(P, M) = <not all(S, P).
That is, the first figure modal syllogism [067]< E[14<>O-1 is valid.

Theorem 5: [001] O40A40A4-1 = [169]04< 00 0-2

Proof: For [001] LJ4UJAUIA-1, i.e. Uall(M, P)AUQlall(S, M) = Uall(S, P). According to the
Propositional Deformation Rule 1, it can be known that ((—7Ap) — —¢) can be derived from
((pAq) = r). Therefore, =Lall(S, P)AUQall(M, P)=—lall(S, M) can be derived from Uall(M,
P)AOdall(S, M) = Oall(S, P). Hence > —all(S, P)AQdall(M, P) = <—all(S, M). And since
—all=not all, Onot all(S, P)AOall(M, P) = <not all(S, M). By replacing P by M, and M by
P, it can be followed that not all(S, M)AOall(P, M) = $not all(S, P). By putting the major
premise in front of the minor premise it can be obtained that Oall(P, M) A<> not all(S, M) =
& not all(S, P). In other words, the second figure modal syllogism [169]114 < O < 0-2 is

valid.
Theorem 6: [001] O04C0A400A4-1 = [247]O00A4<$0-3

Proof: For [001] LJALJAUIA-1, i.e. UalliM, P)ALlall(S, M) = Ulall(S, P). According to the
Propositional Deformation Rule 2, it can be known that ((—7Ap) — —p) can be derived from
((p~Ag) > r). Therefore, —mUlall(S, P)AUlall(S, M) = —Uall(M, P) can be inferred from
OallM, P)AQall(S, M) = Oall(S, P). Since [J and < can be mutually defined, < —all(S,
P)AOall(S, M) = <—all(M, P). And since —all=not all, >not all(S, P)AOall(S, M) = not
all(M, P). By changing the letters it can be obtained that > not all(M, P)AQCall(M, S) = not
all(S, P). That is, the third figure modal syllogism [247]<>0A< 0-3 is valid.

Theorem 7: [001] O0A40A400A4-1=[307]CEOA 0-4

Proof: It is clear that [259][J4[JA4[1/-4 can be derived from [001]]A[JA[JA4-1. That is,
Uall(P, M)AUall(M, S) = Usome(S, P). According to the Propositional Deformation Rule 1,
it can be known that ((—rAp)—>—q) can be derived from ((pAg) — r). Therefore, —[lsome(S,
P)AQall(P, M) = —all(M, S) can be derived from Uall(P, M)AUall(M, S) = Usome(S, P).
And [0 and < can be mutually defined, hence < —some(S, P)ACall(P, M) = < —all(M, S).
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And since —some= no and —all=not all, < no(S, P) AOall(P. M) = < not all(M, S). By
replacing P by M, M by S and S by P it can be obtained that Ono(P, M)A allM, S) = <not
all(S, P). In other words, the fourth figure modal syllogism [307]< ECIA< O-4 is valid.

It can be seen from the above four theorems that the valid modal syllogism of the first, second,
third and fourth figures can be derived from the valid modal syllogism of the first figure. Now
one can begin to study reducible relations between/among modal syllogisms on the basis of

Definition 1, Definition 1, Fact 1, Fact 2, Propositional Deformation Rule 1 and Rule 2.
Theorem 8: Reducible relations between the following modal syllogisms:
(8.1) [001]00401404-1 = [0331004004007-1

(8.2) [00110400404-1 = [03410404< -1

(8.3) [001]00404014-1 = [035]10J400A47-1

(8.4) [002]CALCALCA-1 = [036]10AOAOI-1

(8.5) [003]104CALCA-1 = [0371H4CADI-1

(8.6) [004]<CA0ACA-1 = [038]1CA0ACI-1

(8.7) [005]144004-1 = [039]01440L17-1

(8.8) [005]0J440A4-1 = [040]100441-1

(8.9) [005]144014-1 = [041]00441-1

(8.10) [006]401401A4-1 = [042]4014011-1

(8.11) [006] ALJALIA-1 = [043]140HA -1

(8.12) [006] AL14L1A4-1 = [044]40L1AI-1

(8.13) [007]1CAAA-1 = [045]1OCAAI-1

(8.14) [008]1 ACADA-1 = [046]4AOI-]

(8.15) [009]104<AA4-1 = [04710AAI-1

(8.16) [010]144<A-1 = [048]144AI-1

Proof: Theorem 8 can be deduced from Theorem 1 by use of Fact 2. It is known that a
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necessarily particular affirmative proposition can be implied by a necessarily universal
affirmative proposition. Specifically, for (8.1), according to the clause (13) in Fact 2, it is clear
that (14 = [, therefore [033]JA0LJALII-1 can be obtained by replacing the conclusion [14
in [001]0J401A4014-1 with /. The others can be similarly proved by means of Fact 2.

