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FINANCIALHEALTH OFTHE FIRM ?

Nicolas PILUSO
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Abstract

The article attempts to analyze the effects of an investment in safety of the production process

on the dynamics of the distributed dividends. The aim is to answer the question of whether a

risky industry has an incentive to invest in safety independently of the decrease in the

probability of accidents generated by the safety measures. Although there is an obvious

tension between safety and profitability, it appears that the firm may, in certain cases that we

identify, have an interest in investing insofar as capital accumulation and dividend distribution

are not durably affected by safety.

Keywords: investment. safety. risk. profit.

Introduction

Investing in safety for a company is costly, but generates, in the more or less long term,

numerous benefits, the first of which is obviously the reduction in the probability of accidents.

The choice of whether or not to invest in safety, and the level of this investment, are the

subject of numerous trade-offs.
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In practice, firms reduce the randomness of their economic results through self-protection

expenditures (in the sense of Ehrlich and Becker, 1972), self-insurance expenditures and

finally insurance.

Prevention expenditures are intended to reduce the probability of an accident, but also to

reduce the damage when the risk occurs (self-insurance). Safety investments cover all aspects

of prevention (self-protection and self-insurance). They can, for example, aim to make the

production technology less dangerous, but also to protect employees and local residents in the

event of a risk occurring (Piluso and Rau, 2016). The major industrial risk discussed here is

defined as the possibility of an accidental event occurring on an industrial site and resulting in

immediate serious consequences for employees, neighboring populations, property or the

environment ( ministry of ecology, sustainable development and planning , 2007).

Industrialists adopt a risk-based approach and make their decisions on the basis of an

efficiency criterion (Chaskiel, 2008, Fiore, 2006): is it not too costly to adopt more secure

production techniques in view of the risk reduction they allow? The standard approach to this

question is microeconomic. It provides a case-by-case study that consists of evaluating the

sum of the benefits and the sum of the costs associated with an investment in security. This

method, called "cost-benefit analysis", is advocated by many environmental risk economists.

According to N. Treich (2008), "CBA (cost-benefit analysis, underlined by us) aims to identify

a level of prevention that is effective for civil society. If it is better explained and defined at a

public level, it will be more easily reflected and accepted by industry. We see CBA as a

decision-making tool that could sometimes be used upstream or as a complement to more

social/ethical and engineering approaches. A stronger use of CBA should allow the

development of a more objective expertise.

The guiding principle is simple: a decision is made when the benefits prove to be greater than

the costs. The Gollier report (2011) emphasizes the indispensability of the method:

"In a world of limited resources - some much more than others - it is essential to select and

prioritize projects that consistently reflect their temporal effects. Not to do so is to accept that

part of the community's resources are devoted to investments that could have been of greater

use elsewhere, or that we are rashly committing ourselves to actions that have harmful long-

term consequences. Furthermore, [industry] must ensure that the expenditures are worthwhile

and that the expected benefits of the project are worth the expenditures and costs.... It is the

very essence of economic calculation to shed light on the socio-economic efficiency of the
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scarce resources mobilized in collective choices.

In this perspective, the microeconomic calculation of the industrialist is to choose the

probability of failure (in other words, the level of safety) that minimizes the total cost. He has

to make a trade-off between increasing the immediate production costs, through an increase in

safety investments, on the one hand, and decreasing the probability of accident on the other

hand, which leads to an increase in the expected profit. The optimal probability of failure is

that which equals the marginal cost of the safety investment and the expected marginal

revenue (Barro, 2006, Farmer, 1977).

In a 2016 paper, Piluso and Rau analyze the determinants of optimal safety investment in a

dialogue between industry and local residents1 .

This optimal security investment depends on three parameters: the firm's economic rate of

return, the effectiveness of the investments to be implemented in terms of prevention, and

finally the minimum acceptable security investment rate for the residents. The authors show

that an increase in the economic rate of return leads to an increase in the safety investment

implemented, as does an increase in the minimum acceptable investment rate for the resident.

The increase in the rate of return allows the firm to increase internal financing for these

investments (see evidence in Appendix 1). Increased cash flow therefore allows the firm to

invest more in prevention.

