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Abstract

Based on the classical modal syllogism <> ALJO<0-2, this paper formalizes the four types of
syllogisms and then respectively deduces other 48 valid classical modal syllogisms, 30
non-trivial valid generalized modal syllogisms, 15 non-trivial valid generalized syllogisms,
and 24 valid classical syllogisms. The rules, definitions, and facts involved in the deductive
process fall within the scope of first-order logic and generalized quantifier theory. By making
full use of reduction operations, this paper explores the reducible relationships
between/among the above four types of syllogisms. Subsequently, this paper discusses how to
judge the validity of discourse reasoning nested by these four types of syllogisms. In this
sense, this paper accomplishes a cross-type study of syllogisms, offering a unified method to
derive valid syllogisms across different types. Following the proposed method in this paper,
one can derive more valid syllogisms of various types from the syllogism < A0 < O-2.
Similarly, this method can also be applied to other valid classical modal syllogisms, enabling
further exploration of deriving different syllogisms. Due to the use of deductive reasoning

throughout the entire process of mining other valid syllogisms from one valid syllogism, the
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conclusions of this paper are logically consistent. Thus, the research method utilized in this
study demonstrates considerable universality in the realm of syllogistic research, and it also
provides inspiration for natural language information processing and knowledge mining in

artificial intelligence.

Keywords: classical modal syllogisms; knowledge representation; knowledge mining;

generalized syllogisms

1 Introduction

Syllogistic reasoning, common in natural language and social life, plays an important role in
logic. Syllogisms can be categorized into several distinct types, including classical syllogisms
[1], classical modal syllogisms [2, 3], generalized syllogisms [4], and generalized modal

syllogisms [5], among others. The following study only involves these four syllogisms.

The study of classical modal syllogisms dates back to Aristotle’s era. Works such as those by
[6-11] are representative in this field. While these studies have primarily focused on
syllogistic validity, some of their findings are inconsistent and subject to criticism. In contrast,
the reducible relationships between/among different types of syllogisms have been a less

explored topic, and this paper attempts to do some work on this topic.

This paper specifically explores how to derive the four types of valid syllogisms based on the
validity of the classical modal syllogism <> AJO<>O-2. To be specific, this study first proves
that the syllogism & AJO<> O-2 is valid. Based on this, other classical modal syllogisms,
generalized modal syllogisms, generalized syllogisms, and classical syllogisms are
respectively derived from the syllogism < ALJO<>0-2 by applying related facts, definitions

and inference rules, thus maintaining consistency in the results.

2 Knowledge Representation about Classical Modal Syllogisms

In what follows, let Qe Square{all}={all, not all, some, no}, with O— and —Q representing its
inner and outer negation, respectively. And let b, » and w be lexical variables, K be their
domain, and B, R, and W denote the set composed of b, r and w, respectively. The symbol

‘=4ef” signifies definitional equivalence. Let 7, ®, ¥ and a be well-formed formulas (shortened



to wif). ‘o’ denotes that the wif o is provable. The logical operators in the paper are the
fundamental symbols in modal logic [12] and set theory [13], including — (negation), A

(conjunction), — (conditionality), <> (biconditionality), [J (necessity) and <> (possibility).

There are four propositional forms in classical syllogisms: Proposition 4 (‘all bs are ws’), O
(‘not all bs are ws’), I (‘some bs are ws’), and E (‘no bs are ws’), which correspond to the
formalization all(b, w), not all(b, w), some(b, w), and no(b, w), respectively. Following

standard practice [ 14], classical syllogisms possess four figures.

A classical modal syllogism is constructed by augmenting a classical syllogism with necessity
() and/or possibility (<>) operators. In a non-trivial classical modal syllogism, there are at
least one and at most three non-overlapping modalities. Apart from the aforementioned four
fundamental propositions, there are eight other proposition types in non-trivial classical modal
syllogisms, namely, Oall(b, w), Onot all(b, w), Osome(b, w), Ono(b, w), all(b, w), <O not
all(b, w), S some(b, w), and Ono(b, w). And they are denoted by Proposition (14, (1O, (1,
OFE, A4, &0, OI and O E, respectively. This can be illustrated with the syllogism
S AOO0 < 0-2, which takes the form < all(w, r) AQnot all(b, r)— <> not all(b, w). And this

syllogism can be exemplified as follows:
Major premise: All birds possibly like to eat insects.

Minor premise: Not all animals necessarily like to eat insects.

Conclusion:  Not all animals are possibly birds.

Let w, r, and b be the variables representing birds, animals that like to eat insects, and
animals, respectively. Then, the above instance can be formalized as < all(w, r)AClnot all(b,

r)—><not all(b, w), shortened to &G ALO0O-2. Other cases follow the same pattern.

3 Classical Modal Syllogistic System

The following components constitute this formal system: initial symbols, formation rules,
basic axioms, relevant definitions, relevant facts, and inference rules. In the following,

QeSquare{all}.
3.1 Initial Symbols
[1] lexical variables: b, r, w

[2] quantifier: all



[3] operators: —, —

[4] modality: [

[5] brackets: (, )

3.2 Formation Rules

[1] If Q is a quantifier, b and w are lexical variables, then Q(b, w) is a wif.
[2] If a is a wff, then so are —a and [o.

[3] If o and a are wffs, then so is G—a.

[4] Only the formulas that follow the above rules are wifs.

3.3 Basic Axioms

Al: If o is a valid wif in first-order logic [15], then Fa..