Theorem 9: Reducible relations between the following modal syllogisms:
(9.1) [011JHUEOALE-1 = [04910040115 -1
(9.2) [011JHEOAOE-1 = [050]04IO -1
(9.3) [011JHEOALE-1 = [0511TAIO -1
(9.4) [013]JLECACE-1 = [05210400/07-1
(9.5) [014]1CEOAOCE-1 = [053]10A0IC -1
(9.6) [015]DEALIE-1 = [054]10040011-1

(9.7) [015]EALIE-1 = [055]1L411-1

(9.8) [015]0EALIE-1 = [056]L14 -1

(9.9) [016]FLIALIE-1 = [057]140111-1

(9.10) [016]ETIALIE-1 = [058]4A IO -1
(9.11) [016]ETALIE-1 = [059]400I1-1
(9.12) [019]OEAE-1 = [0601047/07-1
(9.13) [020]EAE-1 = [061]140011-1

Proof: Theorem 9 can be similarly proved in terms of the symmetry of no, Propositional
Deformation Rule 1, and Fact 2. More specifically, for (9.1). According to the symmetry of no,
[091] T 4 U E 0 E-2 can be obtained by replacing [ no(S, P) in the conclusion of
[011|OEOACE-1 with Ono(P, S). And [092] COAIE<> E-2 can certainly be deduced from
[09110JA0ECIE-2 in view of that (JE = <E. Then [049]0417<>I-1 can be deduced from
[092]1 04 O E < E-2 in the light of Propositional Deformation Rule 1, just as proved in

Theorem 5 and Theorem 7.

For (9.4). According to the symmetry of no,[095][14 <> E<> E-2 can be obtained by replacing
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the conclusion Ono(S, P) in [013]E <4< E-1 with Onro(P, S). By taking advantage of
Propositional Deformation Rule 1, one can transform [095] [0 A4 & E <& E-2 to obtain
[052]1LJA 70 I-1, just as proved in Theorem 5 and Theorem 7. The other arguments are

analogous to that given for (9.1) and (9.4) just proved or easier.

It can be seen from the above proof process in (9.1) that [011] [ E [ A U E-1 =
[09114A00EOE-2 = [092] OAOECE-2 = [049]00A40/7< I-1. That not only means that the
three modal syllogisms derived from [011]LJELJALIE-1 are valid, but also means that there

are reducible relations among the four syllogisms. The other cases are similar.
Theorem 10: Reducible relations between the following modal syllogisms:
(10.1) [011JHEMALE-1 = [062]LIEOI4LO-1

(10.2) [011]HEOAOE-1 = [063]1HEOAO-1

(10.3) [011]HELIALE-1 = [064]LIELIAO-1

(10.4) [012]1CEQCAOE-1 = [065]OCEOAOO-1

(10.5) [013]1OECAOE-1 = [066]HEOACO-1

(10.6) [014]CEOAOE-1 = [067]CELACO-1

(10.7) [015]0EALE-1 = [068]EA O-1

(10.8) [015]LMEALIE-1 = [069]LJEAO-1

(10.9) [015]LJEALIE-1 = [070]L1E4LIO-1

(10.10) [016]ELI4LIE-1 = [071]1E0LDALIO-1

(10.11) [016]ETJALIE-1 = [072]ET140-1

(10.12) [016]ELIALIE-1 = [073]ELIAO-1

(10.13) [0171CEAE-1 = [074]OEACO-1

(10.14) [018]1EQASE-1 = [075]EQ A O-1

(10.15) [019]OEOAE-1 = [076]HEAO-1

(10.16) [020]EAE-1 = [077]EAOO-1
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Proof: Similar to Theorem 8, Theorem 10 can be easily deduced from Fact 2. It is clear that a
necessarily particular affirmative proposition can be certainly implied by a necessarily
universal affirmative proposition. Specifically, for (10.1), LJE=[]O according to the clause
(15) in Fact 2, therefore [062] LJE[JA[JO-1 can certainly be obtained by replacing the
conclusion LJA in [011]LJELJALIE-1 with .LJO The other argument is analogous to that given
for (10.1) by means of Fact 1.

Theorem 11: Reducible relations between the following modal syllogisms:
(11.1) [0111OEOA0E-1 = [078]HEOIC O-1
(11.2) [0111TETAOE-1 = [079]HESICO-1
(11.3) [0111OEOAOE-1 = [080]TEICO-1
(11.4) [013]ECASCE-1 = [0811ELIMOO-1
(11.5) [014]CEOACE-1 = [082]1CELIOO-1
(11.6) [015]LIEALIE-1 = [083]LIELIIO-1
(11.7) [015]0FEALE-1 = [084]LEIO-1
(11.8) [015]LIEALIE-1 = [085]L1EIO-1

(11.9) [016]ETIACIE-1 = [086]ECIOO-1
(11.10) [016]ETIALIE-1 = [0871ELII0O-1
(11.11) [016]EHAOE-1 = [088]EICO-1
(11.12) [019]ECAE-1 = [089]LEIIO-1
(11.13) [020]EA<E-1 = [090]ETIIO-1

Proof: Similar to Theorem 9, Theorem 11 can be followed from the symmetry of no,
Propositional Deformation Rule 1, and Fact 2. More specifically, for (11.1), in the light of the
symmetry of no, [123]L1ELI4LJE-2 can be obtained by replacing the major premise Llno(M,
P) in[011]HEOATE-1 with Unro(P, M). According to [123]TELALE-2 and that E=E,
each one can easily derive [124] OECA< E-2. And then [078]JEI<> O-1 can be obtained

from [124]0E0A4 < E-2 according to Propositional Deformation Rule 1, just as proved in
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Theorem 5 and Theorem 7 . The other proofs are analogous to that given for (11.1) just

proved or easier.