A downward revision of the efficiency of the investments to be implemented (a decrease in

the "productivity" of the safety investment) increases the level of safety to compensate for the

loss of utility to local residents, but more importantly to compensate for the increased risk of

accidents (Piluso and Rau, 2016).

It should also be recalled that this probabilistic approach is also adopted in the basic model of

civil liability. The latter puts forward an economic agent whose activity may cause an accident

and damage to another agent. However, he can reduce the probability of the accident

occurring by his level of effort. Moreover, the agent cannot escape responsibility for two

reasons. First, he has the financial capacity to compensate the victims in case of an accident;

second, the information about the level of prevention of the agent and the legal standard that

is determined ex post by the court is perfect. If we adopt all of these hypotheses, the fault-

based liability rule and the no-fault liability rule are compared in terms of their ability to

1 This consultation was institutionalized by the Bachelot law of July 31, 2003 on major technological and natural
risks. The framework for this consultation is the "site monitoring commissions", formerly called "local
information and consultation committees"
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generate sufficient incentives for prevention on the part of the potentially responsible

economic agent. Since the social objective is the minimization of the social cost of the agent's

activity, the socially optimal effort is the one that minimizes the sum of the cost of prevention

and the expectation of damages (Calabresi, 1970; Deffains, 2000; Kambia-Chopin, 2007).

Like any analysis, however, this method has a weakness related to the difficulty economists

have in estimating the probabilities of occurrence of future events. It is particularly difficult to

specify an accident probability function. The latter is most often the result of empirical studies

on frequencies of occurrence, which are exogenous (Levêque, 2013, Gollier, 2004).

Moreover, it can be modified according to the experts who are commissioned (ICSI, 2009). In

other words, there is by definition no microeconomic basis for the establishment of such a

function, which is likely to call into question the confidence that people (industrialists,

residents) can place in probabilistic calculations.

Thus, the social science literature shows that local residents perceive a danger, while firms

and shareholders perceive a risk (Luhmann, 1993). According to sociologists, there is an

asymmetry of perception between industrialists and local residents, in other words, between

those who produce the risk and those who are involuntarily exposed to it: the former carry out

a cost-benefit calculation of the installations on the basis of probabilities of occurrence,

whereas local residents only perceive the danger represented by the existence of these

facilities independently of any probability of occurrence (Chaskiel, 2008, Piluso, 2013). To

clarify this analysis, it should be remembered that a firm frequently has the possibility of

pooling the risks of several establishments (which makes it possible, in certain cases, to

reduce the overall risk). On the other hand, local residents often cannot use this type of

pooling and are critical of the threat (or potential loss) associated with the facility. They

express, in particular with regard to the "long term" threat, a fear of its diffuse nature, of its

capacity to have consequences on future generations. In the shorter term, from a material

point of view, the local residents fear the threat to their homes, most often acquired over the

long term.

This is why, in addition to this approach, we will try to put aside the probabilistic dimension

of the calculations and ask ourselves whether, independently of all the benefits linked more or

less directly to security, the costs generated by the security investments really harm the

financial health of the company.

The approach proposed here is to focus only on the costs associated with the safety

investment, independently of the reduction in the probability of an accident and other benefits
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resulting from the safety measures. In the same way that local residents only perceive the

danger of the installations, independently of the probability of an accident occurring, it is

possible to make the hypothesis that the industrialist perceives above all else the immediate

cost of a safety investment (Piluso, 2020)2 . The question that then arises is whether the

investment in safety is likely to jeopardize the profit dynamic, and therefore the very

existence of the company? Indeed, if we are faced with costs with no expectation of profit, the

corollary is a drop in profits, a negative impact on the profit dynamic and a drop in

productivity. The objective of the article is to know if industrialists have an interest in

investing in safety, independently of the benefits derived from a greater protection against

accidents.

To answer this question, we have developed a dynamic model tracing the interactions between

capital accumulation (i.e. the dynamics of investments) and the distribution of dividends to

shareholders (which depend directly on the firm's profits). It will nevertheless be necessary to

identify what distinguishes security investment from traditional investment. We shall see that,

in certain circumstances, it may be in a firm's interest to invest in security insofar as the

dynamics of its profits are not durably affected by the financial shock that this generates.

