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Abstract

This paper firstly provides knowledge representations of Aristotelian modal syllogisms from
the perspective of mathematical structuralism, and proves the validity of Aristotelian modal
syllogism ELJ1<>0O-4, and then by making full use of relevant definitions, facts, and some
inference rules, formally derive other 30 valid modal syllogisms on the basis of one modal
syllogism (i.e. EJIC0-4) as a basic axiom. The reason why modal syllogisms are deducible
is that the four Aristotelian quantifiers (i.e. all, no, some, and not all) can be mutually defined,
and that so can the two modalities (i.e. (1 and <>). Thus, one can establish a minimalist formal
axiomatic system for modal syllogistic logic. This formal method is not only beneficial for the
study of other types of syllogisms, but also for the development of a more intelligent

inference engine for expert systems.
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1. Introduction

It is known that syllogistic reasoning is one of important themes in natural language
information processing [1-2]. There are many types of syllogisms, such as categorical
syllogisms [3], generalized ones [4], Aristotelian modal ones [5], generalized modal ones [6],
etc. This paper mainly studies on Aristotelian modal syllogisms. There were works on the
syllogism of the Aristotelian modal syllogisms, such as Lukasiewicz [7], McCall [8], Triker
[9], Brennan [10], Malink [11], Xiaojun [12], Long and Xiaojun [13], and so on.

Inspired by previous works, this paper only takes the valid Aristotelian modal syllogism
ECI< 0-4 as a basic axiom to deduce other valid modal syllogisms. That is to say that there

are deducible relations between/among valid Aristotelian modal syllogisms.

2. Preliminaries

In this paper, O represents any of the Aristotelian quantifiers (i.e. all, some, no, not all). The
inner negation of Q is denoted as O—, and the outer negation of Q as —=Q. And f, u and g stand
for the lexical variables. The sets composed of f, u are g is respectively F, U, and G. And D
denotes the domain of lexical variables. B, 8, ¢ and A are well-formed formulas. ‘+f’ indicates

that B is provable. The others are similar.

Aristotelian syllogisms contain three categorical propositions which have the following
four types: ‘all /s are gs’, ‘no fs are gs’, ‘some f§ are gs’, and ‘not all /s are gs’. They are
respectively called Proposition 4, E, I and O. From the perspective of mathematical

structuralism, these four propositions can be respectively expressed as follows: all(f, g), no(f,

g), some(f, g), and not all(f, g).

An Aristotelian modal syllogism can be obtained by adding at least one necessary modality
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(i.e.[) or possible one (i.e.<>) to an Aristotelian syllogism. For example, the modal syllogism
ECII<>0-4 can be obtained by adding one [J and one <> to the Aristotelian one EIO-4. The
modal syllogism ECJI<>O-4 denotes ‘no gs are us, and some us are necessarily /8, so not all f§
are possibly gs.”, which can be formalized as no(g, u) A some(u, 1) — < not all(f, g). The

others are similar.
An Aristotelian modal syllogism can be explained in the following example:
Major premise: No wolves are grass eaters.
Minor premise: Some grass eaters are necessarily rabbits.
Conclusion: Not all rabbits are possibly wolves.

According to modal logic [14] and generalized quantifier theory [15-16], the following

definitions can be obtained:
Definition 1 (truth value):
(1) all(F, G) is true when and only when FcG is true in any real world.
(2) no(F, G) is true when and only when FNG=U is true in any real world.
(3) some(F, G) is true when and only when FNG#{J is true in any real world.
(4) not all(F, G) is true when and only when FZG is true in any real world.
(5) Qall(F, G) is true when and only when FcG is true in any possible world.
(6) Uno(F, G) is true when and only when FNG={ is true in any possible world.
(7) Usome(F, G) is true when and only when FNG=J is true in any possible world.
(8) Unot all(F, G) is true when and only when FZG is true in any possible world.
(9) <all(F, G) is true when and only when FCG is true in at least one possible world.
(10) $no(F, G) is true when and only when FNG={ is true in at least one possible world.

(11) & some(F, G) is true when and only when FNG#J is true in at least one possible

world.

(12) <$not all(F, G) is true when and only when FEG is true in at least one possible world.
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Definition 2 (inner negation): O—(f, g)=at O(f, D—g).
Definition 3 (outer negation): —Q(f, g)=q.r It is not that O(f, g).