Theorem 12: Reducible relations between the following modal syllogisms:
(12.1) [011]EQIALIE-1 = [0911LA4ALIELIE-2
(12.2) [011OEOA40E-1 = [092]104TEOE-2
(12.3) [011]ETIALIE-1 = [093]LIALIEE-2
(12.4) [012]1CEQCAOE-1 = [094]CAOEOE-2
(12.5) [013]1OECAOE-1 = [095]HACECE-2
(12.6) [014]CEOAOE-1 = [096]OALECE-2
(12.7) [015]LJEALIE-1 = [097]LUAELIE-2
(12.8) [015]EALIE-1 = [098]LIAEE-2
(12.9) [015]LJEALIE-1 = [099]LIAEE-2

(12.10) [016]ELI4ALIE-1 = [100]4LIELIE-2
(12.11) [016]ETIALIE-1 = [101]4A0EOE-2
(12.12) [016]ELI4LIE-1 = [102]4LEE-2
(12.13) [0171CEAE-1 = [103]OAEOE-2
(12.14) [018]1ECASE-1 = [104]JAOEOE-2
(12.15) [019]0EOAE-1 = [105]0AEE-2
(12.16) [020]1EAE-1 = [106]AEE-2

Proof: Theorem 12 can be similarly proved by means of the symmetry of no and Fact 2. More
specifically, for (12.2), according to the symmetry of no, [091]LJALIELIE-2 can be obtained
by substituting [1no(P, S) for the conclusion [ no¢S, P) in [011]00 E[1A4 [0 E-1. And
[092]CJ4E< E-2 can be shown from [091]CJ4C0ECIE-2, since (JE = < in terms of the
clause (12) in Fact 2. The other verifications follow the same pattern as the worked example

above.
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Theorem13: Reducible relations between the following modal syllogisms:
(13.1) [011]E0TIALIE-1 = [107]L04ALIELIO-2
(13.2) [0111OEOA40E-1 = [108]1040ESO-2
(13.3) [011]E0TIALIE-1 = [109]LU4ALIEO-2
(13.4) [012]1CEQCACE-1 = [110]1CACESO-2
(13.5) [013]1OECACE-1 = [111IHA4ACECO-2
(13.6) [014]CELAOCE-1 = [112]1CA0ESO-2
(13.7) [015]LEALIE-1 = [113]L4ELIO-2
(13.8) [015]EALIE-1 = [114]04E0-2
(13.9) [015]LJEALIE-1 = [115]LU4EO-2
(13.10) [016]ELI4LIE-1 = [116]4LIELIO-2
(13.11) [016]EFTJALIE-1 = [117]ATECO-2
(13.12) [016]ELIALIE-1 = [118]4ALIEO-2
(13.13) [0171CEAE-1 = [119]1CAEO0-2
(13.14) [018]1ECAOE-1 = [120J[AOEOO-2
(13.15) [019]OEOAE-1 = [12110AEO-2
(13.16) [020]1EAE-1 = [122]AEQO-2

Proof: Similar to Theorem 12, Theorem 13 can be followed from the symmetry of no and Fact
2. More specifically, for (13.5), in the light of the symmetry of no, [095]14<> E< E-2 can be
deduced by replacing the conclusion [(no(S, P) in [013]LJE< A E-1 with (no(P, S). 1t is
clear that O E = < O from Fact 2, and hence [111100 4 & E < O-2 is deducible from

[095]C04 <> E< E-2, just as required. The others are similar or easier to prove.
Theorem 14: Reducible relations between the following modal syllogisms:

(14.1) [011|OEOADE-1 = [123]0EDADE-2
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(14.2)
(14.3)
(14.4)
(14.5)
(14.6)
(14.7)
(14.8)
(14.9)
(14.10)
(14.11)
(14.12)
(14.13)
(14.14)
(14.15)

(14.16)

[011]OEOADE-1 = [124]0EOA<OE-2
[011]DEOADE-1 = [125]0EC4E-2
[012]CECACE-1 = [126]CECAOE-2
[013]0ECACE-1 = [127]0EOAOE-2
[014]CEOAOE-1 = [128]<EOAOE-2
[015]0EADE-1 = [129]0EACIE-2
[015]0EACE-1 = [130]0EAOE-2
[015]0EACE-1 = [131]0EAE-2
[016]ELIACIE-1 = [132]ECIACIE-2
[016]ELIACE-1 = [133]ECIAOE-2
[016]ECIACIE-1 = [134]ECIAE-2
[017]OEAE-1 = [135]OEAE-2
[018]EOACE-1 = [136]EOACE-2
[019]0ECAE-1 = [137]0EOAE-2

[020]EAOE-1 = [138]EAOE-2

Proof: Similar to Theorem 12 and Theorem 13, Theorem 14 can be followed from the

symmetry of no and Fact 2. Specifically, for (14.8), in terms of the symmetry of no,

[129]LJEALIE-2 can be included by substituting [lno(P, M) for the major premise [lno(M, P)

in [015]0 EA O E-1. Since OE = < E, [130] 0 E4 & E-2 can be deducible from

[129]LJEALIE-2, as desired. The other verifications are analogous to that given for (14.8) just

proved or easier .