The interest of the article is precisely to show that even if there is no immediate expectation of

profit, the negative shock that constitutes this type of investment does not jeopardize the

survival of the firm, nor the distribution of dividends or profits, under certain conditions that

we identify. This allows us to reinforce the argument that risky industries can and should

invest in safety for the good of all, if certain economic conditions are met.

In the first part of the paper, we set out the main lines of reasoning. We then introduce,

without developing it, the economic model put forward to link security investments and

company profits. Using different case studies, we show how, according to this model, it is in a

company's interest to invest in security in the sense that its profits will not be durably affected.

At the end of the article, the interested reader will find a precise presentation of the

mathematical model on which the described approach is based.

Does the security investment jeopardize the company's profits? A first

approach

2 It should be remembered that frequently an industrialist can mutualize risks with the ownership of several
facilities (Piluso, 2020).
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1- Investments in security have a negative impact on profitability

No one will ever dispute that security investments represent a cost that the company must

bear. There is thus an obvious tension between security and profitability.

"As soon as safety has a productively inefficient dimension, since it represents everything that

could be removed without lowering the performance of a workshop, it has a negative

influence on financial results, causing specific tensions within company management, between

industrialists and financiers, or between industrialists themselves depending on whether a

commercial or technical approach is favored" (Chaskiel, 2008).

Security investments can penalize the company doubly because of:

 a weakening of productivity: the firm increases its capital but this is not intended to

produce more but to secure it. As a consequence, more capital does not produce

more, and the ratio between the quantity produced and the quantity of capital

decreases.

 an increase in the rate of capital depreciation: every year, some of the company's

equipment depreciates, either because of wear and tear or because of obsolescence

caused by technological progress. Investing in new, more secure equipment can lead

to a sudden depreciation of the equipment already installed.

Security investment is thus perceived here as an accumulation of capital leading to a negative

shock on the rate of depreciation of capital and/or productivity. However, it seems that an

accelerated depreciation of existing capital and/or a fall in productivity has a largely negative

effect on dividends, which would radically dissuade managers from undertaking such a

security investment.

2- But the negative financial shock can be cushioned over time

In this paper, we attempt to shed new light on the consequences of an increase in the rate of

capital depreciation or a decline in productivity on dividend dynamics. The elements that we

will introduce in the course of this paper are likely to relativize the point of view presented

above.

In fact, security investments have many similarities with the company's advertising expenses.

They are not intended to increase the company's production capacity or its productivity, i.e. its

productive efficiency. Although they incur costs, they increase potential sales because they

help attract new customers to the goods or services sold by the company. In the same way,
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security investment is not a productive investment, it represents a cost for the company, but it

allows to guarantee the continuity of the company's activity. In this way, it secures the

shareholder's income: an activity that is safer for the population and the environment is also

the assurance of more secure profits.

The reason is that the economic activity of a company is not reduced to a static creation of

wealth, over a given and finite period. It creates a flow of wealth in continuous time. In other

words, if a firm experiences an increase in its production costs at time t, and thus a decline in

profits, a new flow of wealth will be created at time t+1, which will at least partially restore

profits. The process continues at time t+2, so that the increase in costs is eventually

amortized. In the end, it can be said that the short-term loss of profit generated by the security

investment is offset by the potential gain realized over the duration of its activity.

Continuing this line of reasoning, we see that the firm is able to generate a cost-reducing flow

of wealth if the productivity of its production apparatus (how much wealth is generated on

average by each unit of capital input) is greater than the cost of that apparatus, i.e. the interest

rate at which the firm pays its loan (which is used to acquire the capital) plus the rate of

depreciation. The safety investment decreases productivity and/or increases the cost of the

depreciation rate, but as long as the spread is positive, the firm can continue to make money.

The ongoing process of wealth creation eventually amortizes the costs incurred. A company

that invests in safety will prefer less profit in each production period (i.e. in the short term),

but these profits are more secure. Therefore, it will earn more profits over the long term.