A2: = all(w, r)AOnot all(b, r)—<>not all(b, w) (i.e. the syllogism OAJOCO-2).
3.4 Relevant Definitions

DI1: (yAQ)=det—(Y—>—0);

D2: (y<>a)=def(xy—>o)A(0t—>Y);

D3: O—(b, w)=4etQ(b, K—w);

D4: (=Q)(b, w)=dlt is not the case that Q(b, w);

D5: & d=der—I—0;

D6: all(b, w) is true iff BCW is true;

D7: not all(b, w) is true iff BEW is true;

D8: some(b, w) is true iff BNW=J is true;

DO: no(b, w) is true iff BAW=O is true;

D10: most(b, w) is true iff | BAW]>0.5|B| is true;

D11: fewer than half of the(b, w) is true iff | BAW]<0.5| Bl is true;
D12: Q(b, w) is true ift Q(b, w) is true in any real world;

D13: UJQ(b, w) is true iff O(b, w) is true in any possible world;



D14: O Q(b, w) is true iff Q(b, w) is true in at least one possible world.
3.5 Relevant Facts

Fact 1 (inner negation):

[1.1] Fall(b, w)<>no—(b, w);

[1.2] Fnot all(b, w)<>some—(b, w);

[1.3] Fsome(b, w)<>not all-(b, w);

[1.4] Fno(b, w)<>all—(b, w);

[1.5] Hfewer than half of the(b, w)<>most—(b, w);

[1.6] Fmost(b, w)<>fewer than half of the—(b, w);

[1.7] Fat least half of the(b, w)<>at most half of the—(b, w);
[1.8] Fat most half of the(b, w)<>at least half of the—(b, w).
Fact 2 (outer negation):

[2.1] F—not all(b, w)<>all(b, w);

[2.2] F—all(b, w)<>not all(b, w);

[2.3] F—no(b, w)<>some(b, w);

[2.4] F—some(b, w)<>no(b, w);

[2.5] F—fewer than half of the(b, w)<>at least half of the(b, w);
[2.6] F—most(b, w)<>at most half of the(b, w);

[2.7] =—at least half of the(b, w)<>fewer than half of the(b, w);
[2.8] F—at most half of the(b, w)<>most(b, w).

Fact 3 (dual):

[3.1] F=O0®b, w)>-=0(b, w);

[3.2] F= O, w)Od-0(b, w).

Fact 4 (Subordination):

[4.1] Fall(b, w)—>some(b, w);



[4.2] Fno(b, w)—not all(b, w);

[4.3] Fall(b, w)—>most(b, w);

[4.4] Fmost(b, w)—some(b, w);

[4.5] Fall(b, w)—at least half of the(b, w);

[4.6] Hfewer than half of the(b, w)—not all(b, w),

[4.7] Fat most half of the(b, w)—not all(b, w);

[4.8] Fat least half of the(b, w)—>some(b, w);

[4.9] IO, w)—>O(b, w);

[4.10] FOQ®B, w)—><0(b, w);

[4.11] FO(b, w)—>0(b, w).

Fact S (Symmetry):

[5.1] Fsome(b, w)<>some(w, b);

[5.2] Fno(b, w)<>no(w, b).

3.6 Inference Rules

Rule 1 (antecedent strengthening): From F(yAa—m) and H(w—>y) infer H(oAo—> ).
Rule 2 (subsequent weakening): From +(yAa—m) and H(n—o) infer H(yAa—o).
Rule 3 (anti-syllogism): From F(yAo—n) infer H(—mAy—>—a).

Rule 4 (anti-syllogism): From F(yAo—n) infer H(—mAo—>—y).

Because the foregoing facts are elementary in first-order logic and generalized quantifier

theory [16], their proofs are omitted.

4 Knowledge Mining Based on the Classical Modal Syllogism OACJO<OO-2

In the subsequent discussion, the validity of the syllogism <> AT O < O-2 is proved in
Theorem 1. [1] G AOO0O-2—>A00<0-2 in Theorem 2 signifies that the validity of the
right syllogism can be proved based on that of the left, demonstrating a reducible relationship

between them. Other cases follow the same pattern. From Theorem 2 to Theorem 5, the 48



valid classical modal syllogisms, the 30 non-trivial valid generalized modal syllogisms, the 15
non-trivial valid generalized syllogisms, and the 24 valid classical syllogisms are derived

from the classical modal syllogism <ACO<O-2, respectively.

Theorem 1 (< A O < 0-2): The classical modal syllogism < all(w, r) A not all(b,
r)—><>not all(b, w) is valid.

Proof: Assume that <> all(w, r) and Cnot all(b, r) are true, then WCR is true in at least one
possible world in the light of Definition D6 and D14, and BZR is true in any possible world in
line with Definition D7 and D13. Since any real world is a possible world, BZ W is true in at
least one possible world. Accordingly, < not all(b, w) is true with the help of Definition D7
and D14. Thus, the validity of the syllogism < all(w, r) Al not all(b, r)— <> not all(b, w) is

proved.

Theorem 2: At least the following 48 valid classical modal syllogisms can be deduced from

the valid syllogism GACOOO-2:

[1] -OADOC0-25A000-2

[2] FOADO0-20A000-2

[3] FOADO0-2>OAOECO-2

[4] FOADO0-25<OAOEC0-2A0EO0-2

[5] FOADO0-2<OAOEC0-2OAOEC0-2

[6] FOAOOO0-2—5<OAOEC 02O ALEO0-4

[7] -OADO0-2—<OAOEC0-2AOEC 0-2—5ALEO 0-4
[8] FOAOO0-2—5<OAOEC0-2OAOEC0-2»>0AOEC0-4
[9] FOADO 02— OEOIC0-2

[10] -OALO0-2>OEOIC 0-2—EOIG0-2

[11] FOAOOO0-2->OEOIC0-2—0EOIC0-2

[12] FOADO0-2—OEOIC0-2—OEOICO-1

[13] FOADO 02— OEOIC0-2EOIC0-2EOIC0-1

[14] FOAOO0-2—OEOIC 0-2—0EOIO0-2—-OEOIC0-1
[15] FOADOO 02— OEOIC0-2—OEOIC0-4

[16] FOAOOO0-2—OEOIO0-2»EOIC0-2»EOIC0-4
[17] FOAOO0-2—OEOIC0-2—OEOIO0-2—»OEOIC 0-4
[18] FO A0 0-2—OEOIC0-2—OCEOIC0-15><OEOIO 0-3