Theorem 15: Reducible relations between the following modal syllogisms:

(15.1)
(15.2)

(15.3)

[011]OEOAOE-1 = [139]0E0ACO0-2
[011]0EOADE-1 = [140]0E0A4O0-2

[011]0EOACE-1 = [141]0E0A40-2
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(15.4) [012]OEOACE-1 = [142]OEC A0 0-2
(15.5) [013]OECACE-1 = [143]OECAOO0-2
(15.6) [014]OELACE-1 = [144]OCEO4O0-2
(15.7) [015]0EADE-1 = [145]0EACIO-2
(15.8) [015]0EACE-1 = [146]0EA0-2
(15.9) [015]0EACE-1 = [147]EAO-2
(15.10) [016]ELIACIE-1 = [148]EC1AC10-2
(15.11) [016]JECJALIE-1 = [149]ELI4< 0-2
(15.12) [016]ELIACIE-1 = [150]EC1A0-2
(15.13) [017]OEAE-1 = [151]OEA0-2
(15.14) [018]EQACE-1 = [152]EO A 0-2
(15.15) [019]ECAE-1 = [153]0EOAO0-2
(15.16) [020]EAE-1 = [154]EAOO-2

Proof: Similar to Theorem 12-14, Theorem 15 can be followed from the symmetry of no and
Fact 2. More specifically, for (15.12), [072]ECJA4<> O-1 can be obtained from [016]ECIACIE-1
and [L1E =0. And then [150]ELIAO-2 can be derived by replacing the major premise no(M, P)
in [072]EA < O-1 with no(P, M), just as required. The other proofs are similar to that

given for (15.12) just proved or easier .

Theorem 16: Reducible relations between the following modal syllogisms:
(16.1) [011OEOAOE-1 = [15510EOIC0-2

(16.2) [011OEOAOE-1 = [156]LEOIO0-2

(16.3) [011JHETALE-1 = [157]LHEIO O-2

(16.4) [013]1DECAOE-1 = [158]EOITO-2

(16.5) [014]CEOACE-1 = [159]CEQIC 02
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(16.6) [015]0EA0E-1 = [160]0EDI0-2
(16.7) [015]0EAQE-1 = [161]0EIO-2
(16.8) [016]ECIAOE-1 = [162]EOIO0-2
(16.9) [016]ECA0E-1 = [163]0EIO-2
(16.10) [016]ECIACIE-1 = [164]0ECIO-2
(16.11) [016]ECIAOE-1 = [165]EIO0-2
(16.12) [019] OECAE-1 = [166]0EIO-2
(16.13) [020] A4 A-1 = [167]EDI0-2

Proof: Similar to Theorem 9 and Theorem 11, Theorem 16 can be obtained according to
Propositional Deformation Rule 1 and Fact 2. More specifically, for (16.12), [029]LJEA < E-1
can be deduced from [015]CJEACIE-1 and COE =<E. Then [166]1EJ1IO-2 can be obtained
by transforming [029] 1 EA4 < E-1 by means of Propositional Deformation Rule 1, just as
proved in Theorem 5 and Theorem 7. The other verifications are similar to that given for

(16.12) just proved or easier.

Theorem 17: Reducible relations between the following modal syllogisms:
(17.1) [00110404004-1 = [168]114H0<C0-2
(17.2) [0011040404-1 = [169104 00 0-2
(17.3) [0011040404-1 = [170]040<0-2
(17.4) [003]104A404-1 = [1711040000-2
(17.5) [004]1CA0AOA-1 = [172]104AT0C0-2
(17.6) [005]0144014-1 = [173]LJ4L100-2
(17.7) [005]Ld44014-1 = [174]LJ400-2

(17.8) [006]400400A4-1 = [175]14<000-2
(17.9) [006]1400404-1 = [176]4<>00-2

(17.10) [006]4004004-1 = [177]04000-2
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(17.11)  [006]401404-1 = [178]A00-2
(17.12)  [009] A AA-1 = [179]040010-2
(17.13) [010] 44 4-1 = [180]4000-2

Proof: Similar to Theorem 9, 11 and 16, Theorem 17 can be obtained from Propositional
Deformation Rule 1 and Fact 2. More specifically, for (17.1), [021]10JA A < A-1 can be
deduced from [001]10JA40ACIA-1 and 04 = <O A. And [168]JA00< 0-2 can be obtained
from [0211C0 404 < 4-1 in views of Propositional Deformation Rule 1, just as proved in
Theorem 5 and Theorem 7. The other arguments are analogous to that given for (17.1), just

proved.