We propose here both a problematic and an approach different from the microeconomic

approach. It is no longer a question of knowing whether a decision is efficient or not, i.e.

whether it leads to a waste of resources or not. It is more simply a question of knowing

whether the safety investment, which is indispensable from the moment there is a danger,

calls into question the existence of the industry and its jobs. We will now develop our model

without going into the details of the mathematical formalization.

Does security investment put company profits at risk? A presentation of the

main results of the model

As indicated at the beginning of the document, it is possible to affirm that the adoption of new

technologies in the field of industrial security accelerates the depreciation of the capital and/or

decreases its productivity within the company. Indeed, in terms of security investments, two
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possibilities are possible:

 or securing involves the acquisition of new equipment that does not call into question

the production technology and the existence of the equipment already installed (type

1 investments); in this case, such an acquisition constitutes an accumulation of

capital that does not allow any increase in the volume of production; as a result, the

productivity of the capital as a whole (the ratio between production and the

quantity of capital that was necessary to obtain it) decreases;

 or securitization calls into question the production technology and equipment in place

(type 2 investments); it therefore implies a premature obsolescence of the installed

capital. The rotation of capital3 accelerates while productivity also decreases. The

result is both a fall in productivity and an increase in the rate of capital

depreciation, i.e. the speed at which capital wears out and/or becomes obsolete.

In the face of this tension between profitability and security, the question that arises is

whether the shock generated by security investment is detrimental to the company's

continued activity. To answer this question, it seems important to analyze the effect of a

safety investment on the dynamics of profits or, more precisely, on the dividends distributed

to shareholders.

The following development therefore introduces a dynamic model of the "prey-predator"

type4 that makes it possible to quantify the effects of a depreciation and/or a decline in

capital productivity. This type of model makes it possible to formalize the interaction

between firms and shareholders: the latter take a share of the wealth created by the firm, while

also contributing to its financing. The present model does not pretend to model risk and

security investment as such; it describes a continuous process of capital accumulation. If

during accumulation a safety investment is made, a shock to productivity and/or the rate of

depreciation occurs. Security investment is thus understood here through its effects.

Two configurations will be analyzed. First, the analysis will focus on a representative firm

with a capital input whose returns are decreasing (i.e. the increases in production resulting

from increases in capital are increasingly small). In a second step, we will represent a firm

whose production function is similar to that of the "AK" model (Rebelo, 1991: returns are

constant, in the sense that production and capital increase in the same proportions). In the first

3 See definition in the following box.
4 Lotka-Volterra type model (Bacaer, 2008)
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case, it is not possible to obtain an analytical solution and only numerical simulations are

possible. In the second case, it is perfectly possible to solve the model.

1 Case of a firm with decreasing returns

Consider an economy composed of a representative firm and a financial market that allows its

financing. An assembly of shareholders owns the firm. The latter are remunerated in

proportion to the firm's results. Nevertheless, they must also participate in the financing of

productive investment. Thus, the final dividend to the shareholder is equal to the difference

between the gross profit and the contribution to the financing of the capital5 .

The model describes an economy in which a representative firm produces wealth

continuously by acquiring capital. This wealth is either distributed to shareholders (or to

employees, in the form of profit-sharing), or capitalized in order to acquire new equipment

(self-financing of the investment). The shareholders can either participate in the financing of

the investment or consume their income.

We are thus in the presence of the following circuit:

The higher the productivity of capital, the higher the level of production, and therefore of

wealth created.

The continuous production of wealth depends on the rate of accumulation of the production

factor "capital". The more resources the firm devotes to self-financing and the more

shareholders participate in financing the investment, the greater the accumulation. It also

5 If the legal form of the firm does not imply the existence of shareholders, one can assume that profit remains
split between profit reinvested in the productive activity and profit distributed (to employees or partners).

Created wealth Y(t)

Dividend

Gross profit

Financing of the investment

Self-financing of the investment
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depends on a third factor: the rate of depreciation of capital. This rate, as mentioned earlier,

indicates the rate at which existing capital must be renewed in order to keep production

capacity constant.