[19] FOADO 0-2— O EOIC0-2EOIC0-2EOIC0-1>EOIC0-3

[20] FO A0 0-2—OEOIC 0-2—OEOIG0-2—OEOIC0-15>0OEOIC0-3

[21] FOAOO0-2—OEOIC0-2—>OEOAO0-2

[22] FOADOO0-25OCEOIG0-2EOIGC0-2ELAOO-2

[23] FOAOO O 0-2—>OEOIC0-2—OEOIG0-2—OEOAO0-2

[24] FOADOO 02— OEOIC 02— OEOIC0-15>OEOAGO-1

[25] FOADOO 02— OEOIC0-2EOIC0-2»EOIC0-1>EOASO-1

[26] FO A0 0-2—OEOIC0-2—OEOIC0-2—OEOIC0-15OEOA S O-1

[27] FOAOOO 02— OEOIC 02— OEOIC0-4—> OEOAO0-4

[28] FOADOO 0-2—OEOIC0-2—EOIO0-2EOIC0-4>EOAO0-4

[29] FO A0 0-2—OEOIC0-2—OEOI0-2—»OEOIO 0-4—OELA O 0-4

[30] FO A0 0-2—OEOIC0-2— OEOIO0-15OEOIO0-3—5>OEOAO0-3

[31] FOADO0-2—OEOIC 0-2EOIC0-2EOIC0-15EOIC0-35EOA O 0-3

[32] FO A0 0-2—OEOIC 0-2—OEOIG0-2—OEOIC0-1->0OEOIC0-3
—OEOAOO-3

[33] FOAOO0-2—000ALO-3

[34] FOAOO<0-2—000ALO-3->000A0-3

[35] FOADO 0-2—000AL0-3-»000A S 0-3

[36] FOADO0-2—000AM0-3—»0OELADO-3

[37] O A0 0-2—000AM0-3-000A0-3—OELAO-3

[38] O A0 0-2—000AM0-3-»0OEOADO-30OEDALO-4

[39] FO A0 0-2—000AM0-3—000A0-3—OEAO-3—EJAO-4

[40] FOADOO0-25>OCATACA-1

[41] FOADOC 025> CAOACA-1>ATACA-1

[42] FOADOO 02O AOACA-15OADAOA-1

[43] FOAOC 025> OCAOACA- 1> OCATAOI-1

[44] FOAOC 025> CAOACA-15ATACA-1>ATA -1

[45] FOADOO 025> CAOACA-15OADAOA-15>OAOAOT-

[46] FOADOC 025> CAOACA- 15> CADAC-IOACAOT-4

[47] FOAOOC 025> AOACA- 1 5ATACA- 1 >ATAOI- 1> OAAOT-4

[48] FOAO 025> AOACA-1TOADACA-15>OAOAOT- 15>OADAOI-4

Proof:



(D) =< all(w, ) AOnot all(b, r)—<not all(b, w) (i.e. OAOOCO0-2, Axiom A2)
(2) kall(w, »AQOnot all(b, r)—not all(b, w)  (i.e. ALIOO-2, by (1), Fact [4.11] and Rule 1)
(3) FOall(w, r)AQnot all(b, r)—><not all(b, w)(i.e. JALO<0-2, by (1), Fact [4.10] and Rule 1)
4) =all(w, r)AOno(b, r)—<>not all(b, w) (i.e. OAOECO-2, by (1), Fact [4.2] and Rule 1)
(5) Fall(w, )AOno(b, r)—><not all(b, w) (i.e. ADEO-2, by (4), Fact [4.11] and Rule 1)
(6) FOall(w, )AOno(b, r)—><not all(b, w)  (i.e. JALE<O-2, by (4), Fact [4.10] and Rule 1)
(7) =<all(w, r)AOno(r, b)—<not all(b, w) (i.e. OAOEOO-4, by (4), Fact [5.2] and Rule 1)
(8) Fall(w, )AOno(r, b)—><>not all(b, w) (i.e. ALIEO-4, by (5), Fact [5.2] and Rule 1)
(9) FOall(w, )AOno(r, b)—><not all(b, w) (i.e. JOAOE<OO-4, by (6), Fact [5.2] and Rule 1)
(10) Fno—(w, )AOsome—(b, r)—><not all(b, w) (by (1), Fact [1.1] and Fact [1.4])
(11) FOno(w, K—r)Alsome(b, K—r)—><not all(b, w)
(i.e. OCEOIC0-2, by (10) and Definition D3)
(12) Fno(w, K=)AOsome(b, K—r)—><>not all(b, w)
(i.e. EOICO0-2, by (11), Fact [4.11] and Rule 1)
(13) FOno(w, K—r)AOsome(b, K—r)—><>not all(b, w)
(i.e. OEOIC0-2, by (11), Fact [4.10] and Rule 1)
(14) O no(K—1, wAOsome(b, K—r)—><not all(b, w) (i.e. CEOIO-1, by (11) and Fact [5.2])
(15) Fno(K—, w)AOsome(b, K—r)—<not all(b, w) (i.e. EOJICO-1, by (12) and Fact [5.2])
(16) FOno(K—+, w)AOsome(b, K—r)—><not all(b, w) (i.e. OEOIO-1, by (13) and Fact [5.2])
(17) O no(w, K-r)AOsome(K—r, b)—><not all(b, w) (i.e. CEOIC0-4, by (11) and Fact [5.1])
(18) Fno(w, K—)AOsome(K—;, b)—<>not all(b, w) (i.e. EOJIC0-4, by (12) and Fact [5.1])
(19) FOno(w, K-r)Adsome(K—r, b)—<not all(b, w)  (i.e. JEOI0-4, by (13) and Fact [5.1])
(20) FOno(K—1, wAOsome(K—+, b)—<>not all(b, w)  (i.e. OELICO0-3, by (14) and Fact [5.1])
(21) Fno(K—, wiAOsome(K—r, b)—<>not all(b, w) (i.e. EOJIC0-3, by (15) and Fact [5.1])
(22) FOno(K—1, w)AOsome(K—, b)—<>not all(b, w)  (i.e. JEOIC0-3, by (16) and Fact [5.1])
(23) FOno(w, K—r)Alall(b, K—r)—><not all(b, w)
(i.e. OEOAO-2, by (11), Fact [4.1] and Rule 1)
(24) Fno(w, K-1r)AOall(b, K—r)—<not all(b, w) (i.e. ELDA<O-2, by (12), Fact [4.1] and Rule 1)
(25) FOno(w, K—r)AOall(b, K—r)—>not all(b, w)
(i.e. OEJA<O-2, by (13), Fact [4.1] and Rule 1)
(26) Fno(K—;, wAOall(b, K—)—<not all(b, w)
(i.e. OEOASO-1, by (14), Fact [4.1] and Rule 1)