Theorem 18: Reducible relations between the following modal syllogisms:
(18.1) [011JHEOAOE-1 = [1811040IO1-3
(18.2) [011OEOAOE-1 = [182104 I 1-3
(18.3) [011JHEADE-1 = [183104I1-3
(18.4) [013)JOECACE-1 = [184]04A0IC -3
(18.5) [014]CEOAOE-1 = [18510401/1107-3
(18.6) [015]0EALIE-1 = [186]4I<CI-3
(18.7) [015]0EALIE-1 = [187]AICI-3

(18.8) [015]0EALIE-1 = [188]400I< -3
(18.9) [016]EFTIALIE-1 = [1891L04<1I-3
(18.10) [016]ELUALIE-1 = [1901L140L11I-3
(18.11) [016]ETJALIE-1 = [191]1LAII-3
(18.12) [019]OEOAE-1 = [192]OAICI-3
(18.13) [020]1EAE-1 = [193140111-3

Proof: Theorem 18 can be deducible from the symmetry of no, Fact 2 and Propositional

Deformation Rule 2. Specifically, for (18.3), with reference to the symmetry of no,
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[123]LJELJALIE-2 can be obtained by substituting Llno(P, M) for the major premise Lno(M,
P) in [011]LJEALIE-1. And [125]LJELJAE-2 can be derived from [123]LJELJALIE-2 and LIE
= E. Then [183]JAI<> -3 can be followed by transforming [125]J ELJAE-2 according to
Propositional Deformation Rule 2, just as proved in Theorem 4 and Theorem 6. The other

verifications are similar to that given for (18.3) just proved or easier.
Theorem 19: Reducible relations between the following modal syllogisms:
(19.1) [011JOEOA40E-1 = [1941040041-3

(19.2) [011JOEOAOE-1 = [1951004CA41-3

(19.3) [011JHEOA40E-1 = [196]0044<1-3

(19.4) [013]1OECACE-1 = [197]0A0A4AI-3

(19.5) [014]CEOACE-1 = [1981004004017-3

(19.6) [015]0EALE-1 = [199]4A<I-3

(19.7) [015]8EALE-1 = [200]4004< -3

(19.8) [015]0EALIE-1 = [201]144<1-3

(19.9) [016]ELIALIE-1 = [202]L1401A47-3

(19.10) [016]ELJALIE-1 = [203]1004<AI-3

(19.11) [016]ELIALIE-1 = [204]014A41-3

(19.12) [019]OEOAE-1 = [205]10AAI-3

(19.13) [020]1EAE-1 = [206]41AI-3

Proof: Similar to Theorem 18, Theorem 19 can be followed from the symmetry of no, Fact 2
and Propositional Deformation Rule 2. More specifically, for (19.12), [076]1E<>AO-1 can be
deduced from [019]LTJEAE-1 and E = O. [153]L1E<> AO-2 can be obtained by replacing the
major premise (no(M, P) in [011]TEACE-1 with Cno(P. M). And then [205]< 44 < 1-3 can
be deduced from [125]LJ ELJAE-2 in views of Propositional Deformation Rule 2, just as
proved in Theorem 4 and Theorem 6. The other verifications follow the same pattern as the

just worked example.
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Theorem 20: Reducible relations between the following modal syllogisms:
(20.1) [011JOEOA4OE-1 = [20710EOAO0-3
(20.2) [011JOEOAOE-1 = [208]1DEC A O-3
(20.3) [011JOETALE-1 = [209]LEA O-3
(20.4) [013]1OECAOE-1 = [2101CELACO-3
(20.5) [014]CEOACE-1 = [2111HEOAO0O-3
(20.6) [015]EALIE-1 = [212]EQ A O-3
(20.7) [015]0EALE-1 = [213]1E0A0-3
(20.8) [015]EALIE-1 = [214]EA<O-3

(20.9) [016]ELNALIE-1 = [215]LUELIAO-3
(20.10) [016]ETIALIE-1 = [216]EAO-3
(20.11) [016]ELIALIE-1 = [217]UEAO-3
(20.12) [019]OEOAE-1 = [218]OEACO-3
(20.13) [020]1EAE-1 = [219]1ETJA0-3

Proof: Similar to Theorem 18 and Theorem 19, Theorem 20 can be derived from the
symmetry of no, Fact 2 and Propositional Deformation Rule 2. Specifically, for (20.8),
[097]LJAELJE-2 can be obtained by substituting Llno(P, S) for the conclusion Llno(S, P) in
[015S]LUEALIE-1. And [115]LJ4EO-2 can be followed from [097]LJAELIE-2 and LJE = O.
And then [214] EA < O-3 can be deduced by from [115] O AEO-2 with reference to
Propositional Deformation Rule 2, just as proved in Theorem 4 and Theorem 6. The other

cases are similar.

Theorem 21: Reducible relations between the following modal syllogisms:
(21.1) [011JOEOAOE-1 = [220]TEOIC0-3

(21.2) [011]OEOAOE-1 = [221]TESCIC0-3

(21.3) [011|OEOADE-1 = [222]0EIOO-3
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(21.4)
(21.5)
(21.6)
21.7)
(21.8)

(21.9)

(21.10)
@21.11)
(21.12)

(21.13)

[013]0EOCACE-1 = [223]1CEOIC0-3
[014]CEOACE-1 = [224]0EQCO-3
[015]0EACIE-1 = [2251EC 1O 0-3
[015]0EACE-1 = [226]ECIO 0-3
[015]0EACE-1 = [227]EIO0-3
[016]ECIA0IE-1 = [228]0ETIO-3
[016]ECIA0IE-1 = [229]0E<IO-3
[016]ECIA0IE-1 = [230]0EIO-3
[019]0EOAE-1 = [231]CEIO0-3

[020]EAQE-1 = [232]E0I0-3

Proof: Similar to Theorem 18-20, Theorem 21 can be followed from the symmetry of no, Fact

2 and Propositional Deformation Rule 2. More specifically, for (21.7), [097]LJAELIE-2 can be

obtained by replacing the conclusion Uno(S, P) in [015]LIEALIE-1 with Lno(P, S). And [098]

OAE< E-2 can be deducible from [097]0AECE-2 and HE=<E. And then [226] EC1I0-3

can be derived from [098][L1AE <> E-2 in terms of Propositional Deformation Rule 2, just as

proved in Theorem 4 and Theorem 6. The other arguments are similar or easier.