It is immediately clear that in the model, an increase in productivity and a decrease in the rate

of depreciation lead to an increase in the equilibrium value of accumulated capital. In other

words, the equilibrium value of capital (i.e. that for which the model reproduces itself

identically over time) depends positively on its productivity and negatively on its rate of

depreciation.

On the other hand, savings in circulation on the financial market (i.e., the net profit from

financing investment) depend, in equilibrium, on the rate of depreciation of capital but not on

productivity. Indeed, it appears that an increase in the rate of depreciation leads to a greater

fall in gross dividends than the fall in investment to be financed. On the other hand, in the

case of a fall in productivity, the distribution of dividends and the amount of investment to be

financed fall in the same proportions.

The consequences of such an outcome are significant. They mean that:

 when a safety investment implies a decrease in productivity without an increase in the

rate of depreciation (type 1 investment which does not call into question the existing

installations), the net value of the profit at equilibrium is not affected, although the

stationary value of the accumulated capital decreases; the firm therefore has every

interest in undertaking such a safety investment to reduce the probability of an

industrial accident

 when, on the contrary, the security investment implies an increase in capital turnover

(type 2 investment that calls into question existing facilities), the dividends paid out

decrease on a permanent basis, so that the company may fear that its stock price will

decrease6 .

According to our model, when the returns to production are decreasing, it is always

possible to make type 1 investments without jeopardizing the ability of firms to generate

profits over time.

2 Case of a firm with constant (or increasing) returns

After solving the constant efficiency model (not shown here), it is appropriate to identify three

6 In the model, we do not take into account the fact that the shareholder receives income when he obtains a
capital gain when he resells his stock, for the sake of simplification.
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possible configurations:

 situation Awhere the productivity of capital is higher than its rate of depreciation;

 situation B where the two quantities are equal;

 situation C where the productivity of capital is lower than its depreciation rate.

In situation C, by definition, capital depreciates faster than its productivity increases. No

project to secure the production site can be implemented as soon as the depreciation of capital

is too high. In such a configuration, capital accumulation is bound to decrease, bringing with

it a fall in the overall product. The loss of capital due to depreciation cannot be compensated

for by additional product, given the low productivity.

In configuration B, the firm can no longer accumulate capital to the extent that it depreciates

at the same rate as productivity. It is therefore inconceivable that the firm would make a

securing investment such that the rate of depreciation and the productivity of capital are

equalized.

Situation A is the most interesting. It shows that in the long run, capital accumulation and

dividends grow indefinitely. Nevertheless, it reveals a phase of decreasing capital

accumulation and dividend in the short run, the longer the differential

[productivity/depreciation rate] is reduced. In other words, when the rate of capital

depreciation increases for a given productivity, the firm faces a phase of reduced capital

accumulation and reduced dividend payouts in the short run, which is longer the higher the

rate of depreciation increases:

 when the differential between productivity and the rate of depreciation is large and

positive, accumulation follows a constantly increasing trajectory;

 a reduction in the productivity/depreciation rate differential inflects the growth curve.

This result is easy to understand: when a firm suffers a depreciation shock, the volume of

production and dividends distributed decreases; the firm must accumulate capital to

compensate for the depreciation, which takes time. The accumulation and thus the

compensation of the "depreciation effect" will be all the faster the higher the productivity of

capital.

To the extent that returns are constant, a securitization investment that creates a shock to

productivity and/or the rate of depreciation similarly decreases the accumulated capital and

the net dividend distributed. Nevertheless, it is important to stress that this decrease is only



127

temporary. Indeed, we observe that accumulation and dividend distribution eventually

increase once the effects of the shock have been absorbed.

It is therefore perfectly possible for a company to decide to undertake a type 1 or type 2

security investment without permanently jeopardizing its profitability prospects.

However, shareholders are often particularly sensitive to short-lived developments (Aglietta

and Rébérioux, 2014); these have a significant impact on the dynamics of stock prices. When

competition pushes firms to innovate and introduce new equipment, they reduce the effective

life of capital, which leads to an increase in the depreciation rate. Nevertheless, this

depreciation shock is cushioned by an increase in the productivity of the capital that precisely

justified such innovation. In the case of high-risk industries, the actual implementation of

innovative security technologies is not aimed at increasing productivity. These security

investments have two opposing effects on profit prospects:

 they reduce the probability of an industrial disaster, and therefore of a sudden drop in

profit and production levels;

 in the short term, they penalize the possibilities of accumulation and growth of the

dividend.