On the basis of generalized quantifier theory [15-16], the following four facts can be

obtained:

Fact 1 (inner negation):

(1.1) wall(f, g)ono—(f, g); (1.2) Fno(f, g)>all-(f, g);

(1.3) Fsome(f, g)<>not all—(f, g); (1.4) Fnot all(f, g)<>some—(f, g).

Fact 2 (outer negation):

(2.1) F=not all(f, g)<all(f, g); (2.2) F=all(f, g)>not all(f, g);

(2.3) F=no(f, g)<>some(f, g); (2.4) F—some(f, g)<>no(f, g).
Fact 3 (symmetry):

(3.1) Fsome(f, g)<>some(g, f);

(3.2) Fno(f, g)>no(g, .

Fact 4 (assertoric subalternations):
4.1) Fall(f, g)—>some(f, g); (4.2) Fno(f, g)—not all(f, g).
In the light of modal logic [14], the following facts hold:

Fact 5 (dual):

(5.1) F=UO¢ 9=C-0(F 2); (5.2) k=<0 @=U-0(, 2).
Fact 6: FL10(f, 2—>0(, 2).

Fact 7: vJO(f, 2> 0, 2).

The following deductive rules in propositional logic [17] are also applicable in Aristotelian

modal syllogistic.
Rule 1: If H(BAS—¢) and F(d—1), then H(BASG—L).

Rule 2: If H(BAd—0), then H(—=pAB—>—0) or H(—PAd——P).
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3. The Reduction from the Modal Syllogism EJ1< O-4 to Other Modal
Syllogisms

The validity of the modal syllogism EJ1<>O-4 is proved in the following Theorem 1.
‘(2.1) EI<C0-4—EOIC0-3” in Theorem 2 indicates that the validity of ECJI<>O-3 can be
deduced from the validity of ELJ1<>O-4. In other words, there is deductibility between these

two modal syllogisms. The others are similar.
Theorem 1(ECJI<>0-4): The syllogism no(g, u)AOsome(u, )—<not all(f, g) is valid.

Proof: Assuming that no(g, u) and Usome(u, f) are true, it follows that GNU=J is true in any
real world and UNF# is true in any possible world in terms of Definition (2) and (7),
respectively. A real world is a possible world. Then FZG is true in at least one possible world.
This can be proven by reductio ad absurdum. Assume that FZG is not true in at least one
possible world . That is, FC G is true in at least one possible world, and GNU=O has been
proven to be true. Thus, it follows that FNU= is true, which contradicts UNF#J. So, FcG
is not true in at least one possible world. That means FZG is true in at least one possible

world. Then in accordance with Definition (7), Jnot all(f, g) is true, just as require.

Theorem 2: The following 30 valid modal syllogisms can be derived from the syllogism

EIO-4:

(2.1) EOIOC0-4—EOIC0-3

(2.2) EOIG0-4—EOIC0-2

(2.3) EOIC0-4—EOIC0-35EOIOC0-1

(2.4) EDIO0-4—>0OAEOE-4

(2.5) EOIC0-4—>0OAEOE-4—>OAEOE-2

(2.6) EOIO0-4—>OAEOE-4—>EOAOE-1

(2.7) EDIG0-4—>OABOE-4—»EOAOE-1>EOAOE-2
(2.8) EOIO0-4—>OAEOE-4—>OAEO0-4

(2.9) EIC0-4—>OAEQE-4—-JAECE-2—-OAEO-2
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(2.10) EOIC0-4—>OAEOE-4—>EOAOE-1-EOACO-1