Theorem 22: Reducible relations between the following modal syllogisms:

(22.1)
(22.2)
(22.3)
(22.4)
(22.5)
(22.6)
(22.7)

(22.8)

[011|OEOAOE-1 = [233]0104O 13
[011|OEOAOE-1 = [234]O 10413
[011|OEOAOE-1 = [235]0I4< 13
[013]0EOCACE-1 = [236]0I1O A3
[014]CEOACE-1 = [237]010401-3
[015]0EACIE-1 = [2381 A3
[015]0EA0E-1 = [239)/0A -3

[015]0EADIE-1 = [240)I4 -3
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(22.9) [016]ECIACIE-1 = [241]0101A41-3
(22.10) [016]ECIACIE-1 = [242]00I<O AL-3
(22.11) [016]ECIA0IE-1 = [243]01I41-3
(22.12) [019]OECAE-1 = [244]014<1-3
(22.13)  [020]EAE-1 = [245]10141-3

Proof: Similar to Theorem 9, 11 and 16-17, Theorem 22 can be obtained from Fact 2 and
Propositional Deformation Rule 2. Specifically, for (22.9), [031]E[JA4 < E-1 can be derived
from [016]JE0 A E-1 and OE= < E. And [241] 070 AI-3 can be deducible from
[031]EC0A < E-1 by means of Propositional Deformation Rule 2, just as proved in Theorem 4
and Theorem 6. The other arguments are analogous to that given for (22.5) just proved or

easier.

Theorem 23: Reducible relations between the following modal syllogisms:
(23.1) [001100400404-1 = [246]0004< 0-3
(23.2) [0011040404-1 = 24715004 0-3
(23.3) [00110400404-1 = [2481J04<0-3
(23.4) [003]104CAOA4-1 = [2491000 4 0-3
(23.5) [004]1<CA0AOA-1 = [2501H00 A< 0-3
(23.6) [005]004404-1 = [251104<0-3
(23.7) [005]004404-1 = [252]1004<0-3
(23.8) [005]10044004-1 = [253]104<0-3

(23.9) [006]4014014-1 = [254]LJOLIA0-3
(23.10) [006]1400404-1 = [255]00<A40-3
(23.11) [006]40J40L1A4-1 = [256]LJOA0-3
(23.12) [009]1004<A44-1 = [2571004< 0-3

(23.13)  [010]44<4-1 = [258]0040-3
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Proof: Similar to Theorem 22, Theorem 23 can be obtained from Fact 2 and Propositional
Deformation Rule 2. More specifically, for (23.7), [023]10 44 < 4-1 can be followed from
[005]0 44 0 4-1 and 04 = < 4. And then [252]0 0 4 & O-3 can be deducible from
[023][0A44 < A-1 by use of Propositional Deformation Rule 2, just as proved in Theorem 4
and Theorem 6. The other verifications are similar to that given for (23.7) just proved or

easier.

Theorem 24: Reducible relations between the following modal syllogisms:
(24.1) [001]1004004004-1 = [259]1L140L140L17-4
(24.2) [001100400404-1 = [260100404< -4
(24.3) [00110d4040L14-1 = [261111401417-4
(24.4) [002]1CACAOA-1 = [262]10A4 A4
(24.5) [003104CA4CA4-1 = [263]A A4
(24.6) [004]1CA0AOA-1 = [264]0 4044
(24.7) [005]Ld44014-1 = [265]0144011-4
(24.8) [005]1004404-1 = [366]144<1-4
(24.9) [005]Ld44014-1 = [367]L1A4AA41-4
(24.10) [006]4014014-1 = [268]4014011-4
(24.11) [006]1400404-1 = [269]14004<>1-4
(24.12) [006]4014014-1 = [270]400A47-4
(24.13) [007]1CAACA-1 = 27110444
(24.14) [008]14AOA-1 = 272140414
(24.15) [009]104A44-1 = [273]104 A4
(24.16) [010]144<A-1 = [274]44<1-4

Proof: Similar to Theorem 4, Theorem 24 can be deduced from the symmetry of some, Fact 2

and some transformations. More specifically, for (24.4), [037]O A< A< I-1 can be followed
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from [002]< A< A A-1 and U4 =<1 In fact, [037]<O A A I-1 can be written as all(M,
P) A allS, M) = < some(S, P). And with reference to the symmetry of some, < all(M,
P)IAall(S, M) = O some(P, S) can be obtained by replacing the conclusion <>some(S, P) in
[037] OAOAOI-1 with Osome(P, S). By replacing P by S, and S by P, it can be obtained
that Call(M, S)A all(P, M) = some(S, P) from $all(M, P)A< all(S, M) = some(P, S).
By putting the major premise in front of the minor premise it can be obtained that < all(P,
M) A alliM, S) = < some(S, P). In short, the fourth figure modal syllogism [262]
O A A4 is valid, as required. The other verifications are similar to that given for (24.2)

just proved or easier .