Nevertheless, security investments do not jeopardize the existence of the company and

the possibilities of increasing dividends in the medium/long term as long as the

differential between marginal productivity of capital and the rate of depreciation

remains positive after investment.

Conclusion

Industries at risk must constantly balance the need to secure their facilities with the need to

maintain or increase profitability through investment.

It is possible to examine the problem in two distinct ways: either from a microeconomic point

of view, by examining the way in which decisions are made (Guesnerie, 2004), or from a

macroeconomic point of view, by analyzing the possible structural problem posed to

companies by security investments.

The two approaches may be complementary, but they certainly lead to completely different

diagnoses. From a microeconomic point of view, it may turn out that the decision-making

method used by industry is not satisfactory, or, more precisely, insufficiently efficient. This is
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suggested by technology risk economists (Gollier, 2011, Treich, 2006, Rushton, 2006) who

promote cost-benefit analysis. Our macroeconomic analysis suggests a more structural

problem: any calculation method can potentially serve as a justification for not investing in

security. These only mask short-term profitability issues. We have seen that the particularity

of security investments is that they accelerate the depreciation of capital and existing

technologies and/or put downward pressure on productivity. The effects of such a shock are

such that the decision not to invest in security is not inevitable. In a situation of diminishing

returns, safety investments that reduce productivity alone do not lead to a lasting reduction in

net dividends. In a situation of constant returns, these same investments only lead to a

temporary decrease in distributed profits, so that in the long term, the latter continue to grow.

Thus, it is possible to say that in certain configurations, companies have all the latitude to

implement safety investments since they do not have to fear a lasting decline in their stock

price. The determining factor in the decision is then the manager's degree of preference for the

present: how much importance does he attach to the limited and temporary decline in

dividend distribution that the investment induces?

Appendix 1: The Mathematical Model

1) Introduction

Let the following matrix system X be :

s s
A
KK





            

with A=
(1 )

 
   
 
   

To find the eigenvectors of the matrix, it is necessary to calculate the characteristic

polynomial P of A :

2( ) ( (1 ) ) ( ).
(1 )

P
  

         
    
 

       
  

The determinant of the polynomial P is given by :

2( (1 ) ) 4 ( )             or :

2( (1 ) ) 4         

is not negative since γ>0 and ρβ>0.
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Case where  =0

(1 )
2

      is the only solution in this configuration. The matrix A is not diagonalizable

but triangularizable. It is possible to solve the system explicitly in this basis. Two solutions

are possible:

-if γ=0 and ρ(1-β)=δ which corresponds to a situation where the financial market does not

finance the real sphere (see Figure A). The system becomes:

( ) ( )

( ) 0

s t K t

K t






 

 

and the solution is given by :

0 0

0

( )
( )

s t s K
K t K

 
 

-if β=0 and γ+ρ=δ, all the aggregate proceeds are captured by the financial market (Figure B).

The system becomes:

( ) ( )
( ) ( ) ( )

s t s t
K t K t s t




 
   

and the solution is given by

0

0 0

( )

( ) ( )

t

t

s t s e

K t K s e









 


 

Case where  >0

The characteristic polynomial has two distinct roots:

(1 )
2

r    


    
 , (1 )

2
r    


    


To find a system of eigenvectors, we must write that the coordinates (x, y) of an eigenvector

associated with r+ satisfies : ( ) 0r x y     , which leads for example to the

vector ( , )Tv r   . In the same way, an eigenvector associated to r- can be

chosen : ( , )Tv b r   . It is thus possible to write that (x(t), y(t)) is the solution of the

differential system X in the basis (v+,v). This satisfies :
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0
0
rx x

r yy








                 

The solution is given by :

0

0

( )

( )

r t

r t

x t x e

y t y e





 




Where 0x and 0y are respectively the values of x and y at time t0. To give information about

the solutions of the form (s(t), K(t)), we need to examine the solutions of the form (x(t), y(t)).