(27) Fno(K-1, w)AOall(b, K—r)—><>not all(b, w) (i.e. ELJA<O-1, by (15), Fact [4.1] and Rule 1)
(28) FOno(K—, wAOall(b, K—+)—<not all(b, w)
(i.e. OECJAO-1, by (16), Fact [4.1] and Rule 1)
29) -Ono(w, K—r)Alall(K—r, b)—><not all(b, w)
(i.e. OEOA<O-4, by (17), Fact [4.1] and Rule 1)
(30) Fro(w, K-r)Adall(K—r, b)—<not all(b, w) (i.e. ELDA<O-4, by (18), Fact [4.1] and Rule 1)
(31) FOno(w, K—r)AQali(K—r, b)—<not all(b, w)
(i.e. OECJAO-4, by (19), Fact [4.1] and Rule 1)
(32) F<no(K—, wAOall(K—r, b)—<not all(b, w)
(i.e. OEOA<O-3, by (20), Fact [4.1] and Rule 1)
(33) Fno(K—, wAOall(K—, b)—><>not all(b, w) (i.e. ELDAO-3, by (21), Fact [4.1] and Rule 1)
(34) FOno(K—, wAOall(K—r, b)—<>not all(b, w)
(i.e. OEJA<O-3, by (22), Fact [4.1] and Rule 1)
(35) F—=<not all(b, w)AOnot all(b, r)—>—<>all(w, r) (by (1) and Rule 4)
(36) FU=mnot all(b, wAOnot all(b, r)—UO—all(w, r) (by (35) and Fact [3.2])
(37) FQall(b, wAOnot all(b, r)—Unot all(w, r)
(i.e. JOOIALIO-3, by (36), Fact [2.1] and Fact [2.2])
(38) Fall(b, wAlnot all(b, r)—not all(w, r)  (i.e. JOLIAO-3, by (37), Fact [4.9] and Rule 2)
(39) F0Oall(b, w)AOnot all(b, r)—><>not all(w, r)
(i.e. JOOAO-3, by (37), Fact [4.10] and Rule 2)

(40) FOall(b, wAOno(b, r)—>UOnot all(w, r)  (i.e. JELJALCIO-3, by (37), Fact [4.2] and Rule 1)

(41) Fallb, wAOno(b, r)—not all(w, r) (i.e. JEOJAO-3, by (38), Fact [4.2] and Rule 1)
(42) Oall(b, wAOno(r, b)—UOnot all(w, r) (i.e. JEOJALIO-4, by (40) and Fact [5.2])
(43) FOall(b, wAOno(r, b)—not all(w, r) (i.e. JEOJAO-4, by (41) and Fact [5.2])

(44) F—<not all(b, w)A$all(w, r)——Onot all(b, 1) (by (1) and Rule 3)
(45) FO=not all(b, w) A all(w, r)—<>—not all(b, r) (by (44), Fact [3.1] and Fact [3.2])
(46) FOall(b, waall(w, r)—<all(b, r) (i.e. OAOACOA-L, by (45) and Fact [2.1])
47) vOall(d, w)rall(w, r)—><>all(b, r) (i.e. ADAOA-1, by (46), Fact [4.11] and Rule 1)

(48) FOall(b, wALalltw, r)—<>all(b, r) (i.e. JAOACOA-I, by (46), Fact [4.10] and Rule 1)
(49) FOall(b, waallw, r)—><some(b, r) (i.e. OALOAI-1, by (46) and Fact [4.1] and Rule 2)
(50) F0all(b, w)nrall(w, r)—><>some(b, r) (i.e. ADAOI-1, by (47), Fact [4.1] and Rule 2)

(51) vOalld, wALalltw, r)—<>some(b, r) (i.e. OAOAOI-1, by (48), Fact [4.1] and Rule 2)
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(52) FOall®, wAallfw, r)—><some(r, b) (i.e. DAOAOTA, by (49) and Fact [5.1])
(53) FOall(b, wirall(w, r)—<some(r, b) (i.e. DAA T4, by (50) and Fact [5.1])
(54) FOall(b, wADall(w, r)—<some(r, b) (i.e. JAOJAOT4, by (51) and Fact [5.1])
So far, the above 48 classical modal syllogisms have been deduced from the syllogism
G A0 0-2. Indeed, there are 138 valid classical modal syllogisms can be inferred from
<O AOO0-2 in total. To maintain structural conciseness of this paper, other valid syllogisms
and their proofs are omitted here. Through further deduction from the above derived

syllogisms, one can attempt to derive more valid classical modal syllogisms.

Theorem 2 shows that other classical modal syllogisms can be derived from the classical
modal syllogism < A 0O <> 0O-2 by deductive reasoning. It naturally follows to inquire
whether the other three types of syllogisms can also be deduced from the syllogism

O AOOC0-2. The following sections will focus on investigating this possibility.

Theorem 3 discusses how to deduce non-trivial valid generalized modal syllogisms from the
classical modal syllogism <> AO< 0O-2. The method comprises the following steps: (i) The
generalized modal syllogism <& ACF<0-2 is deduced from the syllogism <& ALJO<0O-2 by
applying the antecedent strengthening rule. (ii) Other valid generalized modal syllogisms can
be inferred from the derived syllogism < A OF <& O-2, following the similar reduction

operations as presented in Theorem 2.