Theorem 25: Reducible relations between the following modal syllogisms:
(25.1) [011]EOIALIE-1 = [2751LJALIETIE-4
(25.2) [011JOEOA40E-1 = [276]040EOE-4
(25.3) [011]0EUALE-1 = [277LUALIEE-4
(25.4) [0121CEQACE-1 = [278]CAOECE-4
(25.5) [013]1OECACE-1 = [279]TAOEOE-4
(25.6) [014]CEOAOE-1 = [280]CALECE-4
(25.7) [015]LJEALIE-1 = [281]LJ4ELIE-4
(25.8) [015]0EALE-1 = [282]TJ4EE-4
(25.9) [015]LUEALIE-1 = [283]LIAEE-4

(25.10) [016]ELUALIE-1 = [284]4LIELIE-4
(25.11) [016]ETALIE-1 = [285]AL0EOE-4
(25.12) [016]ELUALIE-1 = [286]ALIEE-4
(25.13) [0171CEAE-1 = [287]OCAEOE-4
(25.14) [018]ECACE-1 = [288]4EOE-4

(25.15) [019]0EAE-1 = [289]0A4< EE-4
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(25.16) [020]EAE-1 = [290]4E E-4

Proof: Similar to Theorem 12-15, Theorem 25 can be followed from the symmetry of no and
Fact 2. Specifically, for (25.3), [091]LJALIELIE-2 can be obtained by substituting Llno(P, S)
for the conclusion [no(S, P) in [011JLIELIALIE-1. 1t is clear that [093]L14[1EE-2 can be
deduced from [0911LJALIELIE-2 and LJE = E. And then [277]LJALIEE-4 can be derived by
replacing the minor premise Llno(S, M) in [093]LJALIEE-2 with Uno(M, S), just as desired.

The other arguments follow the same pattern as that given for (25.3) just proved or easier.
Theorem 26: Reducible relations between the following modal syllogisms:
(26.1) [011]ELIALIE-1 = [2911LH4LELIO-4

(26.2) [011JOEOADE-1 = [292]1040EO0-4

(26.3) [011]ELALIE-1 = [293]LJ4ALIEO-4

(26.4) [0121CECAOE-1 = [2941CAOEQ0-4

(26.5) [013]1OECAOE-1 = [2951LAOECO-4

(26.6) [014]CEOAOE-1 = [296]CALEC 0-4

(26.7) [015]LUEALIE-1 = [2971LJ4AETIO-4

(26.8) [015]0EALIE-1 = [298]LJ4E 04

(26.9) [015]LMEALIE-1 = [299]LIAEO-4

(26.10) [016]ELUALIE-1 = [300]4LIELIO-4

(26.11) [016]ETALIE-1 = [3011400EO0-4

(26.12) [016]ELUALIE-1 = [302]4ALEO-4

(26.13) [0171CEAE-1 = [303]OCAECO-4

(26.14) [018]1EQAE-1 = [304]AOECO-4

(26.15) [019]TEOAE-1 = [305]LACEO-4

(26.16) [0201EAE-1 = [306]AE 0-4

Proof: Similar to Theorem 12-15 and Theorem 25, Theorem 26 can be deduced from the
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symmetry of no and Fact 2. More specifically, for (26.12), [100]J4ALJELIE-2 can be followed
by substituting [1no(P, S) for the conclusion [ no(S, P) in [[016]E[]A[IE-1. And [118]
AUEO-2 can be derived from [100]4LJELIE-2 and LJE = O. And then [302]4AL1EO-4 can be
obtained by replacing the minor premise no(S, M) in [118]4JEO-2 with no(M, S), just as

required. The other proofs follow the same pattern as the worked example above.
Theorem 27: Reducible relations between the following modal syllogisms:
(27.1) [00110400404-1 = [307] OEOAO0-4

(27.2) [0011040404-1 = [308]OCELAC O-4

(27.3) [00110400404-1 = [309]1EL0A< 0-4

(27.4) [003]104CA40A4-1 = [310]0EOA400-4

(27.5) [004]1CAOAOA-1 = [BIOEOCAO0-4

(27.6) [005]Ld44014-1 = [312]LIELIAO-4

(27.7) [005]0044014-1 = [313]ELJ40-4

(27.8) [006]4004004-1 = [314]OCEA 04

(27.9) [006]4004004-1 = [315]LEA 04

(27.10) [006]140040A4-1 = [316]EA< O-4

(27.11) [007]0A44<CA4-1 = [317]HECA0-4

(27.12) [008]14<C A< 4-1 = [318]0E400O-4

(27.13) [009]1004<>44-1 = [319]E0400-4

(27.14) [010]44<4-1 = [320]LDEA0-4

Proof: Similar to Theorem 18-21, Theorem 27 can be followed from the symmetry of some,
Fact 2 and Propositional Deformation Rule 1. Specifically, for (27.12), it is clear that
[046]4<> A< I-1 can be deducible from [010] 4O A< A4-1 and <$A4 = <1 And in the light of
the symmetry of some, [272]4 < A & I-4 can be obtained by replacing the conclusion
Osome(S, P) in [046]14<O A< I-1 with Osome(P, S). And then [318]CJEAC]O-4 can be derived
by transforming [272]4 < A < I-4 according to Propositional Deformation Rule 1, just as
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proved in Theorem 5 and Theorem 7. The other arguments are similar.
Theorem 28: Reducible relations between the following modal syllogisms:
(28.1) [011JOEOA40E-1 = [3211HEOIS0-4