(2.11) E0IC0-4—>OAEOE-4—»EOACE-1->ELOAOE-2—EOA0O-2

(2.12) EOIO0-4—EOIC0-35A01O1-3

(2.13) EDIO0-4—EOIC0-35AOICL35ATIOL

(2.14) EOICO-4—EOIC O-3—-AOICI-3-5OIAOT-3

(2.15) EOIC0-4-EOIC03 5> AOIO13 S OIACI3 > OIAO 14

(2.16) EDIC0-4—EOIG0-25A0000-2

(2.17) EOIO0-4—>OAEOE-4—>EOACE-15>AOAOA-1

(2.18) EIC0-4—OAECE-4—-ELOAOE-1-AOACA-1->ALACI-1

(2.19) EICO0-4—OAECE-4—>EOAOE-15AOACA-1->AOACI- 1 ->OAACT4

(2.20) ECIC0-4—OAECE-4—-ELOAOE-1-AOACA-1-0OAO-3

(2.21) EOIC0-4—OAECE-4—»ELOAOE-1-AOACA-1->AOACI-1-OECAO-3

(2.22) EOICO0-4—»OAECE-4—EOACE-1 - AOAOA-1-AOAOI-1-OELAO-3—
LECJAO-4

(2.23) EOIC0-4—>OAEOE-4—>EOACE-15EOACO-150OADAL3

(2.24) EQIC0-4—O10AL4

(2.25) EDIC0-4—OEOAE-4—OI0AL3

(2.26) EOIO0-4—OEOAE-4—OADII-1

(2.27) ELI0-4—»OEOAE-4—OAOEE-1-OACII-3

(2.28) EOIO0-4—>OAEOE-4—>EOACE-15AOAOA-15A0O0-2

(2.29) EOIC0-4—»OAECE-4—>EOACE- 1> AOACA-1-AOAOI-1->ALECO-2

(2.30) EOIC0-4—>OAECE-4—EOACE- 1> AOACA-1 5 AOAOT-15>AOEC O-2—

AOECO-4
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Proof:

[1] Fno(g, wAOsome(u, H—>not all(f, g) (i.e. ECJIO0-4, basic axiom)
[2] Fno(u, g)AOsome(u, H—>not all(f, g) (i.e. EQIC0-3, by [1] and Fact (3.2))
[3] Fno(g, wAsome(f, u)—>not all(f, g) (i.e. EQI0-2, by [1] and Fact (3.1))
[4] Fno(u, g)AOsome(f. u)—>not all(f, g) (i.e. EQICO-1, by [2] and Fact (3.1))
[5] F—not all(f, g)ano(g, u)—>—Lsome(u, ) (by [1] and Rule 2)
[6] FCl—not all(f, g)ano(g, u)—><>—some(u, f) (by [5] and Fact 5)
[7] +Oall(f, g)nno(g, u)—><no(u, f) (i.e. JAEOE-4, by [6], Fact (2.1) and (2.4))
18] FOall(f, g)nno(u, g)—>no(u, f) (i.e. JAEE-2, by [7] and Fact (3.2))
191 FOall(f, g)nno(g, u)—><no(f, u) (i.e. EDAOE-1, by [7] and Fact (3.2))
[10 1+Olall(f, g)nno(u, g)—>no(f, u) (i.e. EDDAE-2, by [9] and Fact (3.2))
[11] Fnou, f/—<not all(u, f) (by Fact (4.2))
[12] +Oall(f, g)ano(g, w)—>not all(u, f) (i.e. JAE0-4, by [7], [11]and Rule 1)
[13] +Oall(f, g)ano(u, g—not all(u, f) (i.e. JAE<O-2, by [8], [11]and Rule 1)
[14] -Ono(f, u)—>not all(f, u) (by Fact (4.2))
[15] +Oall(f, g)ano(g, w)—>not all(f, u) (i.e. EDDAO-1, by [9], [14]and Rule 1)
[16] -Oall(f, g)ano(u, g—not all(f, u) (i.e. EDA<O-2, by [10], [14]and Rule 1)
[17] Fall—(u, g AOsome(u, H—<some—(f, g) (by [2], Fact (1.2) and (1.4))
[18] all(u, D-g)ATlsome(u, f)—<>some(f. D—g) (i.e. ACIOI-3, by [17] and Definition 2)
[19] Fall(u, D—g)ATsome(f, u)—<some(f. D—g) (i.e. ADIOI-1, by [18] and Fact (3.1))
[20] +all(u, D-g)ATlsome(u, f)—><>some(D—g, f) (i.e. OIACI-3, by [18] and Fact (3.1))
[21] Fall(u, D—g)ATsome(f, u)—<>some(D—g, f) (i.e. JTAOI-4, by [20] and Fact (3.1))
[22] Fali~(g, w)AOnot all—(f, u)—not all(f, g) (by [3], Fact (1.2) and (1.3))

[23] Fall(g, D-u)AOnot all(f, D—u)—><not all(f, g)  (i.e. ADO0O-2, by [22] and Definition 2)
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[24] FOall(f, g)nali—(g, w)—><all-(f, u)

[251 FOall(f, g)aall(g, D-u)—<all(f, D-u)

[26] +all(f, D-u)—<some(f, D-u)

[27] FOall(f, g)aall(g, D-u)—<some(f. D-u)

[28] FOlall(f, g)nall(g, D—u)—><>some(D-u, f)