Theorem 3: At least the following 30 non-trivial valid generalized modal syllogisms can be

deduced from the valid classical modal syllogism <& ACO<0-2:
[1] FOATOO0-2—5 S ACFG0-2

2] FOAOG0-2-O AFO0-2—5ACFGO0-2

[3] FOATIOG0-2-5OALFOG0-2—>TACFSG0-2

[4] FOAOO0-2->OAOHO0-2

[5] FOATIOG0-2-5O ACH G 0-2—>ATTHO 0-2

(6] FOATOG0-2-5O ACH G 0-2—>OALHG0-2

[7] FOATOG0-2-5 O ATF G025 OEOMO0-2

18] FOATOG0-2—5 G ATFG0-2—SGEOM O 0-2—ECIM O 0-2

[9] FOAOOC 025 AOFO0-2—>SEOM <O 0-2—OEOM<$0-2
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[10] FOALOCO0-2—->CAOFC0-2—->CEOM O 02— CEM O O-1

[11] FOAOOC0-2—5OAOFO0-2—5OEOMO0-2—EOM <O 0-2—EOM O 0-1
[12] FOADOO0-2—5>O AOFO0-2—OEOM O 0-2—OEOM O 0-2—OEOM O O-1
[13] FOAOOO0-25>OAOFS0-2—>OEOSO0-2

[14] FOAOOO 02O AOFOG0-2—>OEOS G 0-2—EOSO0-2

[15] FOAOOO0-2—OAOFG0-2—>OEOS O 0-2—OEOSO0-2

[16] FOAOOO0-2—OAOFG0-2—>OEOS O 0-2— OEOSOO-1

[17] FOAOOO 02— O AOFG0-2—>OEOS O 0-2—EOS G 0-2->EOS O 0-1

[18] FOAJOCO0-2—->OAOFC0-2—->OELSC0-2—»OEOSC0-2—»EOS < O-1
[19] FOADOOOO-2->OAOFCO-2->CEOMO 02> OEOM O O-1>OCACMOI-1
[20] FOALOOO-2->OAOFCO-2—->CEOMO 02> OEOM O O-1>OCAOMOI-1
—->AOMOI-1

211 FOAOOC 02> CAOFC 02> CEOMOO-2— CEOM O O-1 > O AOMOI-1
—OACOMSOI-1

[22] FOAOC 02> CAOFC 02> CEOMOO-2—CEOM O O-1 > AOMOI-1
->OMOACI4

23] FOAOOCO-2—»>CAOFC 02> CEOMO0-2—-OEOM O O- 1> O AOMOI-1
->AOMOI-1-OMA T4

[24] FOADOC0-2—OAOFO0-2—5>OCEOM S 025> OEOM O 0-1>O AOMOI-1
S>OAOMOI-1-0MOA T4

[25] FOAOOO0-2—5OAOFG0-2>OEOSOC0-2— GEOSO0- 1> O AOSOI-1
[26] FOALOC 02> AOFC0-2—»><CEOSC0-2—»CEOSCO-1-CAOSCI-1
—>AOSOI-1

[27] FOCAOC 02> OAOFC0-2—-»>OEOSC0-2—»>OEOSCO-1->CAOSCI-1

—->OAOSOI-1
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28] FOALOOO-2->OAOFCO-2—-»>CEOSCO0-2—-»>CEOSCO-1->CAOSOI-1
—>OSOCADIA4

[29] FOCALOCO0-2—->CAOFOC0-2—-CEOSO0-2—->OEOSCO-1->OAOSCI-1
—AOSCI-1->O0SAOI4

[30] FOAOC 02> CAOFC0-2—»><CEOSC0-2—»>CEOSCO-1-CAOSCI-1
—OAOSCI-1-0OSOACT-4

Proof:

(1) =all(w, r)AOnot all(b, r)—<>not all(b, w) (i.e. OAOOC0-2, Axiom
A2)

(2) =< all(w, r)Afewer than half of the(b, r)—<>not all(b, w)
(i.e. OALF<0-2, by (1), Fact [4.6] and Rule 1)

(3) Fall(w, r)AUfewer than half of the(b, r)—><>not all(b, w)
(i.e. ADFOO-2, by (2), Fact [4.11] and Rule 1)

(4) FOall(w, r)AOfewer than half of the(b, r)—<>not all(b, w)
(i.e. JAOF<0-2, by (2), Fact [4.10] and Rule 1)

(5) =< all(w, r)Alat most half of the(b, r)—<>not all(b, w)
(i.,e. OAOHCOO-2, by (1), Fact [4.7] and Rule 1)

(6) Fall(w, r)AOlat most half of the(b, r)—><>not all(b, w)

(i.e. ADHOO-2, by (5), Fact [4.11] and Rule 1)

(7) vOall(w, r)AOat most half of the(b, r)—><>not all(b, w)
(i.e. JACOHCOO-2, by (5), Fact [4.10] and Rule 1)

(8) O no—(w, r)AOmost—(b, r)—< not all(b, w) (by (2), Fact [1.1] and Fact
[1.5])

9) F<no(w, K—r)AOmost (b, K—r)—><not all(b, w)(i.e. CEOOM<0-2, by (8) and Definition
D3)

(10) Fno(w, K—r)AOmost(b, K—r)—><>not all(b, w)
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(i.e. ECOIM<0-2, by (9), Fact [4.11] and Rule 1)

(11) FOno(w, K—r)AOmost(b, K—r)—><>not all(b, w)

(i.e. OECOIMG0-2, by (9), Fact [4.10] and Rule 1)

(12) - no(K -1, wAOmost(b, K—r)—<not all(b, w) (i.e. CEOM<OO-1, by (9) and Fact
[5.2])

(13) Fno(K—r, wAUmost(b, K—r)—><>not all(b, w)

(i.e. EOOM<0-1, by (12), Fact [4.11] and Rule 1)

(14) Ono(K—, wAOmost(b, K—r)—><>not all(b, w)

(i.e. OEOM<O-1, by (12), Fact [4.10] and Rule 1)

(15) - no—(w, r)Alat least half of the—(b, r)—<>not all(b, w) (by (5), Fact [1.1] and Fact
[1.8])