For this, it is possible to write y(t) as a function of x(t) :

/0
/

0

( ) ( )r r
r r
yy t x t
x

 

 


The solutions depend on the value of /r r  .

Cases where (1 )     

In this configuration, it is easy to see that r+ is positive and that r-<r+. We can then distinguish

the following situations:

(a) 0r  : the solutions (x(t), y(t)) have a hyperbolic form

(b) 0r  : the solutions have a parabolic shape

(c) 0r  : the solutions are given by:

0

0

( )
( )

r tx t x e
y t y

 




Case where (1 )      . In this situation, 0r  and the sign of r must be studied. Three

possibilities can be identified:

(d) 0r  .The solution has a hyperbolic form as in the previous case (a).

(e) 0r  The solution has a parabolic form as in the previous case (b).

(f) 0r  The solution is given by: 0

0

( )

( ) r t

x t x

y t y e 






Now it is possible to observe the solutions in the original basis (s(t), K(t)) since we have
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found a system of eigenvectors ( , )Tv r   and ( , )Tv r   .

2) Decreasing productivity model

Consider the following differential system:

( ) ( ( ))

( ) ( ) ( )

( ) (1 ) ( ) ( ) ( )

Y t f K t

s t Y t s t

K t Y t s t K t

 

  






  


   

where Y(t) denotes the level of output per capita in volume at time t, s(t) the amount of the

dividend at time t, K(t) the physical capital per capita used in t. The function f is increasing

and has the usual Cobb Douglas properties.

The coefficients are as follows: γ is the share of the gross dividend that provides financing for

productive investment. The rest of the dividend (1-γ) goes to the shareholder. β is the share of

the created wealth used to finance the shareholder's gross dividend. The rest of the wealth

created 1- β is devoted to self-financing investment. δ is the rate of capital depreciation.

It is impossible to give this system an explicit solution. On the other hand, it is possible to

carry out numerical simulations by giving a value for each parameter (figure 1). Moreover, the

value of the stationary equilibrium points is given by :

1
1

1

( )

( )

K t

s t

















      


  

  
  
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Figure 1

Solution (s, K) of system (1) for α=0.1, γ=0.2, ρ=0.5, β=0.7 and δ=0.4

Figure 1 shows that the amount of capital decreases and then increases to reach a stationary

equilibrium value. The dividend paid out grows all along the path to its stationary value. The

lower the equilibrium point, the higher the rate of capital depreciation (decrease in

equilibrium accumulated capital). On the other hand, the value of the rate of depreciation does

not affect the equilibrium position of the net dividend distributed. A safety investment that

only affects productivity therefore has no lasting impact on the firm's profits.

2)-Constant productivity model

As in the "AK" model of Rebelo (1991), we assume here that the factor return is constant. The

production function becomes: Y(t)=ρK(t) , giving the following differential system:

( ) ( ) ( )

( ) ( (1 ) ) ( ) ( )

s t K t s t

K t K t s t

 

   





  

    

After solving the system in the eigenvector basis (see mathematical appendix), it is possible to

identify the solutions of the system (2) in the basis (s(t), K(t)). Three configurations emerge:

-Situation A where ρ>δ (marginal productivity of capital is greater than the rate of

depreciation);

-the situation B where ρ=δ ;

-the situation C where ρ<δ.
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As these configurations have already been explained, we will limit ourselves to presenting the

numerical simulations that we have carried out:

Figure 2: the situation C

Solution (s, K) of system (2) for γ=0.2, ρ=0.5, β=0.7 and δ=0.7

Figure 3: Situation B

Solution (s, K) of system (2) for γ=0.2, ρ=0.5, β=0.7 and δ=0.5
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Figure 4: Situation A

Solution (s, K) of system (2) for γ=0.2, ρ=0.5, β=0.7 and δ=0.1

Figure 5: Situation A’

Solution (s, K) of system (2) for γ=0.2, ρ=0.5, β=0.7 and δ=0.3
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