(28.2) [011JOEOA0E-1 = [3221TOECIC0-4

(28.3) [011JOEOAOE-1 = [3231LEIO0-4

(28.4) [013]1OECAOE-1 = [324)0ELIOO-4

(28.5) [014]CEOACE-1 = [3251CELIC 04

(28.6) [015]LJEALIE-1 = [326]LIELIIO-4

(28.7) [015]LUEALIE-1 = [327]LIEIO-4

(28.8) [016]ETIALIE-1 = [328]1EOIC 04

(28.9) [016]ETIALIE-1 = [329]EOIO-4

(28.10) [016]ELUALIE-1 = [330]LUELIIO-4

(28.11) [016]ETIA0IE-1 = [3311EIC0O-4

(28.12) [019]0EOAE-1 = [332]0EIO-4

(28.13) [020]144<>4-1 = [333]ELIIO-4

Proof: Similar to Theorem 18-21 and Theorem 27, Theorem 28 can be derived from the
symmetry of no, Fact 2 and Propositional Deformation Rule 1. More specifically, for (28.10),
it is clear that [031]E[JA4 <> E-1 can be followed from [016]E[J4JE-1 and JE=<>E. And
[160]CJECIIO-2 can be obtained from [031]ECJA<>E-1 in terms of Propositional Deformation
Rule 1, just as proved in Theorem 5 and Theorem 7. And then [330] ] £ []/0-4 can be
followed by substituting [lsome(M, S) for the minor premise Llsome(S, M) in [160]L1ELIIO-2.

The other verifications are similar or easier.
Theorem 29: Reducible relations between the following modal syllogisms:
(29.1) [011JOEOADE-1 = [3341010451-4

(29.2) [011|OEOADE-1 = [335]OM04O -4
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(29.3) [011|OEOAOE-1 = [336]014<1-4
(29.4) [013]TECACE-1 = [337]0IC A -4
(29.5) [014]OELACE-1 = [338]0/0407-4
(29.6) [015]0EALE-1 = [339]1O A4
(29.7) [015]0EADIE-1 = [3401I4O -4

(29.8) [015]0EALE-1 = [341]104< -4
(29.9) [016]ELIACIE-1 = [342]0/C141-4
(29.10) [016]ELIACIE-1 = [343]0I<O AI-4
(29.11) [016]ECIALIE-1 = [344]0141-4
(29.12) [019]TECAE-1 = [345]0I4 <> 1-4
(29.13)  [020]EAOE-1 = [346]/0141-4

Proof: Similar to Theorem 18-21 and Theorem 27-28, Theorem 29 can be followed from the
symmetry of some, Fact 2 and Propositional Deformation Rule 2. More specifically, for (29.8),
it is clear that [029]CJEA < E-1 can be obtained from [015]JEACIE-1 and OE=<E. Then
[239]7 0 4 < I-3 can be deducible from [029] (O EA <> E-1 according to Propositional
Deformation Rule 2, just as proved in Theorem 4 and Theorem 6. And then with reference to
the symmetry of some, [341]I1LJ4 <> -4 can be obtained by substituting <> some(P, M) for the
major premise < some(M, P) in [239]/[04 < I-3. The other verifications follow the same

pattern as the example just proved.

4. Conclusion and the Future Work

The above theorems show that the validity of the other 326 modal syllogisms can be deduced
from the 20 basic valid modal syllogisms obtained by adding modal operators to the classical
valid syllogisms 444-1 and EAE-1. On the basis of the 20 valid modal syllogisms, this paper
not only shows that the validity of the other 326 Aristotle’s modal syllogisms can be derived

by making full use of truth definition and symmetry of Aristotelian quantifiers in generalized
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quantifier theory, and propositional deformation rules in proof theory, but also shows that
there are reducible relations between/among Aristotle’s modal syllogisms. These innovative
results are embodied in the 29 theorems proposed in this paper. It is hoped that these
innovative achievements will make contributions to further research on Aristotle’s and
generalized modal syllogistic logic, and to promote knowledge representation and knowledge

reasoning in computer science, and natural language information processing.

The study of the reducible relations between modal syllogisms is a necessary condition for
studying the axiomatization of modal syllogistic. Up to now, the author has not yet found how
to derive the other (386—326—20=) 38 valid modal syllogisms from the 20 basic valid modal
syllogisms. If this problem is solved, then it is easier to axiomatize Aristotelian modal

syllogistic.

It should be noted that the modal syllogisms studied in this paper are only Aristotle’s modal
syllogisms, because this paper only studies the modal syllogisms obtained by adding modal
operators to the four Aristotelian quantifiers, all, some, no, and not all. Generalized modal
syllogisms is obtained by adding modal operators to generalized quantifiers (such as most, few,
more...than). But the research methods used in this paper provide a simple and reasonable
mathematical model to study generalized modal syllogisms. How to use the methods to study
the validity and reducible relations of generalized modal syllogisms? Due to limited time, it

can only be left for future study.
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