(16) - no(w, K—r)alat least half of the(b, K—+)—<>not all(b, w)
(i.e. QEOS<0-2, by (15) and Definition D3)

(17) Fno(w, K-r)AOlat least half of the(b, K-r)—<>not all(b, w)
(i.e. ELJS<0-2, by (16), Fact [4.11] and Rule 1)

(18) Fno(w, K—r)AOlat least half of the(b, K—1)—<>not all(b, w)
(i.e. OEOS<0-2, by (16), Fact [4.10] and Rule 1)

(19) =< no(K—1, wAOlat least half of the(b, K—r)—><>not all(b, w)
(i.e. OELS<O-1, by (16) and Fact [5.2])

(20) Fno(K—, wAaOlat least half of the(b, K—)—<>not all(b, w)
(i.e. ECOS<OO-1, by (17) and Fact [5.2])

(21) FOno(K—;, w)AOat least half of the(b, K—r)—<>not all(b, w)
(i.e. JEOS<O-1, by (18) and Fact [5.2])

(22) - all—(K -, w) AOmost(b, K—r)—><>some— (b, w) (by (12), Fact [1.4] and Fact
[1.2])

(23) < all(K—, K-w)AOmost(b, K—r)—<>some(b, K-w)
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(i.e. OACMSOI-1, by (22) and Definition D3)

(24) Fall(K—, K-w)AOmost(b, K—r)—><>some(b, K-w)

(i.e. ALIM<I-1, by (23), Fact [4.11] and Rule 1)

(25) vOall(K—+, K-w)AOmost(b, K—r)—<>some(b, K-w)

(i.e. JACMI-1, by (23), Fact [4.10] and Rule 1)

(26) - all(K—r, K-w)AOmost (b, K—1)—<>some(K-w, b)

(i.e. MO AOIA4, by (23) and Fact [5.1])

(27) Fall(K—r, K-w)AOmost(b, K—r)—><>some(K-w, b) (i.e. OIMA<I-4, by (24) and Fact
[5.1])

(28) Fall(K—+, K-w)AOmost(b, K—r)—<>some(K-w, b)

(i.e. OMOA<I-4, by (25) and Fact [5.1])

(29) =< all~(K—r, wiAOlat least half of the(b, K—1)—<>some—(b, w)
(by (19), Fact [1.4] and Fact [1.2])

(30) =< all(K—+, K-w)AOlat least half of the(b, K—+)—<>some(b, K-w)
(i.e. OAOSOI-1, by (29) and Definition D3)

(B1) Fall(K—, K-w)AOat least half of the(b, K—r)—<>some(b, K-w)
(i.e. AISCI-1, by (30), Fact [4.11] and Rule 1)

(32) FOall(K—r, K-w)AQlat least half of the(b, K-r)—><>some(b, K-w)
(i.e. JAOSI-1, by (30), Fact [4.10] and Rule 1)

(33) +<all(K—+, K-w)AQlat least half of the(b, K—1)—<>some(K-w, b)
(i.e. SO ADI4, by (30) and Fact [5.1])

(34) Fall(K—, K-w)AOlat least half of the(b, K—1)—<>some(K-w, b)
(i.e. OSAI-4, by (31) and Fact [5.1])

(35) FOall(K—, K-w)AOlat least half of the(b, K—r)—<>some(K-w, b)

(i.e. OSOA<I-4, by (32) and Fact [5.1])
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Next, this paper proceeds to study the derivation of non-trivial valid generalized syllogisms
from the valid classical modal syllogism < A 0O < O-2. As demonstrated by [17], the
obtained syllogism AOO-2 is also valid after removing all modalities from the syllogism
O ADOO O 0-2, and the validity of the syllogism AOO-2 can be proven according to
Definition 3.4. After that, the generalized syllogism AFO-2 is further inferred from the
syllogism AOO-2 by the antecedent strengthening rule. Continuing to conduct deductive
reasoning similar to Theorem 2 and Theorem 3, more generalized syllogisms can be deduced

from the derived syllogism AFO-2.

Theorem 4: At least the following 15 non-trivial valid generalized syllogisms can be derived

from the valid classical modal syllogism <ACO<OO-2:

[1] FOAOOO0-2—A00-2—>AFO-2

2] FOAOO0-2—-5>A00-2—-5>AF0-2—EMO-2

[3] FOCAOO0-2—-5>A00-2—->AF0-2—>EMO-2—-EMO-1

[4] FOAOO0-2—-5A00-2—-5AF0-2—-EMO-2—-EMO-1—>AMI-1

[5] FOCAOO0-2—-5>A00-2—-5>AF0-2—EMO-2—-EMO-1—>AMI-1->MAI-4
[6] FOAOO0-2—-A00-2—>AFO-2—-FAO-3

[7] FOAOO0-2—-5>A00-2—5>AFO-2—>AAS-1

[8] FOAOO0-2—-5>A00-2—->AF0-2—-FAO0-3—>MAI-3

[9] FOAOO0-2—-A00-2—AF0-2—FAO-3—>MAI-3—->AMI-3

[10] FOAOO<0-2—-5>A00-2—>AF0-2—>AAS-1-EAH-1

[11] FOCAOOS0-2—-5A00-2—-AFO-2—>AAS-1-EAH-1-EAH-2

[12] FOAOO<0-2—-5>A00-2—>AF0O-2—FAO-3—>MAI-3—>AMI-3—EMO-3
[13] FOAOO0-2—5>A00-2—-5>AF0-2—->FAO-3—->MAI-3—->AMI-3—>EMO-3—->EMO-4
[14] FOAOOC0-2—->A00-2—>AF0-2—>AAS-1-EAH-1-EAH-2—>AEH-2

[15] FOADOOC0-2—-A00-2—AF0-2—-AAS-1-EAH-1-EAH-2—>AEH-2—AEH-4

Proof:
(D) =< all(w, Y AOnot all(b, r)—<not all(b, w) (i.e. CAOOO0-2, Axiom A2)
(2) Fall(w, r)~not all(b, r)—not all(b, w) (i.e. AOO-2, by (1) and Xu(2023)[16])