[29] F—<all(f, D-wADall(f, g)——all(g, D—u)
[30] FO—all(f, D-u)AOlall(f, g)——all(g, D—u)
[311 FOnot all(f. D-wADall(f, g)—not all(g, D—u)
[32] F=some(f, D-w)ADall(f, g)—>—all(g, D-u)

[33] F—some(f, D—u)ALlall(f, g)——all(g, D—u)

(by [9] and Fact (1.2))
(i.e. ALDAA-1, by [24] and Definition 2)
(by Fact (4.1))
(i.e. ADACI-1, by [25], [26]and Rule 1)
(i.e. JAAI-4, by [27] and Fact (3.1))
(by [25] and Rule 2)
(by [29] and Fact (5.2))
(i.e. JOJAO-3, by [30]and Fact (2.2))
(by [27] and Rule 2)

(by [32] and Fact (5.2))

[34] mUno(f, D-uw)AQall(f; g)—not all(g, D—u)  (i.e. JELJAO-3, by [33], Fact (2.2) and (2.4))

[35] Fnro(D—-u, s)ALlall(f, g)—not all(g, D—u)
[36] F—=not all(f, wAOall(f, g)——no(g, u)

[37] FO—mnot all(f, uALlall(f, g)——no(g, u)

(i.e. LJELJAO-4, by [34] and Fact (3.2))
(by [15] and Rule 2)

(by [36] and Fact (5.2))

[38] FOall(f, wAOall(f, g)—some(g, u) (i.e. JALJAI-3, by [37] and Fact (2.1) and (2.3))

[39] =< not all(f, g)AOsome(u, f)—>—no(g, u)
[40] FU—not all(f, g AUsome(u, f)——no(g, u)
[41] FOall(f, g AOsome(u, f)—some(g, u)
[42] wUOall(f, g)AUsome(f; u)—>some(g, u)
[43] FOall(f, g Aldsome(u, f)—some(u, g)
[44] vUall(f, g AUsome(f; u)—>some(u, g)
[45] F—<all(f, D-uw)nall(g, D—uw)——lall(f; g)
[46] O—all(f, D-u)rall(g, D-u)—<>—all(f, g)

[47] vOnot all(f, D-u)rall(g, D-u)—<>not all(f, g)
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(by [1] and Rule 2)

(by [39] and Fact (5.2))

(i.e. LJILJAI-4, by [40], Fact (2.1) and (2.3))
(i.e. JILJAI-3, by [41] and Fact (3.1))

(i.e. JAOIII-1, by [41] and Fact (3.1))

(i.e. JALIII-3, by [43] and Fact (3.1))

(by [25] and Rule 2)

(by [45] and Fact 5)

(i.e. ADOO0-2, by [46] and Fact (2.2))



[48] F—some(f. D-u)nall(g, D-u)——all(f, g) (by [27] and Rule 2)
[49] +Ol—some(f, D-u)rall(g, D-u)—><>—all(f, g) (by [48] and Fact 5)
[50] +Olno(f, D-u)nall(g, D-u)—not allf. g)  (i.e. ALECO-2, by [49], Fact (2.2) and (2.4))
[51] +Ono(D-u, firall(g, D-u)—<>not all(f g) (i.e. ALIEO0-4, by [50], Fact (3.2))

So far, the validity of the above 30 Aristotelian modal syllogisms have been inferred from

that of the one ECII<> O-4 taken as a basic axiom.

4. Conclusion and Future Work

This paper firstly provides knowledge representations of Aristotelian modal syllogisms
from the perspective of mathematical structuralism, and proves the validity of the Aristotelian
modal syllogism E[JI<>O-4, and then derives the other 30 valid modal syllogisms in line with
set theory, generalized quantifier theory and modal logic. Then a minimalist formal axiomatic
system can be established for Aristotelian modal syllogistic. The deducible relations between/
among modal syllogisms are revealed in the process of deduction. The reason why modal
syllogisms can be deducible is that the four Aristotelian quantifiers (i.e. all, no, some, and not

all) can be mutually defined, and that so can the two modalities(i.e. (] and <).

In fact, this formal method not only provides a mathematical model for the study of
Aristotelian modal syllogisms, but also inspiration for the study of other types of
syllogisms(e.g., generalized syllogisms and generalized modal syllogisms), and also for the
deeper development of machine reasoning in artificial intelligence. More questions about the

deducible relations between/among various syllogisms need further research.
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