(3) Fall(w, r)nfewer than half of the(b, r)—not all(b, w) (i.e. AFO-2, by (2), Fact [4.6] and Rule 1)
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(4) Fno—(w, r)Amost—(b, r)—not all(b, w) (by (3), Fact[1.1] and Fact [1.5])

(5) Fno(w, K—r)amost(b, K—r)—not all(b, w) (i.e. EMO-2, by (4) and Definition D3)
(6) Fno(K—r, w)amost(b, K—r)—not all(b, w) (i.e. EMO-1, by (5) and Fact [5.2])
(7) Fall=(K—, w)rnmost(b, K—r)—>some—(b, w) (by (6), Fact [1.4] and Fact [1.2])
(8) Fall(K—+, K-w)~most(b, K—r)—>some(b, K-w) (i.e. AMI-1, by (7) and Definition D3)
(9) Fall(K—, K—-w)Amost(b, K—r)—>some(K—w, b) (i.e. MAI-4, by (8) and Fact [5.1])
(10) =—not all(b, w)rfewer than half of the(b, r)—>—all(w, r) (by (3) and Rule 4)

(11) Fall(b, w)rfewer than half of the(b, r)—not all(w, r)
(i.e. FAO-3, by (10), Fact [2.1] and Fact [2.2])
(12) =—not all(b, w)rall(w, r)—>—fewer than half of the(b, r) (by (3) and Rule 3)

(13) Fall(b, w)rall(w, r)—at least half of the(b, r) (i.e. AAS-1, by (12), Fact [2.1] and Fact [2.5])

(14) Fall(b, w)nmost—(b, r)—>some—(w, r) (by (11), Fact [1.5] and [1.2])
(15) Fall(b, w)rmost(b, K-r)—>some(w, K-r) (i.e. MAI-3, by (14) and Definition D3)
(16) Fall(b, w)rmost(b, K—r)—>some(K—, w) (i.e. AMI-3, by (15) and Fact [5.1])
(17) Fall(b, w) Ano—(w, r)—at most half of the—(b, r) (by (13), Fact [1.1] and Fact [1.7])

(18) Fall(b, w)rno(w, K—r)—at most half of the(b, K—) (i.e. EAH-1, by (17) and Definition D3)
(19) rall(b, w)rno(K—+, w)—>at most half of the(b, K—r) (i.e. EAH-2, by (18) and Fact [5.2])
(20) Fno—(b, w)rmost(b, K—r)—>not all-=(K—, w) (by (16), Fact [1.1] and Fact [1.3])
(21) Fno(b, K—w)Amost(b, K—r)—not all(K-r, K-w) (i.e. EMO-3, by (20) and Definition D3)
(22) Fno(K—w, b)nmost(b, K—r)—not all(K—, K-w) (i.e. EMO-4, by (21) and Fact [5.2])
(23) Fno—(b, w)rall=(K—r, w)—at most half of the(b, K—) (by (19), Fact [1.1] and Fact [1.4])
(24) Fno(b, K-w)nall(K—r, K—-w)—at most half of the(b, K-r)

(i.e. AEH-2, by (23) and Definition D3)

(25) Fro(K—w, b)rall(K—, K-w)—at most half of the(b, K—r)

(i.e. AEH-4, by (24) and Fact [5.2])

The final part illustrates the method for deriving classical syllogisms from the classical modal

syllogism <> A 00O < O-2. The procedure involves: (i) obtaining the classical syllogism
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AOO-2 by following the method in Theorem 4; (ii) deducing the other 23 valid classical
syllogisms from the syllogism AOO-2 by applying deductive steps.

Theorem 5: At least the following 24 classical syllogisms can be derived from the valid

classical modal syllogism &>ACOCO-2:

[1] FOADOG0-25A00-2

2] FOAOO0-2—-A00-2—AEO-2

[3] FOAOOC0-2—-A00-2—-AEO-2—AEO-4

[4] FOAOOC0-2—-A00-2—EIO-2

[5] FOAOO<C0-2—-A00-2—EIO0-2—EIO-1

[6] FOATOO0-2A00-2—EI0-2—>EI0-4

[7] FOAOOC0-2—-A00-2—EI0-2—EIO0-1—EIO-3

[8] FOAOO0-2—-A00-2—EIO-2—EAO-2

[9] FOAOO<0-2—-A00-2—EI0-2—EIO-1-EAO-1

[10] FOAOOC0-2—-A00-2—EI0-2—EI0-4—>EAO-4

[11] FOAOO < 0-2—-A00-2—EI0-2—EI0-1-EI0-3—EAO-3

[12] FOAOOC0-2—-A00-2—EI0-2—EIO-1—All-1

[13] FOAOOO0-2—-A00-2—EI0-2—EIO-1—>All-1—>AII-3

[14] FOAOO0-2—-A00-2—EI0-2—EIO0-1—All-1-1AI-4

[15] FOAOOC0-2—-A00-2—EIO-2—EIO-1—AIll-1->AIl-3—IAI-3
[16] FOAOO0-2—-A00-2—EI0-2—EIO-1—All-1->AAI-1

[17] FOAOOO0-2—-A00-2—EI0-2—EIO-1—>All-1-AIl-3—>AAI-3
[18] FOAOO0-2—-A00-2—EI0-2—EIO-1—All-1>1AI-4—>AAl-4
[19] FOAOOC0-2—-A00-2—EI0-2—EIO-1—AIl-1-5AIl-3—IAI-3—+0A0-3
[20] FOAOOC0-2—-A00-2—>AAA-1

[21] FOAOOC0-2—-A00-2—EI0-2—EIO-1—AIl-1->AEE-2

[22] FOAOOL0-2—-A00-2—EI0-2—EIO-1—All-1->AEE-2—>AEE-4
23] FOAOOO0-2—-5A00-2—EIO-2—EIO-1—AIl-1>AEE-2—>EAE-2

[24] FOAOO0-2—5>A00-2—EI0-2—EIO-1>AIl-1>AEE-2—>AEE-4—>EAE-1
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Proof:

(D) =< all(w, Y AOnot all(b, r)—<not all(b, w) (i.e. CAOOO0-2, Axiom A2)
(2) Fall(w, r)~not all(b, r)—not all(b, w) (i.e. AOO-2, by (1) and Xu(2023)[16])
(3) Fall(w, r)Ano(b, r)—not all(b, w) (i.e. AEO-2, by (2), Fact [4.2] and Rule 1)
(4) Fall(w, r)Ano(r, b)—not all(b, w) (i.e. AEO-4, by (3) and Fact [5.2])
(5) Fno—=(w, r)asome—(b, r)—not all(b, w) (by (2), Fact [1.1] and Fact [1.2])
(6) Fno(w, K—r)Ansome(b, K—r)—not all(b, w) (i.e. EIO-2, by (5) and Definition D3)
(7) Fno(K—r, wnsome(b, K—r)—not all(b, w) (i.e. EIO-1, by (6) and Fact [5.2])
(8) Fno(w, K—r)Ansome(K -+, b)—not all(b, w) (i.e. EIO-4, by (6) and Fact [5.1])
(9) Fno(K—r, wansome(K—r, b)—not all(b, w) (i.e. EIO-3, by (7) and Fact [5.1])
(10) Fno(w, K—r)rall(b, K—r)—not all(b, w) (i.e. EAO-2, by (6), Fact [4.1] and Rule 1)
(11) Fno(K—r, w)rall(b, K—r)—not all(b, w) (i.e. EAO-1, by (7), Fact [4.1] and Rule 1)
(12) Fno(w, K—r)rall(K—r, b)—not all(b, w) (i.e. EAO-4, by (8), Fact [4.1] and Rule 1)
(13) Fro(K—r, wrall(K—r, b)—not all(b, w) (i.e. EAO-3, by (9), Fact [4.1] and Rule 1)
(14) Fall-~(K-r, w)rsome(b, K—r)—>some—(b, w) (by (7), Fact [1.4] and Fact [1.2])
(15) Fall(K—, K—w)Asome(b, K—r)—>some(b, K-w) (i.e. All-1, by (14) and Definition D3)
(16) Fall((K-+, K-w)Asome(K -+, b)—>some(b, K—w) (i.e. AII-3, by (15) and Fact [5.1])
(17) Fall(K—, K—-w)Asome(b, K—r)—>some(K—-w, b) (i.e. IAI-4, by (15) and Fact [5.1])
(18) Fall(K—r, K-w)Asome(K—r, b)—>some(K—w, b) (i.e. IAI-3, by (16) and Fact [5.1])

(19) Fall(K—, K-w)rall(b, K—r)—>some(b, K-w) (i.e. AAI-1, by (15), Fact [4.1] and Rule 1)
(20) Fall(K—, K-w)rall(K—r, b)—>some(b, K-w) (i.e. AAI-3, by (16), Fact [4.1] and Rule 1)
21) Fall(K—r, K-w)rall(b, K—r)—>some(K—w, b) (i.e. AAI-4, by (17), Fact [4.1] and Rule 1)
(22) Fall(K—, K-w)Anot all-~(K—r, b)—not all-(K-w, b) (by (18) and Fact [1.3])
(23) Fall(K—r, K—w)rnot all(K—r, K=b)—not all(K—w, K-b)

(i.e. OAO-3, by (22) and Definition D3)

(24) F—not all(b, w)rall(w, r)—>—not all(b, r) (by (1) and Rule 3)
(25) Fall(b, w)rall(w, r)—all(b, r) (i.e. AAA-1, by (24) and Fact [2.1])
(26) F—some(b, K—-w)rall(K—r, K—w)—>—some(b, K—r) (by (15) and Rule 3)
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(27) Fno(b, K-w)rall(K—+, K-w)—no(b, K-r) (i.e. AEE-2, by (26) and Fact [2.4])

(28) Fno(K—w, b)nall(K—, K-w)—>no(b, K-r) (i.e. AEE-4, by (27) and Fact [5.2])
(29) Fno(b, K-w)rall(K—+, K-w)—no(K-r, b) (i.e. EAE-2, by (27) and Fact [5.2])
(30) Fro(K—w, b)rall(K—r, K-w)—no(K—, b) (i.e. EAE-1, by (28) and Fact [5.2])

As demonstrated above, this section discusses how to derive other classical modal
syllogisms, generalized modal syllogisms, generalized syllogisms, and classical syllogisms
from the valid classical modal syllogism < ACJO <> 0-2 by using the method of knowledge
mining. There are (48+30+15+24=) 117 syllogisms in total derived through related definitions,
deductive rules, and facts. This part seeks to inspire further research into the reducible
relationships between/among various syllogisms with different figures and forms. What is
presented in this section is merely the possibility of knowledge mining for the specific valid

syllogism <&ACO<>0O-2, and that of other valid syllogisms remains open for exploration.

5 Conclusion and Future Work

This paper firstly employs knowledge of modal logic, set theory, and generalized quantifier
theory to prove the validity of the classical modal syllogism <& AJO<0-2 in the context of
knowledge representation. Subsequently, by making the best of relevant definitions, facts, and
inference rules, this paper formally derives 117 valid different types of syllogisms from this
foundational proof. The deductive method yields consistent results throughout. The
conclusions drawn in this paper demonstrate the reducible relationships between/among
various syllogisms with different figures and forms. Specifically, Theorem 2 uncovers the
reducible relationships between/ among classical modal syllogisms with different figures and
forms, while Theorem 3-Theorem 5 demonstrate the reducible relationships between/among
the classical modal syllogism <& ALJO <> O-2 and the other three types of syllogisms (i.e.,

generalized modal syllogisms, generalized syllogisms, and classical syllogisms).

This paper is merely an attempt at cross-syllogism research. Further studies are still needed in
this area. The proposed method is expected to facilitate new research paradigms to promote
cross-syllogism research. It is hoped that this paper provides enlightenment for natural

language information processing and knowledge mining in artificial intelligence.
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